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Issai Schur (1875-1941)

This portrait of Issai Schur was apparently made by the “Atelieir Hanni
Schwarz, N. W. Dorotheenstrafle 73” in Berlin, c¢. 1917, and appears in
Ausgewdhlte Arbeiten zu den Urspriingen der Schur-Analysis: Gewidmet dem
grofien Mathematiker Issai Schur (1875-1941) edited by Bernd Fritzsche &
Bernd Kirstein, pub. B. G. Teubner Verlagsgesellschaft, Stuttgart, 1991.



Emilie Virginia Haynsworth (1916-1985)

This portrait of Emilie Virginia Haynsworth is on the Auburn University Web
site www.auburn.edu/ fitzpjd/ben /images/Emilie.gif and in the book The Education
of a Mathematician by Philip J. Davis, pub. A K Peters, Natick, Mass., 2000.
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Preface

What’s in a name? To paraphrase Shakespeare’s Juliet, that which Em-
ilie Haynsworth called the Schur complement, by any other name would be
just as beautiful. Nevertheless, her 1968 naming decision in honor of Issai
Schur (1875-1941) has gained lasting acceptance by the mathematical com-
munity. The Schur complement plays an important role in matrix analysis,
statistics, numerical analysis, and many other areas of mathematics and its
applications.

Our goal is to expose the Schur complement as a rich and basic tool in
mathematical research and applications and to discuss many significant re-
sults that illustrate its power and fertility. Although our book was originally
conceived as a research reference, it will also be useful for graduate and up-
per division undergraduate courses in mathematics, applied mathematics,
and statistics. The contributing authors have developed an exposition that
makes the material accessible to readers with a sound foundation in linear
algebra.

The eight chapters of the book (Chapters 0-7) cover themes and varia-
tions on the Schur complement, including its historical development, basic
properties, eigenvalue and singular value inequalities, matrix inequalities in
both finite and infinite dimensional settings, closure properties, and appli-
cations in statistics, probability, and numerical analysis. The chapters need
not be read in the order presented, and the reader should feel at leisure to
browse freely through topics of interest.

It was a great pleasure for me, as editor, to work with a wonderful
group of distinguished mathematicians who agreed to become chapter con-
tributors: T. Ando (Hokkaido University, Japan), C. Brezinski (Université
des Sciences et Technologies de Lille, France), R. A. Horn (University of
Utah, Salt Lake City, USA), C. R. Johnson (College of William and Mary,
Williamsburg, USA), J.-Z. Liu (Xiangtang University, China), S. Puntanen
(University of Tampere, Finland), R. L. Smith (University of Tennessee,
Chattanooga, USA), and G. P. H. Styan (McGill University, Canada).

I am particularly thankful to George Styan for his great enthusiasm in
compiling the master bibliography for the book. We would also like to
acknowledge the help we received from Gulhan Alpargu, Masoud Asghar-
ian, M. 1. Beg, Adi Ben-Israel, Abraham Berman, Torsten Bernhardt, Eva
Brune, John S. Chipman, Ka Lok Chu, R. William Farebrother, Bernd
Fritsche, Daniel Hershkowitz, Jarkko Isotalo, Bernd Kirstein, André Klein,
Jarmo Niemeld, Geva Maimon Reid, Timo Makelainen, Lindsey E. Mc-
Quade, Aliza K. Miller, Ingram Olkin, Emily E. Rochette, Vera Rosta,
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Eugénie Roudaia, Burkhard Schaffrin, Hans Schneider, Shayle R. Searle,
Daniel N. Selan, Samara F. Strauber, Evelyn M. Styan, J. C. Szamosi,
Garry J. Tee, Gotz Trenkler, Frank Uhlig, and Jirgen Weif. We are also
very grateful to the librarians in the McGill University Interlibrary Loan
and Document Delivery Department for their help in obtaining the source
materials for many of our references. The research of George P. H. Styan
was supported in part by the Natural Sciences and Engineering Research
Council of Canada.

Finally, I thank my wife Cheng, my children Sunny, Andrew, and Alan,
and my mother-in-law Yun-Jiao for their understanding, support, and love.

Fuzhen Zhang
September 1, 2004
Fort Lauderdale, Florida



Chapter 0

Historical Introduction: Issai Schur
and the Early Development of the
Schur Complement

0.0 Introduction and mise-en-scéne

In this introductory chapter we comment on the history of the Schur com-
plement from 1812 through 1968 when it was so named and given a notation.
As Chandler & Magnus [113, p. 192] point out, “The coining of new techni-
cal terms is an absolute necessity for the evolution of mathematics.” And
so we begin in 1968 when the mathematician Emilie Virginia Haynsworth
(1916-1985) introduced a name and a notation for the Schur complement
of a square nonsingular (or invertible) submatrix in a partitioned (two-way
block) matrix [210, 211].

We then go back fifty-one years and examine the seminal lemma by
the famous mathematician Issai Schur (1875-1941) published in 1917 [404,
pp. 215-216], in which the Schur determinant formula (0.3.2) was intro-
duced. We also comment on earlier implicit manifestations of the Schur
complement due to Pierre Simon Laplace, later Marquis de Laplace (1749-
1827), first published in 1812, and to James Joseph Sylvester (1814-1897),
first published in 1851.

Following some biographical remarks about Issai Schur, we present the
Banachiewicz inversion formule for the inverse of a nonsingular partitioned
matrix which was introduced in 1937 {29] by the astronomer Tadeusz Ba-
nachiewicz (1882-1954). We note, however, that closely related results were
obtained earlier in 1933 by Ralf Lohan [290], following results in the book
[66] published in 1923 by the geodesist Hans Boltz (1883-1947).

We continue with comments on material in the book Elementary Matri-
ces and Some Applications to Dynamics and Differential Equations [171], a
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classic by the three aeronautical engineers Robert Alexander Frazer (1891~
1959), William Jolly Duncan (1894-1960), and Arthur Roderick Collar
(1908-1986), first published in 1938, and in the book Determinants and
Matrices [4] by the mathematician and statistician Alexander Craig Aitken
(1895-1967), another classic, and first published in 1939.

We introduce the Duncan inversion formula (0.8.3) for the sum of two
matrices, and the very useful Aitken block-diagonalization formula (0.9.1),
from which easily follow the Guttman rank additivity formula (0.9.2) due to
the social scientist Louis Guttman (1916-1987) and the Haynsworth inertia
additivity formula (0.10.1) due to Emilie Haynsworth.

We conclude this chapter with some biographical remarks on Emilie
Haynsworth and note that her thesis adviser was Alfred Theodor Brauer
(1894-1985), who completed his Ph.D. degree under Schur in 1928.

This chapter builds on the extensive surveys of the Schur complement
published (in English) by Brezinski [73], Carlson [105], Cottle [128, 129],
Ouellette [345], and Styan [432], and (in Turkish) by Alpargu [8]. In addi-
tion, the role of the Schur complement in matrix inversion has been surveyed
by Zielke [472] and by Henderson & Searle [219], with special emphasis on
inverting the sum of two matrices, and by Hager [200], with emphasis on
the inverse of a matrix after a small-rank perturbation.

0.1 The Schur complement: the name and the notation
The term Schur complement for the matrix
S — RP1Q, (0.1.1)

where the nonsingular matrix P is the leading submatrix of the complex

partitioned matrix
M= <Z g) , (0.1.2)

was introduced in 1968 in two papers [210, 211] by Emilie Haynsworth
published, respectively, in the Basel Mathematical Notes and in Linear
Algebra and its Applications.

The notation

(M/P)=S -~ RP'Q (0.1.3)

for the Schur complement of P in M = (gg) was apparently first used

in 1968 by Haynsworth, in the Basel Mathematical Notes [210] but not in
Linear Algebra and its Applications [211], where its first appearance seems
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to be in the 1970 paper by Haynsworth {212]. This notation does appear,
however, in the 1969 paper [131] by Haynsworth with Douglas E. Crabtree
in the Proceedings of the American Mathematical Society and is still in use
today, see e.g., the papers by Brezinski & Redivo Zaglia [88] and N’Guessan
[334] both published in 2003; the notation (0.1.3) is also used in the six
surveys (8, 73, 128, 129, 345, 432].

The notation (M|P), with a vertical line separator rather than a slash,
was introduced in 1971 by Markham [295] and is used in the book by
Prasolov [354, p. 17]; see also [296, 332, 343] published in 1972-1980. The
notation M| P without the parentheses was used in 1976 by Markham [297].

In this book we will use the original notation (0.1.3) but without the
parentheses,

M/P =S~ RP'Q, (0.1.4)

for the Schur complement of the nonsingular matrix P in the partitioned
matrix M = (gg) This notation (0.1.4) without the parentheses was

introduced in 1974 by Carlson, Haynsworth & Markham [106] and seems
to be very popular today, see, e.g., the recent books by Ben-Israel & Greville
[45, p. 30], Berman & Shaked-Monderer [48, p. 24], and by C. R. Rao &
M. B. Rao [378, p. 139], and the recent papers [160, 287, 471].

0.2 Some implicit manifestations in the 1800s

According to David Carlson in his 1986 survey article [105] entitled “What
are Schur complements, anyway?”:

The idea of the Schur complement matrix goes back to the 1851
paper [436] by James Joseph Sylvester. It is well known that the
entry a;; of [the Schur complement matrix] 4,7 =1,...,m —
k, j = 1,...,n — k, is the minor of [the partitioned matrix]
M determined by rows 1,...,k,k+ 1 and columns 1,...,k, k+
j, a property which was used by Sylvester as his definition.
For a discussion of this and other appearances of the Schur
complement matrix in the 1800s, see the paper by Brualdi &
Schneider [99].

Farebrother [162, pp. 116-117] discusses work by Pierre Simon Laplace,
later Marquis de Laplace, and observes that Laplace [273, livre II, §21
(1812); (Buwres, vol. 7, p. 334 (1886)] obtained a ratio that we now recog-
nize as the ratio of two successive leading principal minors of a symmetric
positive definite matrix. Then the ratio det(M)/ det(M;) is the determi-
nant of what we now know as the Schur complement of M; in M, see the
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Schur determinant formula (0.3.2) below. Laplace [273, §3 (1816); Buvres,
vol. 7, pp. 512-513 (1886)] evaluates the ratio det(M)/ det(M;) with n = 3.

0.3 The lemma and the Schur determinant formula

The adjectival noun “Schur” in “Schur complement” was chosen by
Haynsworth because of the lemma (Hilfssatz) in the paper [404] by Issai
Schur published in 1917 in the Journal fir die reine und angewandte Math-
ematik, founded in Berlin by August Leopold Crelle (1780-1855) in 1826
and edited by him until his death. Often called Crelle’s Journal this is
apparently the oldest mathematics periodical still in existence today [103];
Frei [174] summarizes the long history of the Journal in volume 500 (1998).

The picture of Issai Schur facing the opening page of this chapter ap-
peared in the 1991 book Ausgewdhlte Arbeiten zu den Urspringen der
Schur-Analysis: Gewidmet dem grofien Mathematiker Issai Schur (1875-
1941) [177, p. 20}; on the facing page [177, p. 21] is a copy of the title
page of volume 147 (1917) of the Journal fir die reine und angewandte
Mathematik in which the Schur determinant lemma [404] was published.

This paper [404] is concerned with conditions for power series to be
bounded inside the unit circle; indeed a polynomial with roots within the
unit disk in the complex plane is now known as a Schur polynomial, see
e.g., Lakshmikantham & Trigiante [271, p. 49].

The lemma appears in [404, pp. 215-216], see also [71, pp. 148-149],
[177, pp. 33-34]. Our English translation, see also [183, pp. 33-34], follows.
The Schur complement S — RP~1Q is used in the proof but the lemma
holds even if the square matrix P is singular. We refer to this lemma as
the Schur determinant lemma.

LEMMA. Let P,Q, R, S denote four n x n matrices and suppose
that P and R commute. Then the determinant det(M) of the
2n X 2n matriz

_ (P Q
= (x §)
is equal to the determinant of the matriz PS — RQ.
Proof. We assume that the determinant of P is not zero.

Then, with I denoting the n x n identity matrix,

Pt O0\(P Q\_ (I PQ

—RP~Y T)\R S) \0 S-RP-IQ
Taking determinants yields det(P~!)-det(M) = det(S—RP~1Q)
and so
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det(M) = det(P)-det(S — RP™'Q) (0.3.1)
= det(PS — PRP7'Q) = det(PS — RQ).

If, however, det(P) = 0, we replace matrix M with the matrix

M, — (P—;—{x[ Cg)

The matrices R and P+ commute. For the absolute value |z
sufficiently small (but not zero}), the determinant of P + zI is
not equal to 0 and so det(M;) = det (P +zI)S — RQ). Letting
x converge to 0 yields the desired result. o

We may write (0.3.1) as the Schur determinant formula
det(M) = det(P) - det(M/P) = det(P) - det(S — RP™'Q)  (0.3.2)

and so determinant is multiplicative on the Schur complement, which sug-
gests the notation M/P for the Schur complement of P in M.

Schur [404, pp. 215-216] used this lemma to show that the complex
2k x 2k determinant

0 = det (g’i Qk) = det(PkPI: — Q;::Qk)? k=1,...,n, (0.3.3)
k

N
where P
ag 0 ... 0 An  Qp—1 --- GQp—kt1
Pk — al ag .o 0 , Qk _ 0 an vee Opn—k42 ,
Ak—1 Qk—3 ... ag 0 0 o Qn
and so PrQy = Qi Py, k=1,...,n. What are now known as Schur condi-

tions,
6, >0, k=1,...,n,

are necessary and sufficient for the roots of the polynomial
f@) =aoz" + 12" 4t an 1z +an =0 (0.3.4)

to lie within the unit circle of the complex plane, see e.g., Chipman [116,
p. 371 (1950)].

Schur’s paper [404] and its sequel [405] were selected by Fritzsche &
Kirstein in the Ausgewdhite Arbeiten [177] as two of the six influential pa-
pers considered as “fundamental for Schur analysis”; the book [177] is ded-
icated to the “great mathematician Issai Schur”. The four other papers in
[177] are by Gustav Herglotz (1881-1953), Rolf Nevanlinna (1895-1980),
Georg Pick (1859-1942), and Hermann Weyl (1885-1955).
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0.4 Issai Schur (1875-1941)

Issai Schur was born on 10 January 1875, the son of Golde Schur (née
Landau) and the Kaufmann Moses Schur, according to Schur’s Biographis-
che Mitteilungen [406]. In a recent biography of Issai Schur, Vogt [449]
notes that Schur used the first name “Schaia” rather than “Issai” until his
mid-20s and that his father was a Grofkaeufmann.

Writing in German in [406], Schur gives his place of birth as Mohilew am
Dnjepr (Russland)—in English: Mogilev on the Dnieper, Russia. Founded
in the 13th century, Mogilev changed hands frequently among Lithuania,
Poland, Sweden, and Russia, and was finally annexed to Russia in 1772 in
the first partition of Poland [31, p. 155]. By the late 19th century, almost
half of the population of Mogilev was Jewish [262]. About 200 km east of
Minsk, Mogilev is in the eastern part of the country now known as Belarus
(Belorussia, White Russia) and called Mahilyow in Belarusian [306].

In 1888 when he was 13, Schaia Schur, as he was then known [449], went
to live with his older sister and brother-in-law in Libau (Kurland), about
640 km northwest of Mogilev. Also founded in the 13th century, Libau
(Liepaja in Latvian or Lettish) is on the Baltic coast of what is now Latvia
in the region of Courland (Kurland in German, Kurzeme in Latvian), which
from 1562-1795 was a semi-independent duchy linked to Poland but with a
prevailing German influence [60, 423]. Indeed the German way of life was
dominant in Courland in 1888, with mostly German (not Yiddish) being
the spoken language of the Jewish community until 1939 [39]. In the late
19th century there were many synagogues in Libau, the Great Synagogue
in Babylonian style with three cupolas being a landmark [60].

Schur attended the German-language Nicolai Gymnasium in Libau from
1888-1894 and received the highest mark on his final examination and
a gold medal [449]. It was here that he became fluent in German (we
believe that his first language was probably Yiddish). In Germany the
Gymnasium is a “state-maintained secondary school that prepares pupils
for higher academic education” {158]. We do not know why the adjectival
noun Nicolai is used here but in Leipzig the Nikolaischule was so named
because of the adjacent Nikolaikirche, which was founded ¢. 1165 and named
after Saint Nicholas of Bari [207, 224], the saint who is widely associated
with Christmas and after whom Santa Claus in named [248, ch. 7].

In October 1894, Schur enrolled in the University of Berlin, studying
mathematics and physics; on 27 November 1901 he passed his doctoral
examination summa cum laude with the thesis entitled “Uber eine Klasse
von Matrizen, die sich einer gegebenen Matrix zuordnen lassen” [402]: his
thesis adviser was Ferdinand Georg Frobenius (1849-1917). According to
Vogt [449], in this thesis Schur used his first name “Issai” for the first time.
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Feeling that he “had no chance whatsoever of sustaining himself as a
mathematician in czarist Russia” [113, p. 197] and since he now wrote and
spoke German so perfectly that one would guess that German was his na-
tive language, Schur stayed on in Germany. According to [406], he was
Privatdozent at the University in Berlin from 1903 till 1913 and auferor-
dentlicher Professor (associate professor) at the University of Bonn from
21 April 1913 till 1 April 1916 {425, p. 8], as successor to Felix Hausdorff
(1868-1942); see also [276, 425]. In 1916 Schur returned to Berlin where in
1919 he was appointed full professor; in 1922 he was elected a member of
the Prussian Academy of Sciences to fill the vacancy caused by the death of
Frobenius in 1917. We believe that our portrait of Issai Schur in the front
of this book was made in Berlin, ¢. 1917; for other photographs see [362].

Schur lived in Berlin as a highly respected member of the academic
community and was a quiet unassuming scholar who took no part in the
fierce struggles that preceded the downfall of the Weimar Republic. “A
leading mathematician and an outstanding and highly successful teacher,
[Schur] occupied for 16 years the very prestigious chair at the University of
Berlin” [113, p. 197]. Until 1933 Schur’s algebraic school at the University
of Berlin was, without any doubt, the single most coherent and influential
group of mathematicians in Berlin and among the most important in all of
Germany. With Schur as its charismatic leader, the school centered around
his research on group representations, which was extended by his students
in various directions (soluble groups, combinatorics, matrix theory) [100,
p. 25]. “Schur made fundamental contributions to algebra and group theory
which, according to Hermann Weyl, were comparable in scope and depth
to those of Emmy Amalie Noether (1882-1935)” [353, p. 173].

When Schur’s lectures were canceled (in 1933) there was an outcry
among the students and professors, for he was respected and very well
liked [100, p. 27]. Thanks to his colleague Erhard Schmidt (1876-1959),
Schur was able to continue his lectures till the end of September 1935 [353,
p. 178], Schur being the last Jewish professor to lose his job at the Univer-
sitdt Berlin at that time [425, p. 8]. Schur’s “lectures on number theory,
algebra, group theory and the theory of invariants attracted large audiences.
On 10 January 1935 some of the senior postgraduates congratulated [Schur]
in the lecture theatre on his sixtieth birthday. Replying in mathematical
language, Schur hoped that the good relationship between himself and his
student audience would remain invariant under all the transformations to
come” [353, p. 179].

Indeed Schur was a superb lecturer. His lectures were meticulously pre-
pared and were exceedingly popular. Walter Ledermann (b. 1911) remem-
bers attending Schur’s algebra course which was held in a lecture theatre
filled with about 400 students [276]: “Sometimes, when I had to be content
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with a seat at the back of the lecture theatre, I used a pair of opera glasses
to get a glimpse of the speaker.” In 1938 Schur was pressed to resign from
the Prussian Academy of Sciences and on 7 April 1938 he resigned “volun-
tarily” from the Commissions of the Academy. Half a year later, he had to
resign from the Academy altogether [100, p. 27].

The names of the 22 persons who completed their dissertations from
1917-1936 under Schur, together with the date in which the Ph.D. degree
was awarded and the dissertation title, are listed in the Issai Schur Gesam-
melte Abhandlungen [71, Band III, pp. 479-480]; see also [100, p. 23], [249,
p. xviii]. One of these 22 persons is Alfred Theodor Brauer (1894-1985),
who completed his Ph.D. dissertation under Schur on 19 December 1928
and with Hans Rohrbach edited the Issai Schur Gesammelte Abhandlungen
[71]. Alfred Brauer was a faculty member in the Dept. of Mathematics at
The University of North Carolina at Chapel Hill for 24 years and directed
21 Ph.D. dissertations, including that of Emilie Haynsworth, who in 1968
introduced the term “Schur complement” (see §0.1 above).

A remark by Alfred Brauer [70, p. xiii], see also [100, p. 28], sheds light
on Schur’s situation after he finally left Germany in 1939: “When Schur
could not sleep at night, he read the Jahrbuch tber die Fortschritte der
Mathematik (now Zentralblatt MATH). When he came to Tel Aviv (then
British Mandate of Palestine, now Israel) and for financial reasons offered
his library for sale to the Institute for Advanced Study in Princeton, he
finally excluded the Jahrbuch in a telegram only weeks before his death.”

Issai Schur died of a heart attack in Tel Aviv on his 66th birthday,
10 January 1941. Schur is buried in Tel Aviv in the Old Cemetery on
Trumpeldor Street, which was “reserved for the Founders’ families and
persons of special note. Sadly this was the only tribute the struggling
Jewish Home could bestow upon Schur” [249, p. clxxxvi]; see also [331, 362].

Schur was survived by his wife, medical doctor Regina (née Frumkin,
1881-1965), their son Georg (born 1907 and named after Frobenius), and
daughter Hilde (born 1911, later Hilda Abelin-Schur), who in “A story
about father” [1] in Studies in Memory of Issai Schur [249] writes

One day when our family was having tea with some friends,
[my father] was enthusiastically talking about his work. He
said: “I feel like I am somehow moving through outer space.
A particular idea leads me to a nearby star on which I decide
to land. Upon my arrival I realize that somebody already lives
there. Am I disappointed? Of course not. The inhabitant and
I are cordially welcoming each other, and we are happy about
our common discovery.” This was typical of my father; he was
never envious.
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0.5 Schur’s contributions in mathematics

Many of Issai Schur’s contributions to linear algebra and matrix theory
are reviewed in [152] by Dym & Katsnelson in Studies in Memory of Issai
Schur [249]. Among the topics covered in [249] are estimates for matrix and
integral operators and bilinear forms, the Schur (or Hadamard) product of
matrices, Schur multipliers, Schur convexity, inequalities between eigenval-
ues and singular values of a linear operator, and triangular representations
of matrices. Schur is considered as a “pioneer in representation theory”
[136], and Haubrich [208] surveys Schur’s contributions in linear substitu-
tions, locations of roots of algebraic equations, pure group theory, integral
equations, and number theory.

Soifer [425] discusses the origins of certain combinatorial problems nowa-
days seen as part of Ramsey theory, with special reference to a lemma,
now known as Schur’s theorem, embedded in a paper on number theory.
Included in Studies in Memory of Issai Schur [249] are over 60 pages of bio-
graphical and related material (including letters and documents in German,
with translations in English) on Issai Schur, as well as reminiscences by his
former students Bernhard Hermann Neumann (1909-2002) and Walter Led-
ermann, and by his daughter Hilda Abelin-Schur [1] and his granddaughter
Susan Abelin.

In the edited book [183] entitled I. Schur Methods in Operator Theory
and Signal Processing, Thomas Kailath [252] briefly reviews some of the
“many significant and technologically highly relevant applications in linear
algebra and operator theory” arising from Schur’s seminal papers [404, 405].
For some comments by Paul Erdés (1913-1996) on the occasion of the 120th
anniversary of Schur’s birthday in 1995, see [159].

0.6 Publication under J. Schur

Issai Schur published under “I. Schur” and under “J. Schur”. As is pointed
out by Ledermann in his biographical article [276] on Schur, this has caused
some confusion: “For example I have a scholarly work on analysis which
lists amongst the authors cited both J. Schur and I. Schur, and an author
on number theory attributes one of the key results to I. J. Schur.”

We have identified 81 publications by Issai Schur which were published
before he died in 1941; several further publications by Schur were, however,
published posthumously including the book [408] published in 1968. On
the title page of the (original versions of the) articles {404, 405], the author
is given as “J. Schur”; indeed for all but one of the other 11 papers by Issai
Schur that we found published in the Journal fir die reine und angewandte
Mathematik the author is given as “J. Schur”. For the lecture notes [407]
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published in Ziirich in 1936, the author is given as J. Schur on the title page
and so cited in the preface. For all other publications by Issai Schur that we
have found, however, the author is given as “I. Schur”, and posthumously
as “Issai Schur”; moreover Schur edited the Mathematische Zeitschrift from
1917-1938 and he is listed there on the journal title pages as I. Schur.

The confusion here between “I” and “J” probably stems from there be-
ing two major styles of writing German: Fraktur script, also known as black
letter script or Gothic script, in use since the ninth century and prevailing
until 1941 [130, p. 26], and Roman or Latin, which is common today [237].
According to Mashey [302, p. 28], “it is a defect of most styles of German
type that the same character J is used for the capitals I (i) and J (j)”;
when followed by a vowel it is the consonant “J” and when followed by a
consonant, it is “I”, see also [46, pp. 4-5], [220, pp. 166-167], {444, p. 397].

The way Schur wrote and signed his name, as in his Biographische Mit-
teslungen [406], his first name could easily be interpreted as “Jssai” rather
than "Issai”; see also the signature at the bottom of the photograph in
the front of this book and at the bottom of the photograph in the Issai
Schur Gesammelte Abhandlungen [71, Band I, facing page v (1973)]. The
official letter, reprinted in Soifer [425, p. 9], dated 28 September 1935 and
signed by Kunisch [270], relieving Issai Schur of his duties at the University
of Berlin, is addressed to “Jssai Schur”; the second paragraph starts with
“Jch tibersende Jhnen ... 7 which would now be written as “Ich ibersende
Thnen ... 7; see also [249, p. Ixxiv (2003)]. Included in the article by Leder-
mann & Neumann [277, (2003)] are copies of many documents associated
with Issai Schur. These are presented in chronological order, with a tran-
scription first, followed by a translation. It is noted there [277, p. 1x] that
“Schur used Roman script” but “sometimes, particularly in typed official
letters after 1933, initial letters I are rendered as J.”

0.7 Boltz 1923, Lohan 1933, Aitken 1937, and
the Banachiewicz inversion formula 1937

In 1937 the astronomer and mathematician Tadeusz Banachiewicz (1882-
1954) established in [29, p. 50] the Schur determinant formula (0.3.2) with
P nonsingular,

det(M) = det <§ g) = det(P) - det(S — RP™'Q). (0.7.1)

Also in 1937, the mathematician and statistician Alexander Craig Aitken
(1895-1967) gave [3, p. 172] “a uniform working process for computing” the
triple matrix product RP~1(Q, and noted explicitly that when the matrix
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R is a row vector —r’/, say, and @ is a column vector g, say, then
det (_};, g) /det(P) = ' P™1q.

From (0.7.1), it follows at once that the square matrix M is nonsingular
if and only if the Schur complement M/P = S — RP~!() is nonsingular.
We then obtain the Banachiewicz inversion formula for the inverse of a
partitioned matrix

L_ (P @\ _ (P 4+ PTIQUM/P)I RPN —PTIQ(M/P)

Y _<R 5') _( —(M/P)"'RP"! (M/P)~? )
-1  p-1

- (Po g) +< P[ Q) (M/P)™' (-RP™" I). (0.7.2)

Banachiewicz [29, p. 54] appears to have been the first to obtain (0.7.2); his
proof used Cracovians, a special kind of matrix algebra in which columns
multiply columns, and which is used, for example, in spherical astronomy
(polygonometry), geodesy, celestial mechanics, and in the calculation of
orbits; see e.g., Bujakiewicz-Koroniska & Koroniski [101], Ouellette [345,
pp. 290-291],

Fourteen years earlier in 1923, the geodesist Hans Boltz (1883-1947)
implicitly used partitioning to invert a matrix (in scalar notation), see
[66, 181, 225, 240]. According to the review by Forsythe [170] of the book
Die Inversion geodditischer Matrizen by Ewald Konrad Bodewig [63], Boltz’s
interest concerned the “inverse of a geodetic matriz G in which a large sub-
matrix A is mostly zeros and depends only on the topology of the geodetic
network of stations and observed directions. When the directions are given
equal weights, A has 6 on the main diagonal and £2 in a few positions off
the diagonal. Boltz proposed first obtaining A~! (which can be done before
the survey), and then using it to obtain G~! by partitioning G; see also
Wolf [460]. Bodewig [62] refers to the “method of Boltz and Banachiewicz”.
Nistor [335] used the “method of Boltz” applied to partitioning in the so-
lution of normal equations in statistics; see also Householder [234].

The Banachiewicz inversion formula (0.7.2) appears in the original ver-
sion of the book Matriz Calculus by Bodewig published in 1956 [64, Part
IITA, §2, pp. 188-192] entitled “Frobenius’ Relation” and in the second
edition, published in 1959 [64, Part IIIA, ch. 2, pp. 217-222] entitled
“Frobenius—Schur’s Relation”. In [65, p. 20], Bodewig notes that it was
Aitken who referred him to Frobenius. No specific reference to Frobenius is
given in [64, 65]. Lokki [291, p. 22] refers to the “Frobenius-Schur-Boltz~
Banachiewicz method for partitioned matrix inversion”.
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In 1933 Ralf Lohan, in a short note [290] “extending the results of Boltz
[66]”, solves the system of equations

(1]; 2) @ - <w> (0.7.3)

for the vectors z and y and explicitly gives the solution as

Il

(Pt +P7'Q(M/P)"'RP™YYv— PT'Q(M/P)"'w,
y = —(M/P)"'RP™* + (M/P) lw. (0.7.4)

T

While Lohan [290] does not explicitly present the inversion formula (0.7.2),
he does use it to compute the inverse (presented explicitly, correct to 4
decimal places) of a specific real symmetric indefinite 5 x 5 matrix A with
positive and negative integer elements in the range [—17,+36]. Letting A,
denote the top left 7 x j principal leading submatrix of A with j = 3,4,
Lohan [290] first computes A3!, and then using A3 ' and the scalar Schur
complement A4/Asz he obtains A;'. His inversion of A is then completed
using A7 ' and the scalar Schur complement A/A4. A similar method was
given in 1940 by Jossa [250}; see also Forsythe [170].

Following up on the results of Banachiewicz (1937), the well-known
mathematician and statistician Bartel Leendert van der Waerden (1903-
1996) gives the formula

68 =6 ) (e D) o

in a short note [446] in the “Notizen” section of the Jahresbericht der
Deutschen Mathematiker Vereinigung in 1938. The formula (0.7.5) follows
at once from (0.7.2) and from the Schur determinant formula (0.3.2).

0.8 Frazer, Duncan & Collar 1938,
Aitken 1939, and Duncan 1944

The three aeronautical engineers Robert Alexander Frazer (1891-1959),
William Jolly Duncan (1894-1960) and Arthur Roderick Collar (1908-1986)
established the Banachiewicz inversion formula (0.7.2) in their classic book
entitled Elementary Matrices and Some Applications to Dynamics and Dif-
ferential Equations [171, p. 113] first published in 1938, just one year after
Banachiewicz (1937). The appearance in [171] of the Banachiewicz inver-
sion formula is almost surely its first appearance in a book; the Schur
determinant formula also appears here for the special case when the Schur
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complement is a scalar. We find no mention in [171], however, of Ba-
nachiewicz, Boltz or Schur.

Let us consider again the nonsingular partitioned matrix M = (; g)

as above, but now with 5 nonsingular and where the Schur complement
M/S = P — QS7'R. Then, in parallel to the Banachiewicz inversion for-
mula (0.7.2) above, we have

-1 _ (M/S)~! —(M/S)"1Qs1
M 1_ (—S_IR(M/S)_I S—l +S_1R(M/S)_1QS_1> (0.8.1)

with P not necessarily nonsingular (but square so that M is square). When,
however, both S and P are nonsingular, then (0.7.2) also holds, i.e.,

(0.8.2)

=1 — (P_1 + PT1Q(M/P)'RP™H —P1Q(M/P)™
' —(yP)rP (M/P)~ )

Equating the top left-hand corners in (0.8.1) and (0.8.2) yields
(M/S)™t = P71+ P7IQ(M/P)'RP 7,
or explicitly
(P-QS™'R)y"' =P '+ P7'Q(S - RP!Q)'RP, (0.8.3)

which we refer to as the Duncan inversion formula. We believe that (0.8.3)
was first explicitly established by William Jolly Duncan in 1944, see [151,
equation (4.10), p. 666]. See also the 1946 paper by Guttman [197].
Piegorsch & Casella [351] call (0.8.3) the Duncan-Guttman inverse while
Grewal & Andrews [189, p. 366] call (0.8.3) the Hemes inversion formula
with reference to Bodewig {64, p. 218 (1959)], who notes that (0.8.3) “has,
with another proof, been communicated to the author by H. Hemes.”

The survey paper by Hager [200] focuses on the special case of (0.8.3)
when § =1

(P-QR)y'=P ' 4 P7'Q(I - RPT'Q)"'RP 1, (0.8.4)

which he calls the inverse matric modification formula and observes that
the matrix I — RP~1(Q is often called the capacitance matriz, see also [356].
Hager [200] notes that (0.8.4) is frequently called the Woodbury formula
and the special case of (0.8.4) when @ and R are vectors the Sherman-—
Morrison formula, following results by Sherman & Morrison [416, 417, 418]
and Woodbury [325, 461] in 1949-1950; see also Bartlett [36] and our Chap-
ter 6 on Schur complements in statistics and probability.
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When P, @, R and S are all n x n as in the Schur determinant lemma
in §0.3 above, and if P,Q, R and S are all nonsingular, then Aitken [4,
Example #27, p. 148] also obtained the additional formula involving four
Schur complements:

(0197 1/Q)
= (in ) (0:5:9)

where M/Q = R~ SQ~'P and M/R = Q — PR™'S. The formula (0.8.5)
was obtained by Aitken in his classic book Determinants and Matrices [4]
first published in 1939, just one year after Frazer, Duncan & Collar [171]
was first published; the formula (0.8.5) appears in Example #27 in the
section entitled “Additional Examples” in [4, p. 148].

Duncan [151, equation (3.3), p. 664] also gives the Banachiewicz in-
version formula explicitly and notes there that it “has been given by A. C.
Aitken in lectures to his students, together with some alternative equivalent
forms which are now included in this paper”, see also [65, p. 20].

0.9 The Aitken block-diagonalization formula 1939
and the Guttman rank additivity formula 1946

With P nonsingular, the useful Aitken block-diagonalization formula

(—R{P“ ?) (2 g) <é ~PI‘IQ) = (I(; M(}P) (0.9.1)

was apparently first established explicitly by Aitken and first published in
1939, see [4, ch. III, §29]. In (0.9.1), neither M nor S need be square.

While the Aitken formula (0.9.1) holds even if neither M nor S is square,
when both M and S are square, (0.9.1) immediately yields the Schur de-
terminant formula (0.3.2), and when M is square and nonsingular, (0.9.1)
immediately yields the Banachiewicz inversion formula (0.7.2).

From the Aitken formula (0.9.1) we obtain at once the Guitman rank
additivity formula

rank(M) = rank(P) -+ rank(M/P),

or equivalently
a R S + 5 ().9.2

which we believe was first established in 1946 by the social scientist and
statistician Louis Guttman (1916-1987) in [197, p. 339].
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0.10 Emilie Virginia Haynsworth (1916-1985) and
the Haynsworth inertia additivity formula

Emilie Haynsworth, in addition to introducing the term Schur complement
in [210, 211], also showed there that inertia is “additive on the Schur com-
plement”. The inertia or inertia triple of the partitioned Hermitian matrix

Hyy  Hio
H —
(s 32
is defined to be the ordered integer triple

In(H) = {m, v, 6},

where the nonnegative integers # = 7(H), v = v(H), and § = §(H) give
the numbers, respectively, of positive, negative and zero eigenvalues of H.
Here H;1 is nonsingular and H7y is the conjugate transpose of Hio. This
leads to the Haynsworth inertia additivity formula

In(H) = In(Hyy) + In(H/Hiy),
or equivalently

In @E Z;z) =In(H11) + In(Hoe — HiyH Hya), (0.10.1)
proved in 1968, apparently for the first time, by Haynsworth [210, 211].
From (0.10.1), it follows at once that rank is additive on the Schur com-
plement in a Hermitian matrix. As Guttman showed, see (0.9.2) above,
this rank additivity holds more generally: H need not even be square—we
need only that Hj; be square and nonsingular. As we will see in Chap-
ter 6, however, such rank additivity also holds in a Hermitian matrix when
Hy; is rectangular or square and singular but with the generalized Schur
complement Hop — HiyH{yHi2, where H{] is a generalized inverse of Hyy;
moreover inertia additivity then also holds provided H;; is square.

To prove the Haynsworth inertia additivity formula (0.10.1) we apply
the Aitken factorization formula (0.9.1) to the Hermitian matrix H with
Hi1 square and nonsingular, then we have

I O\ (Hy Hi\ (I —H*Hip\  [(Hun o 0
—HL,HL 1) \Hfy Hz)\0 I “\o H/H.)
which immediately leads to (0.10.1) by Sylvester’s Law of Inertia: The

inertia In(H) = In(THT*) for any nonsingular matrix T, see also §1.3 of
Chapter 1.
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Emilie Virginia Haynsworth was born on 1 June 1916 and died on 4 May
1985, both at home in Sumter, South Carolina. As observed in the obituary
article [108] by Carlson, Markham & Uhlig, “In her family there have been
Virginia Emilies or Emilie Virginias for over 200 years. From childhood on,
Emilie had a strong and independent mind, so that her intellectual pursuits
soon gained her the respect and awe of all her relatives and friends”.

Throughout her life Emilie Haynsworth was eager to discuss any issue
whatsoever. From Carlson, Markham & Uhlig [108] we quote Philip J.
Davis (b. 1923): “She was a strong mixture of the traditional and the
unconventional and for years I could not tell beforehand on what side of the
line she would locate a given action”. In The Fducation of a Mathematician
[144, p. 146], Davis observes that Emilie Haynsworth “had a fine sense of
mathematical elegance—a quality not easily defined. Her research can be
found in a number of books on advanced matrix theory under the topic:
‘Schur complement’. Emilie taught me many things about matrix theory.”

The portrait of Emilie Haynsworth reproduced on page ix in the frontal
matter of this book is on the Auburn University Web site [214] and in
the book The Education of a Mathematician by Philip J. Davis [144] We
conjecture that the portrait was made c¢. 1968, the year in which the term
Schur complement was introduced by Haynsworth [210, 211].

In 1952 Emilie Haynsworth received her Ph.D. degree in mathematics at
The University of North Carolina at Chapel Hill with Alfred Brauer as her
dissertation adviser. We note that Issai Schur was Alfred Brauer’s Ph.D.
dissertation adviser and that the topic of Haynsworth’s dissertation was
determinantal bounds for diagonally dominant matrices. From 1960 until
retirement in 1983, Haynsworth taught at Auburn University (Auburn,
Alabama) “with a dedication which honors the teaching profession” [108]
and supervised 18 Ph.D. students.

The mathematician Alexander Markowich Ostrowski (1893-1986), with
whom Haynsworth co-authored the paper [216] on the inertia formula for
the apparently not-then-yet-publicly-named Schur complement, wrote the
following upon her death:

I lost a very good, life-long friend and mathematics [lost] an
excellent scientist. I remember how on many occasions I had
to admire the way in which she found a formulation of absolute
originality.



Chapter 1

Basic Properties of the Schur
Complement

1.0 Notation

Most of our notation is standard, and our matrices are complex or real
(though greater algebraic generality is often possible). We designate the
set of all m x n matrices over C (or R) by C™*™ (respectively R™*"), and
denote the conjugate transpose of a matrix A by A* = (A)7. A matrix A is
Hermitian if A* = A, and a Hermitian matrix is positive semidefinite (pos-
itive definite) if all its eigenvalues are nonnegative (positive). The Léwner
partial order A > B (A > B) on Hermitian matrices means that A — B is
positive semidefinite (positive definite). For A € C™*™, we denote the ma-

triz absolute value by |A| = (A* A)*/?. A nonsingular square matrix has po-
lar decompositions A = U |A] = |A*| U in which the positive definite factors
|A| and |A*|, and the unitary factor U = A|A|™" = |A*|™" 4 are uniquely
determined; if A is singular then the respective positive semidefinite factors
|A| and |A*| are uniquely determined and the left and right unitary factor
U may be chosen to be the same, but U is not uniquely determined. Two
matrices A and B of the same size are said to be *-congruent if there is a
nonsingular matrix S of the same size such that A = SAS*; *-congruence
is an equivalence relation. We denote the (multi-) set of eigenvalues of A
(its spectrum) by s(A) = {M\i(A)} (including multiplicities).

1.1 Gaussian elimination and the Schur complement
One way to solve an n x n system of linear equations is by row reduction—

Gaussian elimination that transforms the coefficient matrix into upper tri-
angular form. For example, consider a homogeneous system of linear equa-
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tions Mz = 0, where M is an n x n coefficient matrix with a nonzero (1, 1)

T
entry. Write M = (g bD ), where b and ¢ are column vectors of size n — 1,

D is a square matrix of size n — 1, and a # 0. The equations

a b7 x
Mz=0 and (0 D—ca_le><y)“O

are equivalent, so the original problem reduces to solving a linear equation
system of size n — 1: (D — ca™'b)y = 0.

This idea extends to a linear system Mz = 0 with a nonsingular leading
principal submatrix. Partition M as

M:(é g), (L1.1)

suppose A is nonsingular, and partition z = (;) conformally with M. The

linear system Mz = 0 is equivalent to the pair of linear systems
Ax+ By =0
Cr+Dy=20

If we multiply (1.1.2) by —CA~! and add it to (1.1.3), the vector vari-
able z is eliminated and we obtain the linear system of smaller size

(D~ CA™'B)y =0.

We denote the matrix D — CA™!B by M/A and call it the Schur com-
plement of A in M, or the Schur complement of M relative to A. In the
same spirit, if D is nonsingular, the Schur complement of D in M is

M/D=A-BD™!C.
For a non-homogeneous system of linear equations
(e 5)(0)-()
C D Y v )’
we may use Schur complements to write the solution as (see Section 0.7)
z=(M/D)" (u—BD '), y=(M/A) (v—-CA ).

The Schur complement is a basic tool in many areas of matrix analysis,
and is a rich source of matrix inequalities. The idea of using the Schur
complement technique to deal with linear systems and matrix problems is
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classical. It was certainly known to J. Sylvester in 1851 [436], and probably
also to Gauss. A famous determinantal identity presented by I. Schur 1917
[404] was referred to as the formula of Schur by Gantmacher [180, p. 46].
The term Schur complement, which appeared in the sixties in a paper by
Haynsworth [211] is therefore an apt appellation; see Chapter 0.

Theorem 1.1 (Schur’s Formula) Let M be a square matriz partitioned
as in (1.1.1). If A is nonsingular, then

det(M/A) = det M / det A. (1.1.4)

Proof. Block Gaussian elimination gives the factorization

A B\ ( I 0\[A B
C D) \cat 1 0 D—-CA™'B }-

The identity (1.1.4) follows by taking the determinant of both sides. R

It is an immediate consequence of the Schur formula (1.1.4) that if A is
nonsingular, then M is nonsingular if and only if M/A is nonsingular.

Schur’s formula may be used to compute characteristic polynomials of
block matrices. Suppose A and C' commute in (1.1.1). Then

det(M — M) = det(AI — A)det [(AI — M)/(A] — A)]
det [(A] — A)(\ — D) — CB.

The following useful formula, due to Babachiewicz (see Section 0.7),
presents the inverse of a matrix in terms of Schur complements.

Theorem 1.2 Let M be partitioned as in (1.1.1) and suppose both M and
A are nonsingular. Then M/A is nonsingular and

L (AN +ATIB(M/A)TI CAT AT B(M/A)T!
M '( —(M/A) AT (/)] ) (1.1.5)

Thus, the (2,2) block of M~ is (M/A)™":
(M), = (M/A). (1.1.6)

Proof. Under the given hypotheses, one checks that

(&)= (e )0 a0 ) (0 %)
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Inverting both sides yields

vl - (T ATBNT (A 0 N1 0T
= \o I 0 M/A CA™Y T

= (0 )0 e ) (cam 1)

Multiplying out the block matrices on the right hand side gives the asserted
presentation of M ~!, from which the identity (1.1.6) follows. B

In a similar fashion, one can verify each of the following alternative
presentations of M ! (see Sections 0.7 and 0.8):

L[ (MDY AT B(M/A)
M"(—D*ﬂMmf‘ (M/4)~ )’

o (4 ) (e

and, if A, B, C, and D are all square and have the same size

_ M/D) ! C — DB 14)!
Ml:(wﬁﬁﬁwrl(<Mmrﬂ )'

Comparing the (1,1) blocks of M ™1 in these gives the identities

(A-BD7'C)™? = A 4+ A'B(D-CATIB)"ICA™!
= -~C7'D(B-AC™'D)™!
= —(C-DB'A)"'DB!
= C7'D(D-CcA™'B)"'cA™!
A7'B(D-CA'B)"'DB™!

provided that each of the indicated inverses exists.

Of course, the Schur complement can be formed with respect to any
nonsingular submatrix, not just a leading principal submatrix. Let o and
3 be given index sets, i.e., subsets of {1,2,...,n}. We denote the cardinal-
ity of an index set by || and its complement by a¢ = {1,2,...,n}\ a. Let
Ala, ] denote the submatrix of A with rows indexed by « and columns in-
dexed by 8, both of which are thought of as increasingly ordered sequences,
so the rows and columns of the submatrix appear in their natural order.

We often write A[a] for Ao, ). If || = |0] and if Aw, 5] is nonsin-
gular, we denote by A/A [a, 3] the Schur complement of Ala, 8] in A:

A/Ale, B = Ala®, 5] - Ala®, 8] (Ale, B)) ™" Ala, B9 (1.1.7)
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It is often convenient to write A/ for A/A [w].

Although it can be useful to have the Schur complement in the general
form (1.1.7), it is equivalent to the simpler presentation (1.1.1): there are
permutations of the rows and columns of A that put A [, £] into the upper
left corner of A, leaving the rows and columns of A [, 5¢] and A [a®, ] in
the same increasing order in A. If & = 3, the two permutations are the
same, so there exists a permutation matrix P such that

Ala]  Ala,a9 )

PTAP = < Alat,a]  Alaf]

Thus,
(P"AP)/Ala] = A/a.

Schur’s formula (1.1.4) may be extended to an arbitrary submatrix [18].
For an index set o = {1, a2,..., 0k} € {1,2,...,n}, we define

sgn(a) = (_1)21*:1 ai—k(k+1)/2

The general form of Schur’s formula is
det A = sgn{a)sgn(Q) det A [, 5] det (A/A o, G]) (1.1.8)

whenever A e, §] is nonsingular. The proof is similar to that for a leading
principal submatrix. Similarly, the analog of (1.1.6) for an (o, ) block is

A7 [, ] = (AJAIB, )7 (1.1.9)

Although the Schur complement is a non-linear operation on matrices,
we have (kA)/a = k(A/a) for any scalar k, and (4/a)* = A*/a.

1.2 The quotient formula

In 1969, Crabtree and Haynsworth [131] gave a quotient formula for the
Schur complement. Their formula was reproved by Ostrowski [342, 343].
Other approaches to this formula were found in [99, 106, 422] and [165,
p. 22]. Applications of the quotient formula were given in [107, 279, 88].

We present a matrix identity [471] from which the quotient formula
follows. Let M be partitioned as in (1.1.1) and suppose A is nonsingular.
If B=0or C =0, then M/A = D and M/D = A; this is the case, for
example, if M is upper or lower triangular.

Theorem 1.3 Let

A B X 0 u v
w4 B) =3 5 ) min=(5 )
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be conformally partitioned square matrices of the same size, suppose A, X,
and U are nonsingular and k x k, and let o« = {1,--- [ k}. Then

(LMR) /a = (L/a) (M/a) (R/a) = L{a“] (M/a) R[],
that is,

(LMR) / (XAU) = (L/X) (M/A) (R/U) = Z (M/A)W.
Proof. First compute

XAU XAV + XBW )

LMER= ( YAU + ZCU YAV + ZCV + YBW + ZDW

Then

(LMR)/(XAU) = YAV 4+ ZCV +YBW + ZDW
—(YAU + ZCUYWXAU) Y (X AV + XBW)
= YAV + ZCV +YBW + ZDW
—~(YA+ ZC)A™Y(AV + BW)
= ZDW — ZCA™'BW
= Z(D-CA 'B)W
= Z(M/AW.1

The following special case of the theorem (R = I) is often useful:

Corollary 1.1 Let M and Q be square matrices of the same size, let «
denote the index set of a nonsingular leading principal submatriz of Q,
suppose Q o, a¢] = 0, and suppose that M [a] is nonsingular. Then

QM) /a = Q[a](M/a);

if also Q[a®] = I, then
QM) Ja = M/a.

In particular, if Q = A is diagonal, then
(AM) Ja = (Afef]) (M/a) .
Here are some other special cases and applications of the theorem:

Case 1. Suppose X =U = I. Then

(LMR)/A = Z(M/A)W. (1.1.10)
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Now let J denote a square matrix whose entries are all1. If Z =W = J,
(1.1.10) shows that the Schur complement of 4 in the product

I 0 A B IV
(v )2 5)(0 %)
is sJ, where s denotes the sum of all entries of M/A. Of course, sJ is
independent of Y and V and has rank 1.

If W is nonsingular and Z = W~1, (1.1.10) shows that (LM R)/A is
similar to M/A. Thus the eigenvalues of (LM R)/A can be obtained by
computing those of M/A, and they do not depend on the choices of Y, V,
and the nonsingular matrix W.

Finally, (1.1.10) shows that if a matrix N can be written as a product
of a lower triangular matrix, a diagonal matrix, and an upper triangular
matrix, say, N = LAU, then

Nja=(L/a)(A/a)U]e)
is a factorization of N/« of the same form.
Case 2. Suppose X = Z=U =W =1. Then
(LMR)/A=M/A. (1.1.11)

A closely related fact is the familiar identity

(—ear 1) (2 0) (0 757 )= (5 aa)

If V =0 (that is, R = I), then
(LM)/A = M/A. (1.1.12)

The identities (1.1.11) and (1.1.12) show that block Gaussian elimina-
tion for rows (columns) applied to the complementary columns (rows) of
A does not change the Schur complement of A; i.e., type three elementary
row (column) operations on the columns (rows) complementary to A have
no effect on the Schur complement of A. We will use this important fact to
prove the quotient formula.

Case 3. Suppose M = I. Then LM R = LR is the product of a block
lower triangular matrix and a block upper triangular matrix, and

(LR)/a = (L/a)(R/a) = L[af] R[af]. (1.1.13)
A computation shows that for block lower triangular matrices L; and Lo

(LiL2)/a = (L1/a)(L2/a),
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and for block upper triangular matrices Ry and Rq
(RiRz)/a = (R1/a)(Ra/e).
As a special case of (1.1.13), for any k and lower triangular matrix R
(LL")/a = (L/a)(L* fa) = (L[a]) (L[a?])". (1.1.14)

Any positive definite matrix N can be written as N = LL* for some
lower triangular matrix L. This is the Cholesky factorization of N, which
is unique if we insist that L have positive diagonal entries. The identity
(1.1.14) therefore provides the Cholesky factorization of the Schur comple-
ment N/« if we have the Cholesky factorization of N.

Although there does not seem to be a nice way to express (RL)/« in
terms of R/« and L/« one checks that

(L*L)/a < (L*Ja)(L/a). (1.1.15)

Suppose T' is a square matrix that has an LU factorization (this would
be the case, for example, if every leading principal submatrix of T' were
nonsingular), and consider any nonsingular leading principal submatrix in-
dexed by a. Then (1.1.15) implies that

(T*"T) /o < (T* o) (T /) (1.1.16)
as follows:

(T*T)/a

(U*L*LU) /o

(U*/a)(L*L)/o) (U /)

(U* /) (L*/)(L/a)(U/a) by (1.1.15)
(T*/a)(T/e) by (1.1.13).

IA

i

Case 4. Suppose that

« (U 0
eme (U0

Theorem 1.3 tells us that
(R*MR)/a = (R*/a)(M/a)(R/a). (1.1.17)

Although there does not seem to be any general analog of (1.1.17) for
(L*ML)/, if M is positive definite, then

(L*ML)/a < (L* ML) [af] = (L*/a)M [o°] (L o). (1.1.18)
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More generally, let IV be positive semidefinite and let 7' be the same
size as N. If N [a] and T [o] are nonsingular, then

(T*NT)/a < (T* /)N [e®] (T'/ ). (1.1.19)

This can be proved using (1.1.18), with T written in the form

T I 0 T{a) *
% I 0 Tla )’
in which blocks of entries irrelevant to the proof are indicated by x.
Case 5. The fundamental identity
(A/a)™ ! = A7 [af] (1.1.20)

in Theorem 1.2 is useful in many matrix problems. For example, it is the
key to showing that the class of inverse M-matrices is closed under Schur
complementation [244]. If A has an LU factorization, there is a nice proof
using (1.1.13): Let A = LU so that A~ = U~'L~!. Then

(4/e) = (U]
= (Ul 1L[ )

U~
BT

We now derive the Crabtree-Haynsworth quotient formula for the Schur
complement.

Theorem 1.4 (Quotient Formula) Let M, A, and E be given square
nonsingular matrices such that

M:(é g) and A:(é{ g)
Then A/E is a nonsingular principal submatriz of M/E and
M/A= (M/E)/ (A/E).
Proof. Write

E F B
cy, Cy D
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and compute

([ H B G\ .
M/E_<CQD>—<CI>E(F31)
H-GE™'F x\ [ A/E «
* x ) x  x )
Since A is nonsingular, so is A/E. Thus (M/E)/(A/E) is well defined.

Now define
I I 0
T\ —CcAt T
and compute

E F B
A B .
LM:< . ): G H B, |=um.
0 D-CA™'B (o 0 M/

The identity (1.1.12) ensures that M/E = M/E. On the other hand,

M/E = (IOJ ]V?/QA>~<§)E“1(F By )
(AéE 32—554—131)

so (M/E)/(A/E) = M/A and we have the desired formula. ®

The quotient formula may also be derived from Theorem 1.3 directly by
taking

X:( ! 0>,Y:(—01E“1 0), Z=1

—~GE-Y I
and . )
(I —E°'F _( —E'B _
o (1B v (FB ) wer

Theorem 1.3 ensures that (LM R)/E = M/E. A computation shows that

LMR:(? (LM(;{)/E>:<]§ M?E) XAU:(? A(/)E>'

It follows that

E 0 E 0
wryxav)= (5 (0 ) /(5 A ) =B/,
On the other hand, Z(M/A)W = M/A, so we again have the formula.
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1.3 Inertia of Hermitian matrices

The inertia of an n x n Hermitian matrix A is the ordered triple

In(A) = (p(4), q(4), 2(4))

in which p(A), ¢(A), and z(A) (or m, v, § in Section 0.10) are the numbers
of the positive, negative, and zero eigenvalues of A, respectively (including
multiplicities). Of course, rank (4) = p(A4) + q(A).

By In(A) > (a,b,c) we mean that p(A) > a, ¢(A) > b, and z(A) > ¢

The inertia of a nonsingular Hermitian matrix and its inverse are the
same since their (necessarily nonzero) eigenvalues are reciprocals of each
other. The inertias of similar Hermitian matrices are the same because
their eigenvalues are identical. The inertias of *-congruent matrices are
also the same; this is Sylvester’s Law of Inertia.

Theorem 1.5 (Sylvester’s Law of Inertia) Let A and B be n xn Her-
mitian matrices. Then there is a nonsingular n x n matriz G such that
B = G*AG if and only if In (A) = In(B).

Proof. The spectral theorem ensures that there are positive diagonal ma-
trices E and F' with respective sizes p(A) and ¢ (A) such that A is unitarily
similar (*-congruent) to E®(—F)®0,(4). WithG = E-V2@F 121, 4),
compute G* (E® (~F) & Z) G = Ip(a) ® (—I4a)) ® 0,(4).The same argu-
ment shows that B is *-congruent to Ip)y ® (—Iy(p)) ® 0yp). If In(A4) =
In (B), transitivity of *-congruence implies that A and B are *-congruent.

Conversely, suppose that A and B are *-congruent; for the moment,
assumne that A (and hence B) is nonsingular. Since A and B are *-congruent
to V = Ipa) ®(—Iyay) and W = Iygy & (—Iym)), respectively, the unitary
matrices V and W are also *-congruent. Let G be nonsingular and such
that V = G*WG. Let G = PU be a (right) polar factorization, in which
P is positive definite and U is unitary. Then V = G*WG = U*PWPU, so
P~Y(UVU*)=WP. This identity gives right and left polar factorizations
of the same nonsingular matrix, whose (unique) right and left unitary polar
factors UVU™ and W must therefore be the same [228, pp. 416-417]. Thus,
W = UVU*, so W and V are similar and hence have the same sets of
eigenvalues. We conclude that p(A) = p(B) and ¢(A) = ¢(B), and hence
that In(A) = In(B).

If A and B are *-congruent and singular, they have the same rank, so
Z(A) = 2(B). Thus, if we set Ay = Ipa) ® (—Iyay) and By = Iypy &
(—1Iy(B)), the nonsingular matrices Ay and B; are the same size and A; &
0,4y and By © 0,(4) are *-congruent: A; & 0,04y = G~ (Bl o OZ(A)) G for
some nonsingular G. Partition G = [Gij]iz,j=1 conformally with A; © 0,(4).
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The (1,1) block of the congruence is A; = G3;B1G11. This means that Gy;
is nonsingular and A; is *-congruent to B;. The singular case therefore
follows from the nonsingular case.

The key point of the preceding argument is that two unitary matrices
are *-congruent if and only if they are similar. This fact can be used to
generalize Sylvester’s Law of Inertia to normal matrices; see [236] or [246].

We can now state the addition theorem for Schur complements of Her-
mitian matrices, which, along with other results of this section, appeared
in a sequel of E. Haynsworth’s publications {211, 212, 213].

Theorem 1.6 Let A be Hermitian and let A1 be a nonsingular principal
submatriz of A. Then

In(A) = IH(AH) + IH(A/AM)

Proof. After a permutation similarity, if necessary, we may assume that

o An A _ (1 — A At}
A_<A21 A22> and we define G_<0 7 .

Then

* . All O
G*AG = ( 0 A/AnL ) , (1.1.21)
so 0 (G*AG) = o (A11) Uo (A/A;11) (with multiplicities). Since In(A) =
In(G*AG), the conclusion follows from Sylvester’s Law of Inertia. W

For any Hermitian matrix A and any index sets « and f it is clear that
In(A) > Tn(A a])

and
In(4) > (maxp(Alal), max g(A[3]),0). (1.1.22)

Suppose A has a positive definite principal submatrix A{e] of order
p. If it also has a negative definite principal submatrix of order ¢, then
(1.1.22) ensures that In(A) > (p, ¢, 0). In particular, if A{a] > 0 and
Alaf) < 0, then In(A) = (p, n— p, 0). In order to prove a generalization
of this observation, we introduce a lemma that is of interest in its own
right. For a normal matrix A with spectral decomposition A = UAU™,
where U is unitary and A = diag (A1, -+, Ap) is diagonal, |A| = U [A|U* =
Udiag (IA\1],-+ -, An]) U*, which is always positive semidefinite. Of course,
A is positive semidefinite if and only if |A] = A.
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Lemma 1.1 Let P be m x m and normal, let Q be n x m, and let

u-(9).

rank (M) = rank (|P| + Q*Q) .
As a consequence, |P| + Q*Q is positive definite if rank (M) =

Then

Proof. Let A = UAU* be a spectral decomposition of A and suppose
A = A; &0, in which A; is nonsingular; partition QU = ((QU)1, (QU)2)
conformally with A. Then

ws(8)-me{(§ £)(2)1

( (QU), (QU)2>
= rank )-—rank A 0
0 0
h )2
= rank 'Alll/Q )

(5
(%
- o 1/2>:m“kKé 7 ) (e )
( Q
(et

= rank
|p|1/? > ( rp?”z )

= rank(|P|+Q*Q). 1

il

rank (M)

Theorem 1.7 Let A = [Azj]f] 1 be a partitioned n x n Hermitian matriz.

Suppose that its leading principal submatriz Ay1 is k x k and positive defi-
nite, and that Asg is negative semidefinite. If the last n — k columns of A
are linearly independent, then A is nonsingular and

In(A) = (k, n—k, 0).

Proof. Let S be nonsingular and such that S*A715 = Ii; let

~(39)
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The last n — k£ columns of

Ik S*A12
P*AP =
( A58 Ag )

are also linearly independent, and, by Sylvester’s Law of Inertia, In(A4) =
In(P*AP) = In(I};) + In ((P*AP) /I;). Lemma 1.1 ensures that the Schur
complement — (P*AP) /I, = —Aga + (S* A12)™ (S* Ay2) is positive definite,
soIn(A)=(k, 0, 0)+ (0, n—k, 0)=(k, n—%, 0). 1

The next theorem gives information about the inertia of bordered Her-
mitian matrices.

Theorem 1.8 Let A be an n x n Hermitian matriz partitioned as

A= ( B Z ) (1.1.23)

C

in which ¢ is a row vector with n — 1 complex entries and a is a real scalar.
Suppose that In(B) = (p, q, z). Then

ID(A) z (pv q, 2 — 1) ‘
If, in addition, z(A) = z — 1, then
In(A)=(p+1, ¢g+1, z—1).

Proof. Let the eigenvalues of B be 31 > 2 > -+ > [,—1 and let the
eigenvalues of A be a1 > ag > -+ > ;. The Cauchy eigenvalue interlacing
theorem ([230, Theorem 4.3.8] or [468, p. 222]) ensures that

;> 6> oy, 1=1,2,...,m— 1.
Since p(B) = p, we have
a; 2> 4 >0,i=1,2,...,p and opy1 > Bpr1 =0
and since g(B) = ¢, we have
0>0 2041, t=p+z+1,...,n—1 and 0= Fpiz > 0prag1-
Thus p(A) > p and ¢(A) > ¢. In addition,
0=0;>a;41 2841 =0, i=p+1,...,p+2-1

so A has at least z — 1 zero eigenvalues. If A has exactly z — 1 zero eigen-
values, then we must have apy1 > Gpp1 = 0 and 0 = Gpq; > apizq1, 50
plAy=p+landg(A)=q+1. B

Repeatedly applying Theorem 1.8 yields the following
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Theorem 1.9 Let A be an n x n Hermitian matriz and let B be a k X k
principal submatriz of A. Then

p(A) > p(B) and q(A) = q(B).
If 2(A) — 2(B) =d > 0, then
d<n~k,p(A) >p(B)+d and q(A) >q(B)+d.
Ifd=n—k, then
In(A) = (p(B) +n —k, q(B) +n—k, 2(B) —n +k).
If A is nonsingular, then z(B) = n— k and
In(A) = (p(B) + n—k, ¢(B)+n—k, 0).

Let A and B be square matrices of orders n and m, respectively, with
n > m. If there is a solution X of rank m of the homogeneous linear
matrix equation AX — XB = 0, it is known that the m eigenvalues of B
are also eigenvalues of A. The following theorem exhibits a matrix (a Schur
complement) whose eigenvalues are the remaining n — m eigenvalues of A.

Theorem 1.10 Suppose that n > m and let A € C"*" and B € C™*™,
Let X € C™™™ be such that AX = X B, partition X and A conformally as

X; A A
* ( X2 > o ( Az Az >’

and assume that X; is m x m and nonsingular. Let

X1 A
= . 1.1.24
¢ (Xz A22) ( )
Then
o(A) =co(BYUo(C/X31).
Proof. Let

(X1 0 1 D
S—(X2 I> so that § _(—Xngl 7

The equation AX = X B ensures that AS = A(X, ) = (AX,*) = (XB,*), so

[ X\B A
AS = < XoB  Ag )
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and

B *
S7tAS = _ .
( 0 Agy— XoX['Ap )
Since Asy — XnglAlg = C/X;, we have

o(A) =0 (S7TAS) = o(B) Ua(C/X1). B

If AX = XB and rank(X) = m but the first m rows of X are not
independent, let P be a permutation matrix such that the first m rows of
PX are independent. Then (PAPT)(PX) = (PX)B and we can apply
the preceding theorem to PAPT, B, and PX.

As an application of Theorem 1.10, suppose that A has m linearly in-

dependent (column) eigenvectors 1, . . ., Z,, corresponding, respectively, to
the not-necessarily distinct eigenvalues A1,..., A\ Let X = (21,...,Zm).
Then

AX = Xdlag(/\1, .. '7/\m)7

so diag(A1, . .., Am) plays the role of B in the preceding theorem. Partition
X as in the theorem and suppose that X is nonsingular. If C is defined
by (1.1.24), then ¢(A) = {A1,..., A} U0 (C/X1).

We now turn our attention to skew block upper triangular matrices.

Theorem 1.11 Let A € C™*™ be Hermitian, B € C™*™ have rank r. Let

A B
M = ( a5 )
Then In(M) > (r, r, 0). If B is nonsingular, then In(M) = (m, m, 0).

Proof. Let C and D be nonsingular matrices such that
I. 0
CBD = ( 0 0 > .

« [ E1 Es
C’AC’—(Eék E3>

Partition

and compute

c 0 A B ¢t o0\ _ | B Es
0 D* B* 0 0o D) | I 0

oo o
co oo
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which is block permutationally *-congruent to

B I E 0
{5 0 0 o
N=\"E 0 B o
0 0 0 0

Let
_ El Ir

denote the upper left 2 x 2 block of N and compute

-1 _ 0 I - Es 0
K -<I B and N/K= L

5
s
i
5
3
!

In(K)+In(N/K):In< % b )+In< B 8)

Let By = UAU* be a spectral decomposition, with A = diag(A\1, -, Ar)
and all A\; real. Then

(0 )2 0)(62)-(2
(’\11 é)@--@(i’" é) (1.1.25)

is permutation similar to
The eigenvalues of the ith direct summand in (1.1.25) are ()\i + /A2 + 4) /2,

of which one is positive and one is negative. Thus,

FEy T
In( I: ()r):(r, r, 0)

and hence In(M) > (r, r, 0).
If B is nonsingular, then m =n =r and In(AM) = (m, m, 0). B

o i

We note that the inertia of a general matrix is studied in [109, 344].
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1.4 DPositive semidefinite matrices

In this section we present some elementary matrix inequalities involving
positive semidefinite matrices; more advanced results are in the later chap-
ters. A fundamental and very useful fact is an immediate consequence of
Theorem 1.6.

Theorem 1.12 Let A be a Hermitian matriz partitioned as

All A12
A= 1.1.26
( o A) (1.1.26)

in which A1y is square and nonsingular. Then
(a) A >0 if and only if both A;; >0 and A/A1; > 0.
(b) A >0 if and only if A1; >0 and AJ/A;; > 0.

Thus, if A > 0 and A;; > 0, then A/A1; = Agy — Aj, AT Ar2 > 0, so
Age > A/A1;. Consequently,

det Aoy > det(A/An) = (det A) / (det AH) >0,
which (after a continuity argument) proves

Theorem 1.13 (Fischer’s Inequality) Let A be a positive semidefinite
matriz partitioned as in (1.1.26). Then

det A S (det Au) (det Agg) .

Since det A = det A det A/A1; and det A1 > (det A) / (det Agz), there
is a reversed Fischer inequality if Ago is nonsingular (for example, if A is
positive definite):

det(A/Au) det(A/AQQ) S det A.

As an application of the Fischer inequality, we give a determinantal
inequality. Let A, B, C, D be square matrices of the same size, so that

A B\ (A C*\_( AA"+BB" ACT+BD"\ _
¢ p )\ B b )=\ ca+DpB cc*+DD* ) ="

(2 3)

Then

2
< det(AA* + BB*)det(CC* + DD*).

Qe
oW
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If A and C' commute, then
|det(AD — CB)|? < det(AA* + BB*)det(CC* + DD*).

The Fischer inequality and an induction gives the celebrated Hadamard
inequality.

Corollary 1.2 (Hadamard’s Inequality) Let A = (ai;) be an n x n
positive semidefinite matriz. Then

detASall---ann

with equality if and only if either A is diagonal or has a zero main diagonal
entry (and hence a zero row and column,).

We next study the Schur complements of some elementary functions
applied to positive semidefinite matrices. It is known that

A?lo] > (Ala])?, AY?[o] < (A[a])?, A7M o) > (Ale])™! (L1.27)

if A is positive semidefinite; see [17] or [468, p. 177]. If we replace subma-
trices by Schur complements, the inequalities in (1.1.27) are reversed.

Theorem 1.14 Let A be positive definite and o be a given index set. Then
Ao < (Afa), (Afa)'? < AY%[a, A7 a < (Afa)™h

Proof. The assertion for the inverse follows from the inverse part of (1.1.27)
and two applications of (1.1.9):

(A/a)™ = Ao 2 (Al = (4/a) !
((A—l/of)‘l)_l = A7Ya.

For the square, we follow the same steps and use the fact that the inverse
function reverses the Lowner partial order:

i

_ ~1 -1
o = (497 ) = (47 1e) (1.1.28)
- e\ 2 -~ ey L 2 2
(A o) = (A ) 7)) = (/e
Replacing A with A/2 in (1.1.28) gives A/a < (A'/2/a)?; using the fact
that the square root preserves the Lowner partial order then gives the
asserted inequality for the square root: (A/a)'/2 < AY2%/a. W

IA
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Theorem 1.15 Let A and B be n x n positive definite matrices, and let
X andY ben xm. Then

X*AT'X+Y*B WY > (X4+Y) (A+B) (X +7Y).
Proof. Let

W (o) 5= (2 )
Theorem 1.12 (b) ensures that M and N, and hence M + N, are positive
semidefinite. The Schur complement of A+ B in M + N is
(M+N)/(A+B)=X*"A"' X +V*B7'Y - (X + V)" (A+ B} (X +Y),
which Theorem 1.12 tells us is positive semidefinite. B

Theorem 1.15 can be found in [213]. It extends a result of M. Marcus
[294] from vectors to matrices. The equality case was studied by Fiedler and
Markham in [167] and the analogous inequality for the Hadamard product
was proved in [297, 299, 453, 226]. The next theorem [468, p. 189] illustrates
again how identities involving the inverse and Schur complement can be
used to obtain matrix and determinantal inequalities.

Theorem 1.16 Let A, B, and X be n X n matrices. Then
AA* 4+ BB* = (B+AX)(I+X'X)"'(B+A4X)*  (1.1.29)
+(A-BX*)(I+XX*)"' (A—BX*)".
Proof. Let
P:( I X*)( I B*>:<I+X*X B*+ X*A* )
B A X A* B+ AX AA* 4+ BB*

First assume that A — BX™ is nonsingular, so P is nonsingular and

pt - (I B o oxe N\
- lx oa B A
[ I+B*(A*—~XB*)"!X -B*(A"— XB*)~.
= —(A*— XB*)"1x (A* - XB*)~1
([ I+X*(A-BX*)"'B —X*(A-BX*)"!
~(A-BX*)"'B (A-Bx*~1 )

Compute the (2,2) block of this product and use (1.1.6) to get the identity
(P/(I+X*X))"' = (A*—XB*)"'XX*(A-BX")"!

+(A* = XB*)"Y(A - BX*)7!

(A* — XB*)"MI+ XX*)(A— BX*)™".

Il
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Taking the inverse of both sides gives
P/(I+X*X)=(A-BX")I+XX*)"}(A* - XB*).

On the other hand, we can compute directly the Schur complement of
I+ X*X in P:

P/(I+X*X)=AA"+BB* — (B+ AX)(I + X*X)"}(B + AX)*.

The asserted identity results from equating these two representations for
P/(I+ X*X).

If A— BX"* is singular, the desired equality follows from a continuity
argument, that is, replace A with A+ el andlet e — 0. B

Since both summands on the right hand side of (1.1.29) are positive
semidefinite, we obtain an inequality by omitting either of them, e.g.,

AA* + BB* > (B+ AX)(I + X*X)"Y(B+ AX)*,
which implies the determinant inequality

det(AA* + BB*)det(I + X* X) > | det(B + AX)[%.

1.5 Hadamard products and the Schur complement

The Hadamard product (Schur product) of matrices A = (a;;) and B = (bs;)
of the same size is the entrywise product

AoB = (aijbij) .

Unlike the ordinary matrix product, Ao B = B o A always. The identity
for the Schur product is the matrix J, all of whose entries are 1.

The Hadamard product of two Hermitian matrices is evidently Hermi-
tian; it is positive semidefinite if both factors are positive semidefinite, and
it is positive definite if one factor is positive definite and the other is pos-
itive semidefinite and has positive main diagonal entries (in particular, if
both factors are positive definite). Proofs of these basic facts can be ap-
proached by writing each factor as a positive linear combination of rank
one matrices and using bilinearity [228, Section 7.5, or by recognizing that
the Hadamard product is a principal submatrix of the Kronecker product
(tensor product) A ® B [230, Section 5.1). We shall focus on the Schur
complement and the Hadamard product. For the Schur complement of the
Kronecker product of matrices, see [286].

Schur complements can be useful in discovering and proving matrix
inequalities involving Hadamard inequalities; after a preliminary lemma,
we illustrate this principle with several examples.
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Lemma 1.2 If A and B are n X n positive semidefinite matrices, then
det(A + B) > det A+ det B. (1.1.30)
If A is positive definite, then equality holds if and only if B = 0.

Proof. To establish the inequality, suppose A is positive definite and let
C =A"Y2BA7/2. Then C > 0, det C = (det B) / det A, and

det(A+B) = det (A1/2 (I + A‘1/2BA‘1/2) A1/2)
= (det A) (det (I + C))

=

= (det ) [N (T+0)

i=1

I

=

(det A) TT 1+ X (©))

2

(1
(1

i
—

(det A)
(det A)

+trC + det C)
+det C) = det A + det B.

VALY

The last inequality is an equality if and only if trC = 0, that is, C = 0,
since C is positive semidefinite, while C = 0 if and only if B = 0. The
inequality (1.1.30) for a general A > 0 follows by a continuity argument. 1

We now present an analog of (1.1.30) for Hadamard product [298, 341].

Theorem 1.17 (Oppenheim’s Inequality) Let A = (a;5) and B be n x
n positive definite matrices. Then

det (Ao B) > (a11- - app)det B
with equality if ond only if B is diagonal.

Proof. We use induction on the order of A and B. The case n = 1 is
obvious. Assume that n > 1 and that the assertion is true for all positive
definite matrices of order less than n.

Partition A and B conformally as

(e o« _(bu B
A_<a* A22> and BM(/@* B22>’

in which Agg and Bgg are of order n—1. Let A= al_lla*a and B = bﬁl *0.
Then A/ay; = Aze — A > 0 and B/by; = Bega — B > 0. A computation
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reveals that
Agy o (B/biy) + (Afan)oB = Ago (322 — B) + (A22 _A)oB

= AQQOBQQ_AQZOB"*'AQQOB"AOB
= AgpoBy—AoB
= (AOB)/(alle).

Using Lemma 1.2 and the induction hypothesis, it follows that

I

det(A o B) a11b11 det [(A o B)/(a11b11)]

a11bi1 det[Azs o (B/bi1) + (4/a11) o B

a11b11 det[Aaz o (B/b11)] + ai1bii det[(A/az1) o B]
a11b11 det[Az2 o (B/b11)]

a11b11 (@22« - - any) det(B/b11)

(a11 - - - @nn) det B.

I

AVARAVANLY,

Il

If det(AoB) = (@11 - - Gnn) det B, then each of the preceding three inequal-
ities is an equality. In particular,

det[AQQO(B/b11)+(A/a11)of)’] = det[AQQO(B/bll)]+a11b11 det[(A/au)Oé],

so the case of equality in Lemma 1.2 ensures that (4/aj1) o B = 0. But
A/ay; is positive definite, so all its main diagonal entries are positive. We
conclude that B = 0 and the induction is complete. W

Combining the Oppenheim inequality and the Hadamard determinantal
inequality (and a continuity argument) shows that for any n x n positive
semidefinite matrices A and B,

det(A o B) > det Adet B.

Theorem 1.18 Let A and B be n X n positive definite matrices, and let
e € C*! denote the column vector all of whose entries are 1. Then

AloB™ > (AOB)—l,
Ao At >1,

and
AoB > (e"A7'e) ' B. (1.1.31)

Proof. Define the Hermitian matrices

A I B I
am (4 L) e w20,
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Then A/A= A"~ TA I =0and B/B = B~! — IB~1I =0, so Theorem
1.12 ensures that both A and B are positive semidefinite. Thus,

AoB I
AOB:( [ Alop! )

is positive semidefinite and A o B is positive definite. Theorem 1.12 now
ensures that (Ao B)/(AoB)=A"10B"1 — (Ao B)™" >0, that is,

AloB™ 1> (40 B)_l .

Al T
CZ( I A>'

Then C is positive semidefinite, as is

Now define

(1.1.32)

Ao A1 I
Aoc:( I AoA-l)

Let Ao A~! = UAU* be a spectral decomposition of A so that A =
diag(Ay,-- -, An) is positive diagonal. Then

U 0\ [ AoAl T U 0\ (A I
0 U I Ao Al 0 U /J \\I A
is positive semidefinite and permutation similar to
A1 A 1
(1 ,\1>@"'@<1 /\n)‘
Since each direct summand is positive semidefinite if and only if each A; > 1,

(1.1.32) implies that A > I and hence that Ao A~ = UAU* > UIU* = 1.
For the last assertion, consider

D A ee”
T\ ee” (eTAle)ee” )
Then D/A = (e"A™'e) ee™ —ee” A~ ee™ = 0, so Theorem 1.12 ensures that

D > 0 and hence that
A ee” . B I
ee” (e"A7le)ee” I B!

Ao B I
I (eTA_le) Bl

DoB

Il
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is positive semidefinite. A final application of Theorem 1.12 tells us that
(DoB)/((e"A'e)B™!) = Ao B — (eTA"le)_1 B >0,
which is the desired inequality. B

The inverse inequalities on the Hadamard product in Theorem 1.18 are
well known; see [243] and [30].

1.6 The generalized Schur complement

In the definition (1.1.7) of the Schur complement, we assumed that the
submatrix A[a] is square and nonsingular. We now introduce generalized
inverses and allow A [a] to be an arbitrary submatrix. A generalized inverse
for a given m xn matrix M is an n x m matrix M~ (not necessarily unique)
such that MM~M = M. Of course, if M is square and nonsingular, its
only generalized inverse is the ordinary inverse.

Two basic properties of a generalized inverse are:

M=MM"M)”(M*M) (1.1.33)
and
M*=(M"M)(M*M)"M*. (1.1.34)
If an m xn matrix M has rank r, there are always nonsingular matrices
P and @ such that
A 0
M=P ( 40 ) Q

and A is 7 X r and nonsingular; in fact, we may even take A = I,.. The set
of all generalized inverses of M is then

-1
{Q—l ( AY )Z( )P—l 1 X, Y, Zarbitrary}.

The generalized inverses are closely related to column space inclusions.
The matrix MM~ acts on a matrix N like an identity matrix, that is,

MM~N =N,

if and only if the column space of N is contained in that of M, which we
denote by C(N) C C(M). It is known that two matrices M and N have the
same sets of generalized inverses if and only if M = N. Also, it is known
that for nonzero X and Y, XM ™Y is the same matrix for every choice of
generalized inverse M~ if and only if

C(Y)CC(M) and C(X*)CC(M*).
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The preceding criterion can be formulated as a pair of set inclusions for null
spaces (denoted by NV(-)) since C(B) C C(A) if and only if N(A*) C N(B*).

Because of its intimate connection with regression and least squares,
perhaps the best known generalized inverse is the Moore—Penrose general-
ized inverse A!, which is the unique matrix X such that

AXA=A, XAX =X, (AX)" = AX, (XA =XA.  (1.1.35)

0 .
amv(2 0
is a singular value decomposition of A, in which ¥ is positive diagonal and
U and V are unitary, then

£t 0
t U xr*
Al = < 0 O ) '

It

We now use the Moore—Penrose inverse to define the Schur complement.
Let A be an m x n matrix, and let o and 3 be subsets of {1,2,...,m}
and {1,2,...,n}, respectively. The Schur complement of Ala, 3] in A is

AfAla, 8] = Ale®, 5]~ Ala®, Bl A, B A, 7. (1.1.36)

It is usually convenient to think of A [«, 8] as being in the upper left cor-
ner of A (not necessarily square), a placement that can always be achieved
with suitable row and column permutations, that is, with permutation ma-
trices P and @ such that

_( Alef] Al f]
PAQ‘(A[aC,m Alos, ] >

If « = § and m = n, A[a, (] is a principal submatrix of A and P = Q".

In order to consider replacing the Moore—Penrose generalized inverse in
(1.1.36) with an unspecified generalized inverse, we would have to impose
conditions sufficient to ensure that the generalized Schur complement ob-
tained in this way did not depend on the choice of the generalized inverse.
This would be the case if the row space of A[a®, ] is contained in that of
Ala, 8] and the column space of A[a, 8] is contained in that of A |«, 5]
For the standard presentation

A B
M_<C D)’
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if we assume that C(B) C C(4) and C(C*) C C(A*), then M/A = D —
C A~ B is well-defined since the second term is independent of our choice of
the generalized inverse. Therefore,

(e 1) 5) (0 57 )=(0 ai)

and hence
rank M = rank A + rank(M/A).

If we impose no inclusion conditions on the row and column spaces,
however, it is possible that rank M > rank A + rank(M/A).

Row and column space inclusions of the type relevant to the generalized
Schur complement arise naturally in the context of positive definite block
matrices.

Theorem 1.19 Suppose M is positive semidefinite and partitioned as

A B
!

in which A and C are square. Then i) there is a matriz R such that B =
AR; #) C(B) C C(A), and iii) B = AA~ B. Also, iv) there is a matriz L
such that B = LC; v) R(B) € R(C); and vi) B = BC~C.

Proof. The first three stated conditions are equivalent; we consider just i).
Since M > 0, it has a unique positive semidefinite square root, whose
columns we partition conformally to those of M. Let M'/2 = (S, T). Then

b= ()= () )= (57 )

* *

Let S = XP be a polar decomposition, in which X has orthonormal
columns and P is positive semidefinite. Then A = §*S = P? so P = A!/?
and B = $*T = PX*T = P?’P'X*T = A (PTX*T). Thus, we may take
R = P!X*T ini).

The second set of three conditions can be dealt with in a similar fashion
by considering the second block row of M. R

For any positive semidefinite block matrix M partitioned as in the pre-
ceding theorem, the Schur complements M/A = C — B*A~B and M/C =
A — BC™B* are well defined, so they may be computed using any general-
ized inverse.

We now rephrase Theorem 1.12 in terms of a singular principal subma-
trix as follows [6].
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Theorem 1.20 Suppose M is Hermitian and partitioned as

A B

in which A and C are square (not necessarily of the same order). Then
M >0if and only if A>0,C(B) CC(A), and M/A > 0.

Proof. The previous theorem ensures the necessity of the three stated con-
ditions. To show that they are sufficient, observe that M/A = C ~B*A~B
is well defined since the condition C{B) C C(A) ensures the uniqueness of
B* A~ B. The matrix identity

I 0 A B I ~A"B\ [ A 0
~B*A- I )\ B ¢ J\o0o I “\ 0 C-B*4A"B

now ensures that M is positive semidefinite. R

We now consider a generalized inverse analog of the representation
(1.1.5) for the block form of the inverse, but only for positive semidefi-
nite matrices that satisfy a special rank condition. When we do not have
positive definiteness, the situation is more complicated; see Chapter 6.

Theorem 1.21 Suppose M 1is positive semidefinite and partitioned as

A B
M - ( B* C ) ’
in which A and C are square. Let

o < AT+ ATB (M/A)' B* At —ATB (M/A)! > (1.1.37)

— (M/A) B* Af (M/A)
Then X = M if and only if rank M = rank A + rank C.

Proof. Denote the generalized Schur complement of A in M by M/A =
S =C~B*A'B. Use (1.1.33), (1.1.34), and (1.1.37) to compute

[ ATAAT + ATB (S1SST) B*AT  —ATB (S155T)
XMX = ( ~(STSST)B*A‘? (51551

_ [ AT+ A'BSTB*AT —ATBST N

B ~-StB*Af st -

MXM =M,
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AAT 0
MX = ( (I -SSHB At §§! >

and

0 StS

Thus, two of the four identities (1.1.35) that characterize the Moore-
Penrose inverse of M are satisfied. The remaining two identities in (1.1.35)
are satisfied if and only if M X and XM are Hermitian, that is, if and only
if AtB(I — StS) = 0. Use the spectral decomposition theorem to write

A-U(0 A1>U and C’-V(0 0>V,

¥ ¥ _ gt
XM:(AA ATB(I SS)>_

in which U and V are unitary, and A; and As are positive diagonal. Then

0 0

M:<A B)_(U 0> o UV (U* 0)
B* C 0V — 1})28 0 v

Since a main diagonal entry in a positive semidefinite matrix is zero only
if the entire row and column in which it lies is zero, U*BV is a 2 x 2 block
matrix in which three of the blocks must be zero, so we may write

00 0 0
(U 0 0 Ay B Ut 0

w=(T oYL 0 B (7 )
0

0 0

o Al B1
N(Bi Az>

denote the central 2 x 2 block matrix in (1.1.38). Then N is positive
semidefinite, rank M = rank NV, and the order of N is rank Ay 4+ rank A, =
rank A +rank C. These two identities show that rank M = rank A +rank C
if and only if N is nonsingular, that is, if and only if N is positive definite.
Since A; is positive definite, we see that N is positive definite if and only
= N/Ap=As— B{A;lBl is positive definite.

Now compute

S=C-B*A'B

(%5 8)-(3 7)o

0
0 A

B As —BiAT'B1 0\ . _ L' 0\

_V< 0 0 )V =Vio o)V

[ Ren B en]

Let
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and ot
0
T *
s (0 0>v
Thus,
r'‘c o I-TiT 0
_ote 1 _ * *
ST =1 V< 0 O)V-V( 0 I)V
and

ATB(I—STS):U<8 Ao_l) ( )V <I r'r 2>V
1
_ 0 —-TiT 0
—U<A1_131 0)( I)
0 0\ {
‘U(A;lBl(I—rfr) 0>V'

To conclude the proof, we must show that By (I —I''T') = 0 if and only
if I' > 0. Of course, I''T" = I if T' > 0, so one implication is clear. Now
suppose that B (I — FJVI‘) = 0. Then the range of I — I''T" is contained in
the null space of B;. But the range of I—I''T" is the null space of T', so Tz = 0
implies that Byz = 0, which implies that 0 =Tz = Agx—BfAl_lle = Aqx
and z = 0. We conclude that By (I —T''T') =0 only if T > 0.

It is possible to obtain an explicit expression for M without assuming
the rank condition that rank M = rank A + rank C, but it is much more
complicated than (1.1.37); see {192]. For more results on the generalized
Schur complements and the discussions of generalized inverses of block ma-
trices, see [385, 300, 56, 106, 102, 104, 192] and {204]. Comprehensive survey
articles on the Schur complement include [73], [128], and [345] .



Chapter 2

Eigenvalue and Singular Value
Inequalities of Schur Complements

2.0 Introduction

The purpose of this chapter is to study inequalities involving eigenvalues
and singular values of products and sums of matrices.

In addition to denoting the m x n matrices with complex (real) entries
by C™*n (R™*™), we denote by H, the set of n x n Hermitian matrices,
and for an A € H,,, we arrange the eigenvalues of A in a decreasing order:

A (A) 2 Aa(A) 2 - = Aa(A).

The singular values of a matrix A € C™*™ are defined to be the square
roots of the eigenvalues of the matrix A*A, denoted and arranged as

01(A) > 02(4) > - - = 0,(4).

For a set of subscript indices iy,19,...,1, we always assume that i; <
ig < -+ < ig. Furthermore, if A € H,,, then X;, (4) indicates 1 <i; < n.

One of the most important results in matrix analysis is the Cauchy
(eigenvalue) interlacing theorem (see, e.g., 272, p. 294]). It asserts that
the eigenvalues of any principal submatrix of a Hermitian matrix interlace
those of the Hermitian matrix. To be precise, if H € H,, is partitioned as

‘A B
(7 5)

in which A is an r X 7 principal submatrix, then for each i = 1,2,...,7,

Ni(H) = Ni(A) 2 Nipn—r (H).
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Eigenvalue and singular value problems are a central topic of matrix
analysis and have reached out to many other fields. A great number of
inequalities on eigenvalues and singular values of matrices are seen in the
literature (see, e.g., (228, 230, 272, 301, 438, 452]). Here, we single some of
these out for later use.

Let A and B be n x n complex matrices. Let [ be an integer such that
1 <1< n. Then for any index sequence 1 <i; <--- <14 < n,

l
Hat AB) > H A)on_i+1(B), (2.0.1)
t=1 t=1

l l

Ha,,(A Yo (B H 0i,(AB) > H 0i,(A)on_s41(B), (2.0.2)

and

A > o(AB) > i(A)o;(B)}. 2.0.3
min (0:(A0i(B)} = 7(AB) = max (o(A)oy(B)}.  (203)
The inequalities on the product ([]) yield the corresponding inequalities
on the sum (>). This is done by majorization in the following sense.
Let z1, zo, ..., n and y1, ¥2, . .., Yn be two sequences of nonnegative
numbers in the order z; > z2 > --- >z, and y1 > y2 > -+ > y,. Then

k k k k
[z < [Ty, k<n = Y <>y k<n (2.04)
i=1 t=1 i=1 t=1
and
k k k k
e < Ly ksn = Tlew < [lve, k<n (2.0.5)
=1 t=1 =1 t=1
where z(1) < z@2) < -+ < T(n) and y1) < yz) < -0 < Y(n) are rearrange-

ments of x1, zo, ..., n and Y1, Y2, ..., Yn, respectively.
Translations from product to sum or vice versa are often done through
(2.0.4) and (2.0.5). For example, by (2.0.2) and (2.0.4), we can get

l

ZO‘“(A Yo (B Z ZO’H Yon—t+1(B). (2.0.6)

We point out that all the above singular value inequalities remain valid
when AB is changed to BA; even though 0;(AB) # o0;(BA) in general.
Moreover they all hold with the replacement of the eigenvalues (A) by the
singular values (o) when A and B are positive semidefinite. For instance,

l
ZAM (AB) zZ An—t11(B). (2.0.7)
t=1 t=1
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For the sum of Hermitian matrices, two existing parallel results are

! 1 ! ] !
i (A + ZMB) > X A (A+B) > 3 (A + X A (B) (2.0.8)
t=1 t=1 t=1 t=1 t=1

and

amin {A(A) + X (B)} 2 Ae(A+ B) 2 max {Ni(A)+A(B)}. (2.0.9)

All the above inequalities appear explicitly in Chapter 2 of [451]. We
note that the second inequality in (2.0.8) does not hold in general for sin-
gular values (o) [451, p. 113].

2.1 The interlacing property

The Cauchy interlacing theorem states that the eigenvalues of any principal
submatrix of a Hermitian matrix interlace those of the grand matrix. Does
a Schur complement possess a similar property? That is, do the eigenvalues
of a Schur complement in a Hermitian matrix interlace the eigenvalues of
the original Hermitian matrix? The answer is negative in general: Take

H:(é f) a={1}.

Then H/a = (—3), while the eigenvalues of H are —1 and 3.
In what follows, we show that with a slight modification of the Schur
complement (augmented by 0s) the analogous interlacing property holds.

Theorem 2.1 Let H € H,, and let o be an index set with k elements,
1 <k < n. If the principal submatriz H[a] is positive definite, then

Az(H)Z/\I(H/Oé@O)Z)\z_,_k(H), i=1,2,...,n—k, (2110)
and if H|a] is negative definite, i.e., —H|a] is positive definite, then
)\i(H)Z/\Hk(H/a@O)2)\i+k(H), i:1,2,...,n~—k. (2.1.11)

Proof. Since permutation similarity preserves the eigenvalues, we may
assume that « = {n—k +1,...,n}. With «®={1,2,...,n— k}, we have

G D R (i Py TR B RS

Let
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Then PFP* = 0@ H|a], so F is positive semidefinite if H[a] > 0. Moreover
rank(F) = rank(H[a]) = k < n.

Now using (2.1.10) and by (2.0.9), we have

Atk (H) = Ak (E+ F) < X (E) + Mea (F) = N K H({a 8 )}

and

N(H) = M(E + F) 2 M(E) + A(F) = A K Hje 0 )] .

The inequalities (2.1.11) are proven in a similar manner. Note that if
A is a Hermitian matrix, then \(—A4) = =\, i01(A4), 1 =1,2,...,n. 1

The theorem immediately yields the following results for positive semidef-
inite matrices; see [160, 288, 421].

Corollary 2.3 Let H (or —H) be an n x n positive semidefinite matriz
and let Hla] be a k x k nonsingular principal submatriz, 1 <k < n. Then

MNHYZ M(H o) 2 Mak(H), i=1,2,...,n—k. (2.1.12)
Proof. When H is positive semidefinite, H/o is positive semidefinite. It is
sufficient to notice that \;(H/a®0) = \(H/a)fori=1,2,...,n—k. 1
Corollary 2.4 Let H be an n xn positive semidefinite matriz and let H ||
be a k x k nonsingular principal submatriz of H, 1 < k <n. Then
M(H) > M(H[ef) 2 M(H ) 2 Mgk (H), i=1,2,...,n—k. (2.1.13)
Proof. Since H, H{a|, and H|[a®] are all positive semidefinite, we obtain
H[of] > H[a] — H[a% a](H[a]) 'H[e, o] = H/a.
The second inequality in (2.1.13) follows at once, while the first inequality

is the Cauchy interlacing theorem and the last one is (2.1.12). &

Corollary 2.5 Let H be an n x n positive semidefinite matriz and let «
and o be nonempty index sets such that o C o C {1,2,...,n}. If H[a] s
nonsingular, then for every i =1,2,...,n — |a},

N(H/o")y = N(Hlo' Ual/a) > N(H]a) 2 Niyja)—-jar(H/').  (2.1.14)
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Proof. Note that H[a'] > 0 since it is a principal submatrix of H[a] > 0.
By the quotient formula on the Schur complement (see Theorem 1.4),

Hja = (H/a')/(H[o]/d).

With H/o' and H[a]/o' in place of H and H][a], respectively, in Corol-
lary 2.4 and since (H/o/)[a¢] = H{o/ U e/, (2.1.14) follows. B

For the case where H is negative definite, we have the analogs:
N(H) = N(H/a) = X (Hla%]) = A (H)
and
M(H[a') > N(Hfa) > Xi(H[o'Ua®)/) 2 Aiyjaf—jor (H/ ).

As we saw, the Cauchy eigenvalue interlacing theorem does not hold for
the Schur complement of 2 Hermitian matrix. We show, however, and inter-
estingly, that it holds for the reciprocals of nonsingular Hermitian matrices.
This is not surprising in view of the representation of a Schur complement
in terms of a principal submatrix (see Theorem 1.2).

Lemma 2.3 Let H be an n x n nonsingular Hermitian matriz and let A
be a k x k nonsingular principal submatric of H, where 1 <k < n. Then

MHY > N[(H/A > Mk (HTY, i=1,2,...,n—k.

Proof. 1t is sufficient to notice, by Theorem 1.2, that (H/A)™! is a principal
submatrix of the Hermitian matrix 1. 1

We now extend this to a singular H. That is, we show that if H is any
Hermitian matrix and A is a nonsingular principal submatrix of H, then
the eigenvalues of (H/A)! interlace the eigenvalues of H'.

Let In(H) = (p, g, 2). The eigenvalues H' are, in decreasing order,

;4]:1~7:(H)7 i= 17"'7p)
M(HY = 0, i=p+1,...,p+ 2,
Mipizni(H), i=p+z+1,...,n

Since the eigenvalues of a matrix are continuous functions of the entries
of the matrix, the eigenvalues of the Moore-Penrose inverse of a matrix are
also continuous functions of the entries of the original matrix.

To establish the interlacing property for any Hermitian H, we need to
use the usual trick — continuity argument. Let H € H,, and H, = H +¢<l,,
where ¢ is a positive number. Let A be a k X k nonzero principal submatrix
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of H and denote A, = A -+ el. Choose ¢ such that it is less than the
absolute value of any nonzero eigenvalue of H and A. Thus H., A, and
H/A; are all invertible. It follows that if \(HT) # 0 and A [(H/A)T] #0

lim A\ (H1) = A (HT)

e—0

and
lim X, [(Ho/A)™ = N [(H/A)T].

Now we are ready to present the following interlacing theorem [421].

Theorem 2.2 Let H be an n X n Hermitian matriz and let A be a k x k
nonsingular principal submatriz of H. Then fort=1,2,...,n—k,

N(HY) = N((H/A) > Ao (HT). (2.1.15)

Proof. Let In(H) =
In(H/A) = (p—p1, ¢ —
we write H = ( )

. B A+ el B _( A B
HE“H“I"‘( B C+sIn_k):<B* C’E>’

in which ¢ is such a small positive number that both H. and A, are non-
singular. Note that In(H.) = (p + z, ¢, 0), In(A;) = In(4), and also
In(K) = In(KT) for any Hermitian matrix K. Moreover, upon computa-
tion, we have H./A. = C. — B*A7'B, and thus lim._¢ H./A. = H/A.
To show that \;(HT) > N[(H/A)!] fori=1,2,...,n—k, we consider a
set of exhaustive cases on the index i:
Case (1) If i < p — p1, then N;[(H/A]'] > 0. By Lemma 2.3,

< g, 2) and n(4) = (p1, g1, 0). Consequently,
) by Theorem 1.6. Without loss of generality,

N(HTY > N[(Ho /A >0

The desired inequalities follow by taking the limits as ¢ — 0.
Case (2) If p—py <i<p-+z then \;(HT) > 0>\ [(H/A)].
Case (3) If p+ z < i <n —k, then, by Lemma 2.3,

0> N(HY) > N[(He/Ae) ™.
By continuity, we arrive at 0 > X\;(H') > X; [(H/A)T].

To establish the second inequality in (2.1.15), we proceed by exhausting
the cases of the index i + k:
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Case (1) If ¢ +k < p, ie, 4 < p—k < n—k, then, by Lemma 2.3,
Ni[(He/Ae)™Y > Nigk(HZ1) > 0. Letting € — 0 yields the inequalities.

Case i) Up+1<it+k<p+ztheni<p—Fk+2z<p—p+2zs0
N[(H/A)T] >0 and Ay (HT) = 0. The inequality then follow.

Case (iii) I p+z<it+k <p4+k—-p+z=p-+q +2z<n, then
i <p—p1+ 2z 50 N[(H/A) >0 and Ak (HT) < 0since i + k> p+ 2.

Case (iv) fp+2z <p+k—p1+z <i+k <n,thenp-p+2z <i<n—k.
By Lemma 2.3, 0 > N\ [(He/As) ™Y > Nigr(HY). Letting € — 0 shows that
0> )\Z[(H/A)T] > )\H_k(HT). |

At the end of this section we note that the converse of the previous
theorem is discussed by Hu and Smith in [235].

2.2 Extremal characterizations

The Courant-Fischer min-max principles, or the extremal characteriza-
tions, of eigenvalues for Hermitian matrices play an important role in deduc-
ing eigenvalue inequalities. For instance, the representation of the minimum
eigenvalue A, (H) of a Hermitian matrix H € H,

Amin(H) = min{z*Hz : "z =1}

xeCm

leads immediately to the eigenvalue inequalities: For A, B € H,
)\min (A + B) Z )\min (A) + )\min (B)
We now show extremal characterizations [280] for Schur complements.
Theorem 2.3 Let H be an nxn positive semidefinite matriz partitioned as
Hii Hi
H= ,
< Hy1  Hao

where Hi1 is a k X k leading principal submatriz of H, 1 <k <n. Then

H/Hy; Xec<£'%}§<vw—k>{X' H—-0oX)>0 X=X*}
and
H/Hqy = min  {Y: (Y, Li—p)H(Y, [n—r)"}. (2.2.16)
YeCln—k)xk

Proof. Let X be an (n — k) x (n — k) Hermitian matrix and set

o [0 O _ I 0
X_(O X)’ Tﬁ<—H21HI1 In~k>'
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Since Hip is positive semidefinite, we have (Hlll/Q)Jr = (HL)UQ. Since H is
positive semidefinite, by Theorem 1.19, we have HHHLHU = Hyy. Thus,

5 Hyy 0
TH-X)T* = .
( ) ( 0 Hzg—X—HmHLHu>

So H > X if and only if the matrix on the right-hand side is positive
semidefinite, and this occurs if and only if H/Hy; — X > 0.
The maximum is attained when X = H/Hj; due to the fact that

0 0 Hyy Hy,
H— = > 0.
( 0 H/Hn ) < Hy H21H1T1H12 ) -

To show the minimum representation (2.2.16), observe that
(¥, L) H(Y, Ln—)" = H/Hy1 + (Y + Ho Hf ) Huy (H Hig + Y7).

It follows that
(Y, In—i)H(Y, In—x)* > H/Huy,

and equality holds if and only if
(Y + Ho H ) Hyy (H Hi2 + V) = 0,
equivalently, (Y + HngL)Hu = 0. One may take Y = —H21HL. [ |
The following corollary will be used repeatedly in later sections.

Corollary 2.6 Let H be n x n Hermitian. If o = {1,2,...,k}, then

H/a=(Z,1)H(Z,I)*
and ifa ={k+1,k+2,...,n}, then

Hja=(I,Z)H(I,Z)*,

where, for both cases,
Z = —Hl[a® o] H[a]'.

As consequences of the theorem, we have, for positive semidefinite A, B,
(A*B)/ao> AJax B/a,

where « is an index set and x denotes sum + or the Hadamard product o.

We now show a minimum representation for the product of the eigen-
values of a Schur complement [289]. Let integers [ and k& be such that
1 <1 <k <mn. We consider the product of the eigenvalues of the Schur
complement indexed by an increasing sequence 1 <4y <ig < --+ <74 < k.
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Theorem 2.4 Let A be an nxn positive semidefinite matriz partitioned as
A A
A= ,
< Azr Ao
in which Agg is an (n — k) x (n — k) principal submatriz. Then
1

1
[[2(A4/A2) = min TN [T, 2) AL, 2)7). (2.2.17)

kX {(n—k)
=1 zeC t=1

Proof. For any Z € Ck*(n=Fk) by (2.2.16), we have
(IkH Z)A(Ik7 Z)* Z A/AZQ

which yields
iy (e, Z)A(Ik, Z)7] = Ni, (A) A22)

for each 44, t =1,2,...,1, and equality holds by setting Z = —Alegg. ]
Putting [ = 1 results in, forany t = 1,2,...,k,

M(A[/Agzm) = Zecrglg{’l’““k) M|k, 2YA(IL, Z)*]. (2.2.18)
In a similar fashion, one proves that for positive 81,0,...,0, € R
L
Z 0 (AfA22)0: = min E Ai[(Ix, Z2) Ak, Z)"16;

ZeCkx(n—k) {Z
1
= 3 min A, [k, Z2)A(Ix, Z)*)0:. (2.2.19)

t=1ZeCkx{n—k)

2.3 Eigenvalues of the Schur complement of a product

This section, based on [289], is focused on the eigenvalue inequalities of
Schur complements concerning the product of positive semidefinite matrices
that resemble those of Section 2.0.

Theorem 2.5 Let A be n X n positive semidefinite. Let o C {1,2,...,n}
denote an index set and 1 < iy < --- <4y < k =n—|a|, wherel and k are
positive integers such that 1 <1<k <n. Then for any B € C"*",

1
A\, [(BAB*)/a] > H [((BB*)/a)An-t41(A), (2.3.20)

SN

¥

M[(BAB*)/a] > H i [(BB*)/al\n—s,11(A), (2.3.21)

o
[a
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and
l !

[1X:.1(BAB*)/a] < H ANJ(BB*)/al. (2.3.22)

t=1 t=1

Proof. There exists an n x n permutation matrix U such that

UAU* = ( A[gc] A[ac’z] > , UBU" = ( Bﬁ?ﬂﬂ Bg[{;]a] ) '

Let 3= {k+1,...,n}. Notice that for any P € CF** Q € C***  PQ and
QP have the same nonzero eigenvalues. Using (2.2.17) and (2.0.2), we have

l
[ 2:.1(BAB*)/a]
t=1

X, (UBAB™U™)/ )

Il
EN

o
Il
—

I
EN

\i, (UBU*UAU*UB*U*)/ )

o~
Il
-

— zeé?xlfi—wHA“ (In, ZYUBU*U AU*U B*U*(Iy,, Z)*

— Zecrglg_k)g&t (U AUNUB*U*(I, Z)*(Iy, Z)UBU*]

Y

l
Zecr]{lxlglnik) H)\n_t+1(UAU Wi, [UB*U* (I, Z)* (I, Z)U BU*|

= * * * I Z *
Zecrgg_k)ﬂxn t+1 (A, [(In, Z)UBUUB*U* (I, Z)']

— H An_tr1(A) Sodmin M, [(Ix, ZYUBB*U* (I, Z)*]

= H/\n t+1 (A, [(UBB*U™)/ 8]

l
= HAit[(BB*)/a]An~t+l(A)'

t=1

This proves (2.3.20). (2.3.21) and (2.3.22) can be proved similarly. &
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An analogous result for (2.3.22) is

i l

[[X.1(BAB*)/a] < H [(BB*)/a]\(A).

t=1 t=1
Setting B = I in (2.3.20), (2.3.22), and (2.3.21), respectively, we obtain

l

l
Hxn ) = TPt/ < T

and l l
H A/Oé Z H —u-}—l

Putting I = k£ in Theorem 2.5 reveals the inequalities

H/\n t+1(A) det(BB*)/a) < det((BAB*)/a) <H/\t(A )det((BB*)/a).

t=1

We point out that every matrix can be regarded as a Schur complement
of some matrix. For instance, we may embed an n X n matrix A in

a=(3 %)

If we take o = {1}, then A/a = A. With this observation, many of our
inequalities on the Schur complements reduce to certain existing results on
regular matrices (without involving the Schur complements).

Theorem 2.6 Let A be n X n positive semidefinite. Let o C {1,2,...,n}
denote an indezr set and 1 < iy < -+ <4y < k=n—|a|, wherel and k are
positive integers such that 1 <[ < k <n. Then for any B € C**"

i {

> M\i.[(BAB*)/a] > Z [(BB*)/a]An—t41(A), (2.3.23)
Z [(BAB*)/a] > Z i [(BB*) /] A—i 1 (A), (2.3.24)

and
i

l
> X [(BAB*)/a] < Z AN [(BB*)/al. (2.3.25)
t=1
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Proof. This follows from (2.0.4) immediately. Following is a proof based
upon (2.2.19) and (2.0.7). We may take @« = {k+1,...,n}. Then

14

> il(BAB")/o]

t=1
l
= _min ; X [(Iy, ZYBAB* (I, Z)*]
l
=l Z/\it[AB (I, Z)*(Iy, Z)B)
> i . Iv, Z)*(Ix, Z)B
—Zeé?iﬁ_mz)‘ s+1 (AN, [B* (I, 2)* (I, Z)B]

= nin_ Z/\n_tH(A))\it[(Ik,Z)BB (I, Z)*]

an t+1 (AN, [(BB*)/a]. B

The following is a parallel result to the inequality (2.3.25):

!
Z/\“ BAB*)/a] < Z)\z, [(BB*)/a]A:(A).
t=1

Setting B = I in (2.3.23), (2.3.25), and (2.3.24), respectively, we obtain

l l
Z Mn—tr1(4) < Z (Afa) <> N, (A)
t=1 t=1
and z l
S oM(Afa) = Ania1 (A).
t=1 t=1

Putting [ = k in Theorem 2.6, since (BAB*)/a is k x k, we have

k
> MI(BB®)/a)An—141(A) < tr{(BAB*)/a)] Z)\t [(BB*)/a]Ai(A).

t=1

Theorem 2.7 Let A be an n X n positive semidefinite matriz and let o be
an index set of k elements. Then for any B€ C™ ™ gndt =1,2,...,n—k,

Lmin N(AN[(BB)/a] = M(BAB")/a] > _max \(A)(BB)/al
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Proof. Taking a ={n—k+1,...,n}, by (2.2.18) and (2.0.3), we have

M[(BAB*)/a]
= Zecr(rrlzi—r‘}c)xk )\t[( n—k; )BAB ( n— kaZ)*]
> min max A (A)A;j[(In—k, Z)BB* (11, Z)"]

ZeCn—k)Xk 4j=t+4+n

TS A4 )Zecrgbl—r}ka)\j[(‘r”_k’Z)BB (In—k, Z)’]

= l y B * .
max M(AN[(BB")/a]
By (2.2.19), along with the first inequality in (2.0.3),

/\t[(BAB*)/a}

< i * *
=~ ZGC(" k)Xk H_I]Il—lg_ )\ (A)/\]{(In_k,Z)BB (In_k,Z) }

= min N(A) min  N[(In—k, Z)BB*(In—k, Z)"|

i+j=t+1 ZeCn—k)xk
= [(BB*)/al.
Lmn A (A [(BBY)/o]

As we are interested in relating the eigenvalues of the matrix product
AB to those of individual matrices A and B, our next result shows lower
bounds for the eigenvalues of the Schur complement of the matrix product
BAB* in terms of the eigenvalues of the Schur complements of BB* and
A. The proof of the theorem is quite technical.

Theorem 2.8 Let A be n X n positive semidefinite of rank r, B € C™*"™,
and o C {1,2,...,m}. Ifrank[(BAB*)/a] = s, then for eachl =1,2,...,s,

A[(BAB")/a] > <gga>g+1[Az+t+r_s_1(A>Ar_u+1(A)]%As_t+u+n_r[(BB*)/a].
1<u<t

Proof. Let k = m — |a]. We may assume o = {k+ 1,...,m}. Then
a®=1{1,2,...,k}. Since rank(A) = r, there exists unitary U € C™*" such
that

UAU* = D @ 0 =diag(D,0), where D =diag(A(4),...,\(4)) >0.

Let
X = —[(BAB")[o®,o]| [(BAB")[a]]".

Then

NI(BAB*)/a] = N[(Ix, X)BAB® (I, X)*] = N[AB* (I, X)" (I, X)B.
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Thus
rank[AB* (I, X)*(Ix, X)B] = rank[(BAB*)/a] = s.
Let
B = B*(Ij;, X)*(I,X)B, U= < g; ) Up e CT*™,
Then

rank(AB) = rank(UAU*UBU*)
= rank[diag(D )(UBU*)]
rank[diag(D?, 0)(UBU*) diag(D?, 0)]
= rank(D?UlBUlDz)
= rank(U; BUY).

Since U3 BUf is r x r positive semidefinite and rank[(BAB*)/a] = s,
there exists an r X r unitary matrix V; such that

ViU BU VY = diag(G, 0),

where
G = diag(A\ (U1 BUY), ..., (U, BUY)).

Set D = ViDV{* and partition it as (g% gz) with Dy of order s x 5. Let
I 0
L= .
(oimi1)

LV, DV} L* = diag(D1, D3 — D3 D] Dy).

Then

Let B; = DU, BU;D%. Then

(L*'ViD™%)By (L 'viD~7) 7
= L* "W D~ tD U\ BU; DE D3 Vy L*
= L*"'V,U,BU; DV;* L*
= L' "Wilh BUI V! L™ H(LViDVY' L)
= (L") diag(G, 0)L " diag(D,, D3 — D3 D] Dy)
= diag(G Dy, 0).
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So By and G D have the same nonzero eigenvalues. On the other hand,

M[(BAB®)/a] = N[AB" (I, X)" (I, X)B]

M(AB)
N|(UAU*)UBU™)]

=\ [diag(D, O)(UBU )]
[
[

Il

It

([diag(D?,0) diag(D*, 0)(U BU™)]
= \[diag(D?,0)(UBU*)diag(D?,0)]
= \(DPU,BU;D?)

(By).

|
>

|
>

i
Noticing that

1 -1 L 1

D} (GDy)D, * = D{GD?

and

. 1 1
we see that By, D GD{,and G %Dl G have the same nonzero eigenvalues,
including multiplicities. It follows that, for [ =1,2,...,s,

1 1

~ 11
M[(BAB™)/a] = \(B1) = M(Df GD}) = (G2 D,1G?).
Forl =s+1,...,k, since rank[((BAB*)/a] = s, we have

M[(BAB*)/a] = 0.

By the Cauchy interlacing theorem, we have, fori =1,2,... s,
Ai(D1) 2 Nigr s (VAIDV) = Nur s (A) (2.3.26)
and fori=1,2,...,r,

\(U1BUY) = M(Ui BUY) > Aiyn—r(B). (2.3.27)
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By (2.0.3) and (2.2.17), we have, fort =1,...,s =1+ 1, u=1,...,¢,
M [(BAB*)/a}
N(DEGDS)
1 1
Atpt-1 (D7 )os—141(GD7) [by (2.0.3)
(G

Aot (DF e it pu1(G) A a—ura (D
Prt=tar-s (A Ar— i1 (A)]2
As—tiutsn_r(B) [by (2.3.26) and (2.3.27)]
Neetr—om1 (A)Ar—us1 (A)]7
')‘S-t+u+n-r[B*(Ik X)*(Ik X)B]

= [Artgr—s—1(A)A— u+1(A)]%
Aa—tiutn—r[(Tx X)BB* (I
Aitpr—s—1(A)Ar—ug1(4)]

)
Zecr)flxif#—k) As—ttutn—r[(Ie Z)BB* (I Z)*]

= [Migtgr—s—1(A)Ar_us1(A)]?
As—trutn—r[(BB*)/a] [by (2.2.17)]. 1

In a similar manner, one can obtain the following additional inequalities

MN[(BAB*)/a] >

Il

Vv

I
1
Dz
1

) [by (2.0.3)]

v v

Il

X))

v
[S

{Az+t—1+n—«~[(BB*)/a]As—iﬁwn—r((BB*)/Q]}%Ar—t+u(A),
[Ar—tu(A) At ttr—s—1(A)] 2 As—ug14n—r [(BB") /0],
Ar it (A A1 (A))F Mt bu—zin—r [(BB) /al,

max Mt ru—zir—s (A)Ar—e1 (A} Asmur 14n—r [(BB*) /0],
UL e tiner [(BB) /oA attsin—r [(BB*) [} Ar i (A),
{Nsmtrren—r [(BB*) [a]As—ws14n—r[(BB*) @]} F Arttiu—z (A),
( emts1tn (BB /el Asyiru-sin—r[(BB*)/]}E Armupr ().
Setting r = n in the first inequality above, we arrive at

MN[(BAB*)/a] >
max Ayt [(BB*)/a]Asmwsr[(BB")/al}  An-ru(4).

vvvv

In particular, letting t = u = 1 reveals that

NI(BAB*)/o] > [NI(BB*)/a]A[(BB")/al]® A (A).
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If we take a = {1} and set X = (} &) for the matrix X, then for any
n x n matrices A and B, we obtain

M(BAB*) > [M(BB*)As(BB*)]? Aps1 (A).
The result below presents a lower bound for the product of eigenvalues.

Theorem 2.9 Let all assumptions of Theorem 2.8 be satisfied, let u be a
positive integer with 1 <u <k, and let 1 <4y <--- <1y < k. Then

u 3

H)\t[(BAB*)/Oz H r—ipt1 (A)Ar t+1(A)]%An—r+ig[(BB*)/a]‘

t=1 t=1

Proof. Following the line of the proof of the previous theorem, we have

[ (BAB*)/a]
t=1

ke Pt
- 2
- ”)‘t 12 1

u

> [ Me-isr (DN, (GDF) [by (2.0.1)
t=1
> [ Aeciert(DHNseern(DHAL(G) [by (2.02)]
t=1
> M- (AAon (A)]
t=1
An—rti,(B) [by (2.3.26) and (2.3.27)]
=TI sst (DA (A))?
t=1
. n—'r+if,[(Ik X)BB* (Ik X)*]
>

H[)\r_i,,ﬂ 2} ) — (A)]%

min  An_pis,[(Ix Z)BB*(Ix Z)*]

ZeCkx(m—k)
= [ (DA (D)7
t==1

Anris, [(BB)/a] [by (22.17)).
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Similar results are
[ ((BAB*) o] >
t=1
tlil)‘r—izﬂ (A -5+, (A)] %)‘s—t+1+n—r[(BB*)/Oé],
tlitll{/\sﬁit‘*‘lJr'n—T [(BB* )/a])‘n—r+it [(BB*)/CY]}% )‘T—t+1 (A)7

tli{)‘s—it+1+n—r[(BB*)/a])\s—t+1+nhr[(BB*)/a]}%)‘T—S’H"' (4).

2.4 Eigenvalues of the Schur complement of a sum

This section is concerned with inequalities involving the eigenvalues of Schur
complements of sums of positive semidefinite matrices [289).

Theorem 2.10 Let A, B be nxn positive semidefinite. Let o C {1,2,...,n}
and k=n—|a|. If1<i <--- <4 <n, wherel <1<k, then

i I

> i l(A+ B)/a] > Z (A/a) +Z/\k t1(B/a).

t=1 t=1 t=1

Proof. This actually follows immediately from (2.0.8) and the fact that
(A+ B)/a> A/a+ B/a. It can also be proven by (2.2.19) as follows. As
in the proof of Theorem 2.5, we may take « = {k +1,...,n} and have

l
Z/\z’f,[(A+B)/a]
- ZE(Ckx(n k) Z)‘h Ikv A+B)(I}C’Z) ]

= WMZM (I, 2)A(Ix, 2)* + (I, 2)B(Ix, 2)")
ZEeCk*(n—k =1

l

. Z Nie (T, )AL, Z)7]

Y

min Z)\k t+1[(Ig, Z)B(Ii, Z)*

Ze(ckx(n k)

!
=3 Ni(A/a) +Z,\k e+1(B/a).
t=1 t=1
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Note that [T'_, (zi+%:)"" > ([Ti2, 2:)Y 4+ ([T._, v:)*/ for nonnegative
z,y’sand (a+b)P > a? + 0P for a, b > 0, p > 1. Setting i; = k —t + 1,
z: = M[(A+ B)/a] and y = )\t(A/a) + M(B/a) and by (2.0.5), we have

Corollary 2.7 Let A, B be nxn positive semidefinite. Let C {1,2,...,n}
and k =n —|a|. Then for any integer {, 1 <1 < k, and real number p > 1,

! I
1 1
H X/ Cirl(A+ B)/a] 2 H i/ t+1 (A/a) + HAi/lt—H (B/a).

t=1 t=1

Putting [ = k£ and p = 1 in the corollary reveals the known result:

det(A + B) \V* L (_det4 Lk L (_detB 1/k
det(A + B)[q] ~ \ det Ala] det Bla] '
By mathematical induction, we may extend our results to multiple

copies of positive semidefinite matrices.

Corollary 2.8 Let Aq,..., A, be nxn positive semidefinite matrices. Let
aCq{l,2,...,n} and k = n — |a|. Then for any integer i, 1 <1 <k, and
real number p > 1,

i m
Z Ak—t+1 Z Aj /a
=1 j=1

IIM~

Z k— t+1(A]/a

and

NgE

l
l
H /\i/ t+1

t=1 j

i
l
H Z/ i1 {45/ ).

A; /a

The next theorem presents a sum-product to product-sum inequality on
Schur complements. For this purpose, we recall the Holder inequality [22]:
Let 21,...,2, and y1,...,yn be nonnegative numbers, let p be a nonzero
number, p < 1, and let zl) + 2% = 1. Then, assuming z, y > 0 if p < 0,

uMs

1

= |-

o (5 (5)
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We note here that if we take in the following theorem a = {1} or
{1,...,n} and embed matrices A in

- 1 0 ~ A 0
A‘(o A) or A‘(o trA)
respectively, we may arrive at many matrix (trace) and scalar inequalities.

Theorem 2.11 Let Apy, p=1,2,...,14, ¢g=1,2,...,v, be n X n positive
semidefinite matrices. Let « C {1,2,...,n}, k = n — |a|, and [ be an
integer, 1 < I < k. Then for any nonzero real v < 1 and w, 0 < w < [,
conventionally assuming that all Apq are positive definite if r < 0, we have

S (S0 A}

p==1

1/r

1/r

v M l r/w
> Z {H Al—t+1 (qu/a)}

g=1 p=1 [t=1

Proof. Let s be the number so that 1/r+1/s=1. Then (r — 1)s = r. Set

1/w

I
Cpq = [H Me—t+1(Apg/ @)
t=1

sl (E) )

Then we need to show
I 1/r v I
(Sm) =3 (%)
p=1 =1 p=1

Note that 1/w > 1/1. By Corollary 2.8, we have

and

1/r

i v 1/w v ! 1/“) v
{n — Kg Am> /a” > LH Ak_m(qu/a)} = % Cu,

t=1 g=1 Lt=1
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from which, and by the Hélder inequality, we have

i [ )
(£

(7]
R

Il
M=

S
I
—_
5
I\

I

1V
M 10
Q/\
1]
E
EU:J

I
M
g
EQ
S

Q
I
—
b~
I
—

Il
<
TN
[]=
3
N——
=
S
TN
[]=
.
N————
=
w»

1/s
Since 1 — % = %, dividing by ( 1’;21 Bf,) yields the desired result. B

If we set w =1 in the theorem, we then obtain

Eli{) )

v m l
> Z {Z |'H Ak—t+41 (qu/a)

g=1 \p=1 [t=1

r}l/r
Theorem 2.12 Let Apg, p=1,2,..., 1, ¢ = 1,2,...,v, be n X n positive
semidefinite matrices. Let o C {1,2,...,n} and denote k = n — |a|. Let

l be an integer such that 1 <1 < k and c1,c2,...,c, be positive numbers
such that ¢ +co+---+c, > 1/1. Then

il () )

Cp

v I l
Z Z {H Ak—t41(Apg/ )

g=1p=1 Lt=1
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Proof. All we need to show is that

5 11 [ 11 Aot /) !

q=1p=1 [t=1
L= 1

I e
(£ 0e)

p, ¢y =cp/c, p=1,2,...,u. Then ¢ >1/l and

“fi:t

Let c ="

p=1

By the weighted arithmetic-geometric mean inequality and Corollary 2.8,

Lljl >\k—t+1(qu/o‘)} N
G
[H A—t+1( pq/a)r

e [(F0e) A}

{li[ k—t+1( pq/Ol)}C

Tl )

qi: [IL[ Ak—t41 (qu/a)} C
I

p{t 1/\k—t+1 [(z;qu> /a} }C

¢, [by Corollary 2.8]

!
IT M=t

t=1

I
=

=]
I
—

S
I
—

R

Mt

Q
Il
—

P

[
Mt

C

3
I
-

Mz:

<

1
.

Il
— 3
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2.5 The Hermitian case

In the previous sections, we presented some eigenvalue inequalities for the
Schur complements of positive semidefinite matrices. In particular, we paid
attention to the matrices in the form BAB*, where A is positive semidef-
inite. We now study the inequalities for the Hermitian case of matrix A.
Unless otherwise stated, we arrange the eigenvalues of A € H, in the order

AL(A) 2 Xa(4) = - = M (A).

Theorem 2.13 Let A € H,,, B € C™*", and o C {1,2,...,m}. Denote
k=m— |a|. Then for everyt =1,2,...,k,

A{(BAB™)/0] 2 max {An—rs+(A)M[(BB7)/0] + An—ris(4) 2 0}

and

A((BAB*)/a] < min (A (A [(BB")/a] : Ar(4) <0},

Proof. Without loss of generality, we assume that & = {k+1,...,m}. Let
X = ~[(BAB")[a*,al|[(BAB")[a])l, € = (I, X)B.
On one hand, for any integer r, 1 < r < k, we have
CAC™" = ClA— M—r it (AL ]C* + Myt (A)CCT,

where A — Ap_rqt(A)I, is n x n Hermitian and A, (A)CC* is k x k
Hermitian. Thus, there exists an n X n unitary matrix U such that

A=Ayt ( AT = U diag A (A) = A ro(A)s -5 An(A) = Ay (A))T
On the other hand, putting P = CU, we have
ClA = An—r st (A)In]C”
= Pdiag(A1(A) — M—rse(4), . An(A) = An—rpe (A)) PT
2P (0 ) el ) =D
Since —D is k X k positive semidefinite and rank(—D) < r — ¢, we see that
—Me—rt(D) = Aptr1(=D) =0

and
/\k—r+t[C(A - >\n—r+t(A)In)C*] > Me—rtt (D) = 0.
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Thus

M[(BAB*)/a] = M[(Ie, X)BAB* (Ix, X)*]
A (CACT)
MIC(A = Ap—rit (A L)C* + Anrit (A)CCH]

r_iglj]i,_t{)‘s [C(A ~ M—r it (A) 1) C7]
+Ar [An—r1:(A)CC} [by (2.0.9)]

ma}k{)‘k—rﬂ [C(A = An—rst(A)])C]

Doy (A)CCH)
_>_ magik{)\nhrﬂ(A)/\r(CC*)}

t<r<

It

Y

Il

It follows that, if A,—r4.(A4) > 0, by (2.2.17), we have

M(BAB*)/a] > max {A_rp(A)A(CC*)}
A

+[(Ie, X)BB* (I, X)*]}

i (Lo, Z)BB* Iy, Z)*
sein ALk, 2)BB (I, 2)"1}

This completes the proof of the first inequality. The second inequality
on the minimum can be similarly dealt with by substituting —A for A. 1

As an application of the theorem, setting B = I,,r =k and B=1,,r =
t, respectively, we see an interlacing-like result for the Hermitian case:

M(A) o) > Ap_pyt(A),  if Ap_gye(A) >0

and
A(Afa) < A(A), i M(4) <0.

In the following two theorems, Theorem 2.14 and Theorem 2.15, for a
Hermitian A € H,, we arrange and label the eigenvalues of A in the order so
that [A\1(A)] > |A(4)] = - = |An(A)]. Our next theorem, like Theorem
2.8, gives lower bounds for the eigenvalues of the Schur complement of
matrix product in terms of those of the individual matrices.



SEC. 2.5 THE HERMITIAN CASE 71

Theorem 2.14 Let A € H,,,B € C™*", and o C {1,2,...,m}. Denote
k=m —|a|. Let the rank of A be r. Then for each 1 =1,2,.. .k,

IN[(BAB™)/a]l =
ure-tinar (BB hnusa (BB ol v ruce(A)]
max {)\t+t—1+n—r[(BB*)/a})\n—tw[(BB*)/la]}5|>\r—u+1(A)f
it ) Docenl(BBY)/aDnun(BB)/a]) Ausesu2(A)
o {An—t41[(BB*)/ ) Aittru—24n—r[(BB*)/ ]} 2| Ar—ut1 (A)].
Proof. We may assume that & = {k+ 1,...,m}. Since A € H,, and

rank(A) = r, there exists a unitary matrix U € C**" such that UAU* =
diag(D,0), where D = diag(A1(A),..., \-(A)), and D is nonsingular. Let

X = ~[(BAB*)[a®, a||(BAB")[a]'.
Then

IN[(BAB®) /o)l = [N[(Ix, X)BAB* (I, X)"]|
|M[AB* (I, X)* (I, X)B]|

(l

where B = B*(Iy, X)*(Ix, X)B. Partition

s [ By Ba
UBU~<Bék Bg)’

where Bj is 7 X r positive semidefinite. Take

L 0
t=( ain 1)

Then B
LUBU*L* = diag(By, Bs — B5B]By)
and
L*'UAU*L™! = diag(D, 0).
Thus
(L*WYAB)L*~'UYY = L 'WAU*L 'LUBU*L*

= diag(D, 0) diag(By, Bs — Bi Bl By)
= diag(DB,,0).

That is, AB and diag(DBj,0) have the same set of eigenvalues. Thus
IN[(BAB*)/a]| = |\(AB)| = | \i(diag(D B, 0))].
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It follows that, for [ > r,
IN[(BAB™)/a]| =0
and that, for [ =1,2,...,7,

IM[(BAB™)/a]| = |\i(DB1)|.

Notice that the eigenvalue interlacing theorem shows that, for i = 1,

Xi(B1) = Aipn—r(UBU") = Aitn—r(B).
We have, fort=1,...,r—Il+1landu=1,...,t

IN[(BAB) /o]
= N(BEDB})
> M-t (BE)Ar—es1 (DBF) [by (2.0.3)
> Mat-1 (B r—tsu(D)Ar—ur1 (BE) [by (2.0.3)]
> Mpeetinr(B)An—uta (B))F [Aryu—i(4)]
= {Nst-tinmr (I X)BB* (I X))

Hn—at((Te BB (I X)1} Arsu-i(A)]

> {zeclglxi({ln,_k) MNti—1+4n—r|(Ix Z)BB* (I Z)*]

CHAP. 2

2,...,T,

min  Anwst[(le 2)BB* (I Z)1}2 rsu—i(A)|

ZeCkx(rn—k)

= {Mtt-15n—r[(BB*) /&) An—us1[(BB*)/a]} 2

The other remaining inequalities can be proved similarly. B

Setting » = n in Theorem 2.14 yields the following

\M[(BAB™)/al| >

{Ne1[(BB*) /ol An—us1[(BB*)/a]}2 [An s pu(A)],
)|

Ul IR CUSEE (BB*)/OC])‘n—uH[(BB*WOI]}% At 4u—z

u=1,..,t

(

max { M- [(BB*)/O‘])‘n—t-%U[(BB*)/a]}%l)‘n*u-kl(
[
[

b

)

Donc et [(BB)fo] Msesusl(BBY)/al}E i1 (A)]-

Our next theorem is a version of Theorem 2.9 for Hermitian matrices.
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Theorem 2.15 Let A € H,, with rank A = 7 and B € C™*"™. Let o C
{1,2,...,m} and denote k = m —|af. Then for any 1 <1y < -+ <14y <k,

[T1l(BABY /a]l = [ On-se+1[(BB") [alAnerss [(BB*) /a1 e rsa(A)].
t=1 t=1
Proof. Following the line of the proof of Theorem 2.14, we have
[I[(BAB")/a]]
=1

= [[M(BZDBE)

t=1

HA —i1(BD)on (DBY) [by (2:0.1)

vV Vv
>/
L
'%_
"“mp—-
b:l
Laad S
>
3
-
+
-
S
T
(>}
o
(]
N
=

Y
>

K1

&

+

-

~~
oot

Nl

~—
>
3

=3

+

hy

—
&2

M=

~—
>
3
|

o~

+

—

—~~
b

~—

= [IPemicrr B)hamrris B E Ao (A)
t=1

= TIOwsnl( BB (1, XV

An—rpi[(TIe X)BB* (I X)"1}2 | Aeiga (A)]

u

LI, cpin, , An-ion U 2)BB (i 27

min  An—rsi, (I Z)BB* (I, Z)*]}2 [ Ar—i41(4))|
ZeCkx (m—k)

= [[{rn-is1[(BB*)/alXaorsi [(BB*) /0] }

t=1
Preear(A)] [y (2217)]. B

Y

Setting 7 = n in Theorem 2.15, we arrive at

[11x1(BAB™) /o]l = T [{An-i,+1[(BB*)/ 2]\, [(BB*)/a]} 2 [An-s11(A)].

t=1 t=1
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Theorem 2.16 Let A € H,, B € C"*", and o C {1,2,..

k=n—|a|. Then for any integer | with 1 <1 < k,

l

Y Met41[(BAB*)/a] < Z Ai.[(BB™)/q]

t=1 t=1

o~

and
! !

> Aul(BBY)/alAn-t+1(4) < Y- M[(BAB*)/al.

t=1 t=1

CHAP. 2

.,n}. Denote

(2.5.28)

(2.5.29)

Proof. If A > 0, the inequalities follow immediately from Theorem 2.6.
So we consider the case where A has negative eigenvalues. Let A, (A) < 0.

Without loss of generality, we take o« = {k+ 1,...,m}. Let
X = —[(BB")[o", a])((BB™)[a]]".

By (2.2.19), (2.0.6), we have

!
Y N A[B(A = A (A)],)B*] /o)

= min Z/\Zt Ik, A An ( )In)B*(I/mZ)*]

ZeCkx(n)
= Zecrglxia“k)z:)\“ (A = M (A)L,)B* (I, Z2)* (I, Z)B]
< Zecrilxi&_k)ZAtA A (AN, [B* (I, Z2)* (I, Z)B]
= i ;[At(A) — M (DN, [(Ix, Z)BB* (I, Z)*]
< ;[)‘t(A)_)‘n(A)])‘iz[(Ik:X>BB*(IIV7X)*]

= g[&(z‘l) — A (AN, [(BB™)/a]

!
= th X ((BB*)/a] = An(A) > N, [(BB*)/a].  (2.5.30)
t=1
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By (2.2.19) and (2.0.8), noticing that —\,(4) > 0, we have

l
Z B(A = M(A)In)B]/a}

= Ze@rg;gfk)ZAw (I, Z)B(A = M(A)In)B* (I, Z)"]

= Zecglxig_k)gxh (It, Z)BAB* (I, Z)* — M(A) (I, Z)BB* (I, Z)¥]

4
min_{ Z Ne—t+1((k, Z)BAB (I, Z)"]

>
ZeChx(n—k)
+Z/\”[ An(A) Ik, Z BB*(Ik,Z)*]} by (2.0.8)]
1
T Zeckxn-n {;)\k_tJrl[(Ik’Z)BAB*(Ik’Z) ]
!
~alA) Y N[ 2)BB* (I, 2)°] |
t=1
l
> min Y Me—y1[(Ix, Z)BAB* (I, Z)"]

kx(n—k)
Zec =1

1
—An A i 1 3 * ) *
M(4) _min tZuuk 2)BB" (1, 2)'

l 4
= > Me—s1[(BAB*)/a] - M(A) D> N, [(BBY)/a]. (2.5.31)
t=1

t=1

Combining (2.5.30) and (2.5.31) reveals (2.5.28). Likewise, by making
use of (2.0.8) and (2.2.19) in the proof of (2.5.31), we have

l
D XN A[B(A = M (A)L)Bfa} <

MM

4
MI(BAB*)/a] = An(A) > N, [(BB*)/al.  (2.5.32)
t=1

T
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Using (2.2.19), (2.0.7) and as in the proof of (2.5.30), we have

;21 A {[B(A — M (A)[R)B")/a} >

zAn 1 (AAL (BB /a] — An(A) E/\”[ (BB*)/a). (2.5.33)

t=

Combining (2.5.32) and (2.5.33), we obtain the inequality (2.5.29). B

2.6 Singular values of the Schur complement of product

Singular values are, in many aspects, as important as the eigenvalues for
matrices. This section, based upon [285], is devoted to the inequalities on
singular values of the Schur complements of products of general matrices.

Theorem 2.17 Let A € C™*" gnd B € C"*P. Let o C {1,2,...,1}, where
| = min{m,n,p}. If B*B is nonsingular, then for s=1,2,...,1 - o],

CA(AB)ja] > max  Apjaicies [(B*B)/a] Aopus [(AA%)/a)].

1<i<m—|al+p—n

Proof. We first claim that we may take o = {1,2,...,]|a|}. To see this, let
a¢={1,....m}—a, 8°={1,...,n} —a, and v¢ = {1,...,p} — @ There
exist permutation matrices U € C™*™ V € C**", W € CP*P such that

vav- (4l pesl)

Ala®, o] Ales, 59
s Bla) Bla,¥°]
VBW"<B[5 ol ch,ﬁ)’
and
wavimw) —vasw = (G2 Rl )

Let & ={1,2,...,|a|}. Then
(AB)/a = (UABW)/a,
(B*B)/a = (W*B*BW)/a,
(AA*) /o = (UAA U™ /a.

So we may replace A with U AV and B with V7 BW in the theorem so that
the submatrices indexed by « are now located in the upper left corners.
Thus, without loss of generality, we may assume that a = {1,2,...,]al}.
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The idea of the proof of the inequality is to obtain two quantities, one of
which bounds \;{{AB(B*B)~!B*A*]/a} from above, and the other from
below; combining the two inequalities will yield the desired inequality.

We shall make heavy use of Corollary 2.6. Let

C = AB(B*B)™'B* A*,
X = —Cla*, of[Cla]),

= —[(4B)[a*, a]][(AB)[a]]',
and

= —[(AA")[e*, o][(AA%) ).
Using (2.0.3) and upon computation, we have

M\{[AB(B*B)"'B* A*]/a}

Xi[Claf] + X Cla, af]]

MY, I, —1a)C, I a)” - Y(Cle, )
—(Cla®, a)Y" =Y (Cla))Y™ + XCla, o]}
M{(Y, Im—1a|)C(Y In—jal)”

+(X = Y)(Cla))(Cla)!(Cle, af])

~(Cla®, a)(Cla)T(Cla))Y* - Y (Cla])Y™}

= MY, In—1a))CY, Im—ja)" — (X =Y)(Cla]) X"
+X(Cla)Y™* =Y (Cla)) Y™}

A{Y, Lo )CY, Imja))”

o

Il

Il

—(X ~Y)(Cla])(X - Y)*} (2.6.34)
< A [(Y In—1aC(Y, Tn—ja)’]
= N{[(Y; Ln-ja))AB)(B*B) (Y, Ln-ja))AB]"}
= A (0, (AB)/CY)(B* )70, (AB)/a)]
= A{[(AB)/a]((B*B) ™' [y||(AB)*/a]}
= M{[(B*B) ' l4 )/Oé]*[(AB)/Oé]} (2.6.35)
< min BB IN(AB) el [(AB) o]}
s=1,...,p—|q|
< min o A((BTB)T [Jo2l(AB)/al. (2.6.36)



78 EIGENVALUE AND SINGULAR VALUE INEQUALITIES CHAP. 2

On the other hand, by (2.0.6), for every i = 1,2,...,m — |a| + p — n,
M{[AB(B*B) 'B*A*]/a}

Xi [(X, Lp—jo))AB(B*B) 'B*A*(X, Inn_ja))")

MN{IB(B*B) ' B*|[A*(X, Ln—ja)" (X, Ln—ja)Al}

> t_f_rsnjffﬂ)‘t[B(B*B)_lB*])‘s[A*(X: Im~}a|)*(X’ Im~|oz])A]
> N[B(B*B) ' B nptsl (X, L)) AA™(X, Lya))’]
= /\P[(B*B)_IB*B] n— p+z[(X Im—la!)AA*(X I, Ial) ]
= Aaoptil(X Inja) AAT(X, Tnja))7]
= An—pril(Z, Im*lal)AA*(Z Im—lal)
+(X — 2)[(AAH )X ~- 2) *} [by (2.6.35)] (2.6.37)
> Anpti [(Z) Inja)AA™(Z, Imoja))"]
= Ap_pti[(AA™) /0. (2.6.38)

By Theorem 1.2, (B*B)~![y¢] = [(B*B)/a] ™}, so fort =1,2,...,p — |al,
AU B)ol ™} = Apjaps41l(B" B/,

it follows that, by using (2.6.36) and (2.6.38), for s =1,2,...,l —|a|,

AlAB)a] > max Ay jap-sal(BB)/abAnspil(A4/a]

S l | +p—n
—s+1

= lgign?i?;(\—f-p—n )‘p~|a|-i+s[(B B)/a])‘n—P+i[(AA )/a] 1

Corollary 2.9 Let A e C™*", | = min{m, n}, « C {1,2,...,1}. Then

oi(Ala) > A?[(AA*)/CY) > 0iplal(4), i=1,2,..,0—al|
Proof. Set B = I, i = s in Theorem 2.17 and use Corollary 2.4. i
Corollary 2.10 If A € C™*" B € C"*P, | = min{m,n,p}, and let o C
{1,2,...,1}. If B*B is nonsingular, then for s =1,2,...,1 —|a],

AAB)/o] > _  max  Nupul(A47)/alo) . (B).
i=1,2,...,m—|a|+p—n P

Proof. This follows from (2.1.12) and Theorem 2.17. B
Setting m = n = p in Corollary 2.10 shows, foreach s = 1,2,...,n—|al,

0sl(AB)/a) > _max NF[(AA")/a]o;(B).

i+j=n+s

In a similar manner, we obtain lower bounds for products of singular
values of Schur complements of matrix products.
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Theorem 2.18 Let the assumptions of Theorem 2.17 be satisfied. Let u be
an integer, 1 <u<l—Jaf,andn—p+1<i4; < - <iy <l —|al. Then

u

[Tod(AB)/a] = [ ALIAA") /oA, 1 [(B*B)/el.

t=1 t=1

Proof. Following the proof of Theorem 2.17, by (2.6.35) and using (2.0.1),
we have, forevery n >4, >n—p+1,t=1,2,...,u,

ﬁ M{[AB(B*B)"'B*A*]/a}
t=1

At [(X, Ln-ja))AB(B*B)'B*A*(X, In_ja))"]

Il
E:

i
13

v
;:]:

Ai [AT(X, Im~|a|)*(Xa Im—IaI)A]

L
Il
-

>

n—i4+1[B(B*B)"'B*| [by 2.0.1)]

I
E:

)\/,;t{(Z, Im—|a|)AA*(Z» Im-|a|)*

)
L

+HX — Z)[(AA[e])(X — Z)*} [see (2.6.35)]
> [[ e [(Z Lnoja))AA™(Z, In_ja))”]
= ﬁ i, [(AA™)/al. (2.6.39)
On the other hand, by (2.6.35) and (2.0.2), we have

1> {{AB(B*B)"'B* 4*)/a}

t=1

.

)\t{()/v Im~|al)C(Y I ‘a‘)

o
Il
-

X - Y)[Clal](X - Y)*} [by (2.6.35)]

IA
-

X (Y Lja)CY, Lneja))’]

S
Il
-

M[(B*B) ™' ()07 [(AB)/a] [by (2.6.35)].  (2.6.40)

IA
=

-
Il
iR
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Combining (2.6.39) and (2.6.40) we obtain the desired inequality. W
The proof of the next theorem is similar to the above, thus omitted.
Theorem 2.19 Let A € C™*™ and B be n x n nonsingular. Let | =

min{m, n}, o C {1,2,...,1}, and u be an integer with 1 < u < { — |af.
Then for 1 <ip <. - <i, <l —|af,

IS
.

Haz, [(AB)/a] > H AL [(AAT) /oL 0, il(B°B)/d]

and
u

H AB /a H % AA* /Oé 7%7, |a|~it+1[(B*B)/a]'

Corollary 2.11 Let A € C™*" and B € C"*P. Let | = min{m,n,p},
o C{1,2,...,1}, and u be an integer such that 1 < u <[ —|a|. Then for
n—p+1<iy < - <iy <l—|al,

w 1

Hat [(AB)/a] > H AZ[(AA*)/a)op_i41(B) (2.6.41)

and if n = p, then

s

1_101f [(AB)/a] > H)\Z [(AA*)/a)op—t11(B). (2.6.42)
t=1

Proof. If B*B is singular, for t = 1 we have 0p_441{B) = 0,(B) = 0. The
first inequality holds. If B*B is nonsingular, then Theorem 2.18, together
with Theorem 2.2, yields the first inequality again. The second inequality
can be obtained in a similar manner. B

Corollary 2.12 Let all the assumptions of Theorem 2.19 be satisfied. Then

U
1

H (AB)/a] > H AZ[(AA*)/0)op—s,41(B)

and
“w

u 1 "
HO’ AB)/a] > H il (AAg_jaj—i,1 [(B"B)/al.
t=1
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All the inequalities we obtained so far in this section present lower
bounds for the singular values. It is tempting to obtain analogous results
on upper bounds. For instance, we may ask if an analog of (2.0.2)

! l l
Hait[(AB)/oz]Smin{Hait(A/a)at H (A)a)as,( )}

or an analog of (2.0.3)
o[(AB)/o] < min {0i(A/e)o;(B), 0i(B/a)o;(A)}

holds. The answer is negative as the following example shows: Take

1 2
A=, B:(_2 1), o= {2}.

Then 01[(AB)/a] = 01(5) = 5, 01(A/a)o1(B) = 01(B) = /5. Thus
01{(AB)/a] = 01(A/@)o1(B).

This says neither of the above two inequalities holds. This comes as
no surprise if one reinspects the signs of the second summands in (2.6.35)
and (2.6.38). Furthermore, invalidity remains true even if one replaces the
pair 0(A/a) and o(B/a) or o(A) and o(B) by the pair A7 [(4A4*)/a] and
AH(BBY)/al.

Finally, we apply the theorems of this section to obtain some new upper
bounds for eigenvalues of the Schur complements of BAB*, where A isnxn
positive semidefinite and B is any m X n matrix.

Theorem 2.20 Let A be n x n positive semidefinite and B be m x n. Let
[ = min{m,n},a C {1,2,...,1}, and a® = {1,2,...,n} —a. Then for every
i=1,2,...,m—|a) and every t = 1,2,...,1 — |¢|,

M(BABY) /] < _min A(Alacl)o*(B/a)
Proof. Without loss of generality, assume o = {1,2,...,|a|}. By Theorem
2.17, since (A%)* = A%, (A~%)* = A~% for t =1,2,...,1 — ||, we have
0i*(Bja) = o[(BAFATE)/a)
> max l/\n_‘al_iH(A“l/a))\i[(BAB*)/a].

1=1,2,-- , m—|a

By Theorem 1.2, we have

A7 a = [(A7Y o)t = (Ala))
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So, for any 1 < j < n, we have
A HATH @) = Aacjal—j+1(Ala]).
It follows that, for every ¢ = 1,2,...,m —|aland t = 1,2,...,1 —|af,

N(BABY)/o] < min | o3(Bja)rm(Alaf]

t=1,2,..., - |«
. : c1 42
= ,min As(Ala o (B/a). B

Setting B = I in Theorem 2.20 results in eigenvalue inequalities that
may be compared with the ones in Section 2.1: For i =1,2,...,n — |¢],

Ai(Afa) < M(Alaf]).

By Theorems 2.18 and 2.19, one gets the following result which is proven
in a manner similar to that of Theorem 2.20.

Theorem 2.21 Let all the assumptions of Theorem 2.20 be satisfied. Let u
be an integer such that 1 <u <{—|a|. Then for1 <i; <--- < i <l—|al,

u

H [(BAB*)/a] < min {HA“ oo ( B/a),H/\t(A[a D (B/a)}

t=1



Chapter 3

Block Matrix Techniques

3.0 Introduction

This chapter is an expository study of matrix inequalities by means of the
techniques on block matrices; usually they are 2 X 2 in most applications.
The 2 x 2, ordinary or partitioned, matrices play an important role in
various matrix problems, particularly in deriving matrix inequalities. We
begin by showing a few examples that often appear in the literature, in
which the block matrix techniques are used to obtain the desired results.
Ezample 1 on the eigenvalues of AB and BA. For m x n matrix A and
n X m matrix B, AB and BA have the same set of nonzero eigenvalues,
including multiplicity. Here is a neat and simple proof by similarity:

) (D@ )-(5 m)

Ezxample 2 on the singular values of matrices. To extend a result on
Hermitian matrices to a general matrix A, say, an eigenvalue or singular
value inequality, one sometimes needs to form the block Hermitian matrix

0 A
(L)

If 01(A),...,0.(A) are the nonzero singular values of the (square or rectan-
gular) matrix A, then o1(A4),...,0.(4), 0,---,0,—0,(4),...,—01(4) are
the eigenvalues of the Hermitian matrix H. Thus the properties of the
Hermitian H may pass to A, which was embedded in H as a submatrix.
For instance, given that Amax(M + N) < Amax (M) + Amax(N) for Her-
mitian matrices M and N, where Amax(X) denotes the largest eigenvalue
of the Hermitian matrix X, setting K = (; g), we obtain oy (A+B) <

Tmax(A) + Tmax(B), where omax(X) is the largest singular value of X.
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Ezample 3 on the convezity of the numerical range of a complex matriz.
The well-known Toeplitz-Hausdorffl Theorem asserts that the numerical
range of a complex matrix is convex in C. Its proof is by a reduction
through unitary similarity to the 2 x 2 case (see, e.g., [230, p. 18]).

Ezample 4 on the solution to the matriz equation AX — XB = C. A
classical result in solving matrix equations states that the matrix equation
AX — XB = C has a solution X if and only if the block matrices

A C A 0
(85) = (5 5)

are similar. As a consequence, if s(4) N s(B) = @; that is, A and B have
no eigenvalues in common, then the matrix equation has a solution X for

every matrix C of appropriate size (see, e.g., [55]).
Example 5 on the numerical radius of a square matriz. For an n X n
matrix A, the numerical radius of A is defined and denoted by w(A4) :=
max{z*Az : ||z]| = 1}. That w(A) < 1 can be characterized by the positive

semidefiniteness of certain block matrices [19]. To be precise, a matrix A
has w(A) < 1 if and only if there exists a Hermitian matrix Z so that

I+z A
(A* I~Z)ZO'

The purpose of this chapter is to present, mainly through demonstrating
examples, a variety of matrix inequalities by the techniques on 2 x 2 ma-
trices. Much of the material is in the spirit of the Schur complement. We
have made no attempt to cover all the methods on the 2 x 2 block matrices
nor to include all the results on the matrices; either is an impossible task.

In addition to the notations A > 0 for the positive semidefiniteness of
the matrix A and | A| for the matrix absolute value of A, we denote by (u,v)
the inner product of vectors v and v in a vector space. In particular, for z,
y € C", (z,y) = y*z, and for A, B in the unitary space C™*™ of all m x n
complex matrices, (4, B) = tr(B*A4). A norm || - || on the matrix space
C™*™ is said to be unitarily invariant if |JUAV|| = ||A|| for all A € C™*?
and for all unitary matrices U € C™*™ and V € C**™. Throughout the
chapter all norms are assumed to be unitarily invariant.

Unitarily invariant norms of matrices can be characterized by singular
values and symmetric gauge functions. A celebrated theorem due to von
Neumann and Fan [301, p. 264] reveals an important connection between
the inequalities on singular values and unitarily invariant norms.

For vectors z = (21, z2,...,Z,) and ¥ = (Y1, Y2, - - -, Yn) With nonnega-
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tive entries in decreasing order, we write ¢ <,, ¥ to mean

k k
infzyi, k:1,2,...,7’l,
=1 =1

and we say that y weakly majorizes z. If, in addition, the above inequality
becomes an equality for k£ = n, we write x < y and say that y majorizes x.

Let A be an n x n matrix. As usual, we designate the vectors of the
main diagonal entries, eigenvalues, and singular values of A respectively by

d(A) = (all, o -,ann)y
A4) = (M(4), -, M (4)),

g(A) = (o1(A),...,0n(4)).
The von Neumann-Fan theorem states that if A, B € C™*™ then

0(A) <y o(B) < || Al <||B]| for all || || on C™>*™. (3.0.1)

A theorem of I. Schur asserts that if H is a Hermitian matrix then
d(H) < \(H). (3.0.2)
It follows that for every Hermitian matrix H and unitarily invariant norm
| diag(HD)|| = || H o I} < || H]. (3.0.3)

For more results on majorization inequalities, we refer the reader to [301].

3.1 Embedding approach

While the sets of values z* Az and y* Az with some constraints on vectors
z and y have been extensively studied as numerical ranges or fields of
values [230, Chapter 1], we shall inspect a number of matrix inequalities
that involve the quadratic terms z* Az and xz* Ay through the standpoint

of embedding. Namely, we will embed z* Az and z* Ay in 2 X 2 matrices of
the forms (z *fx :) and (: I**Ay>, respectively, where x stands for some
entries irrelevant to our discussions, so that the results on 2 x 2 matrices

can be utilized to derive equalities or inequalities of 2* Az and z*Ay. This
idea is further used to “couple” matrices A and X in the form (: <A;X ))
when a trace inequality involving tr(AX*) = (A, X) is to be studied.

To begin with, consider a 2 x 2 Hermitian matrix A = (‘5’ lc’) It is
obvious that A > 0 if and only if a, ¢ > 0, and |b|? < ac. If we denote
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the eigenvalues of A by o and 3, then o + 3 = a + ¢ and a8 = ac — |b]%.
Furthermore, we have the following elementary results as a lemma in which
lower bounds of certain expressions involving the eigenvalues of A are given
in terms of those of the entries of A.

Lemma 3.4 Let A= (‘—; Z) be a 2 x 2 Hermitian matriz and let « and 8

be the (necessarily real) eigenvalues of A with oo > 3. Then
20bl < o — . (3.1.4)

If A is further positive definite; that is, o > 8 > 0, then

bl _a-p
NG <o (3.1.5)
bl _a-8
PV (3.1.6)
and
bl Va—+/8. (3.1.7)

s

Proof. The inequalities (3.1.4) and (3.1.5) follow from the observation that

(a+c)+/(a— o2+ 4P

o, f=
To show (3.1.6), notice that for any real parameter t,
(a+8)*
t— < —t"
(Pt -ap< L

Put t = a. The replacements of & + § with a + ¢ and o with ac — |b|? on
the left hand side lead to (3.1.6). To prove (3.1.7), use, for all ¢ > 0,

(a+B) —apt <t7' + (Vo - VB,
then set t =c™! and a+ 3 = a-+¢, af = ac — |b|? on the left hand side. B
We shall frequently use an equivalent form of (3.1.5):

b2 < <a_ﬂ>2ac (3.1.8)
<{375) 1.

In addition, (3.1.6) holds for ¢ in place of a. This reveals the inequality
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In a similar way, from (3.1.7), one obtains

V2Jbl < (Vo — /B)ya+ B.

Using embedding techniques, we proceed to inspect some matrix equali-
ties and inequalities that have often made their appearance; that is, we for-
mulate a matrix inequality in terms of a sesquilinear form involving (Az, z)
or (Az,y) as an inequality involving the entries of a matrix or a subma-
trix of the original matrix. We will then extend our studies to the matrix
absolute values and Ky Fan singular value majorization theorem [282].

The Cauchy-Schwarz inequality. The classic Cauchy-Schwarz in-
equality (see, e.g., [228, p. 261]) states that for any vectors z, y € C”,

[z, 9)|* < (z,2){(y,9).

Proof. This inequality is traditionally proved by examining the discrimi-
nant of the quadratic function (z + ty,  + ty) in t. We now notice that

e = (o )en=( 57 ) 20

The inequality follows at once by taking the determinant for the 2 x 2
matrix. Equality occurs if and only if the n x 2 matrix (z,y) has rank 1;
that is, x and y are linearly dependent.

The Wielandt inequality. Let A be a nonzero n X n positive semidef-
inite matrix having eigenvalues A\; > Ag > -+ - > A,. The Wielandt inequal-
ity (see, e.g., [228, p. 443]) asserts that for all orthogonal z, y € C,

A1 — Ap
AL+ A

2
lz* Ay|? < ( ) (z* Az)(y" Ay). (3.1.9)
Proof. (3.1.9) involves the quadratic terms z*Azx, z* Ay, and y*Ay. It is
natural for us to think of the 2 x 2 matrix

[ z*Az z*Ay
M= < yrAxr y*Ay > ’

If Ap = 0, (3.1.9) follows immediately by taking the determinant of
M. Let A, > 0. Then M = (z,y)*A(z,y) is bounded from below by
An(z,y)*(x,y) and from above by A (z,y)*(x,y). We may assume that x
and y are orthonormal by scaling both sides of (3.1.9). Then A\,Ip < M <
A1y and thus the eigenvalues A and p of M with A > p are contained in

[Ans A1]. Therefore i—;ff < —i—}i:\\— since i—;—% is monotone in t.
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An application of (3.1.8) to M results in

A — A
/\1+)\n

2 Ayl? < (i—}—j—) (& as) ) < ( ) (" Az)(y" Ay).

In a similar manner, since t — % is an increasing function in ¢, by (3.1.6),

AL — An

* Ayl <
S

min{z* Az, y* Ay}
and, by (3.1.7),

lz*Ay1? < (VA1 = v/An)? min{z* Az, y* Ay}.

A theorem of Mirsky. The spreads of Hermitian matrices have been
studied by many authors, especially by R. C. Thompson (see, e.g., [439]).
Recall that the spread of a Hermitian matrix A is defined to be Spread(A) =
Amax — Amin, Where Apax and Apin are the largest and smallest eigenvalues
of A, respectively. It is shown in [315] and [316] that

Spread(A) = 2sup {u* Av|, (3.1.10)

where the “sup” is taken with respect to all pairs of orthonormal u, v.
Proof. To show (3.1.10), place u*Av in a 2 x 2 matrix as follows: Let

M = (u, 0)* A(u, v) = ( utdu wrAv )

v*Au  v*Av

Let U be a unitary matrix with u, v as the 1st and 2nd columns. Then

U*AU:<M *).

* *

By the interlacing eigenvalue theorem, |Amax — Amin| = |A — p], where A
and p are the eigenvalues of M. On the other hand |\ — u| > 2|u*Av| by
(3.1.4). Tt follows that Spread(A) > 2|u*Av|. For the other direction of the
inequality, that Spread(A) < 2sup,, , |u*Av| is seen, as in [316], by taking
u = %(&7 +iy) and v = %(z — 1y), where z and y are the orthonormal
eigenvectors belonging to the eigenvalues Apax and Apin, respectively. B
We remark that (3.1.10) is proved in two separate papers. The inequal-

ity “>” follows from a discussion on the results of normal matrices in [315,
Equation (6)], while “<” is shown in [316].
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Positivity and inner product. Let X € C™*™. It is well-known
that X > 0 < (X,Y) > 0 for every n X n positive semidefinite matrix Y.
It would be tempting to generalize the statement for partitioned (block)
matrices X, namely when X is given in a partitioned form. An existing

result (see [228, p. 473]) has shed light on this: With A >0, C > 0,
( ;’* g ) >0 <& |z*By|® < (z*Az)(y*Cy) for all z, v.
Equivalently, by writing z*By = tr(yxz*B) = (B, zy*), we get
< é* g) >0 < ( (%4;’95;;*% <<g ;Z?jg )zo. (3.1.11)
This generalizes to the following:
(& ¢)z0 = (&0h (@

whenever the conformally partitioned matrix

(5 8)

Proof. Let A € C™*™ B e C™*", and C € C**". Then (3.1.11) ensures
“<” in (3.1.12) by taking P = zz*, Q = xy*, and R = yy*. For the other
direction, let W be an (m + n) x (m + n) matrix such that

P QN x
(2 2)-ww
Let U and V be the matrices consisting of the first m rows of W and the

remaining rows of W, respectively, and denote the ith column of U by wu;
and the ith column of V by v; for each ¢. Then

m+n m-+n m+n

* * *
P= E wu;, Q= g uv;, R= E v;; .
i=1 i=1 i=1

By using (3.1.11) again, the block matrix with the inner products in (3.1.12),
when written as a sum of (m -+ n) positive semidefinite 2 x 2 matrices, is
positive semidefinite. i

Note that the positive semidefiniteness of the block matrix with inner
products as entries in (3.1.12) implies the trace inequality

Itr(BQ*)|? < tr(AP)tr(CR). (3.1.13)
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This trace inequality will be extensively used later. As an application,
for any positive definite X € C™*™ and A, B € C™*" since block matrices

X I and AA* AB*
I x-t BA* BB*
are both positive semidefinite, we obtain the known trace inequality
| tr(A*B)|? < tr(A* X A) tr(B*X ' B).

In what follows we make use of (3.1.12) to the block matrix

( lﬁ:l Iﬁl )20. (3.1.14)

Notice that (3.1.13), applied to (3.1.14), shows the trace inequality

|tr(AQ*)|? < tr(|A*|P) tr(|A|R) (3.1.15)

P Q
(¢ 7)20

Following are immediate consequences of (3.1.15) for a square A.
Case 1). Setting P = Q = R = I yields | tr A| < tr|A] ([468, p. 260]).
Case 2). Putting P = Q = R = J, the matrix all whose entries are 1,

whenever

IS(A4)1* < B(1A*) S(14D), (3.1.16)

where $(X) = }_,; z;; is the sum of all entries of matrix X = (z;;). Note
that (3.1.16) implies |X(A4)| < E(]A]) if A is normal (not conversely).

Case 3). Letting P = |A], Q = A*, and R = | A*|, we obtain
[ A2 < te(|A] |A%).
Note that tr(AA*) < tr(|A] |[A*|) is not generally true while it is valid that
|tr A%] < tr(AA").
Case 4). Replacing P, @, and R with yy*, yz*, and zz*, respectively,
(Az, )2 < (| ALz, ) (| A"ly, o). (3.1.17)
Setting = y in (3.1.17) leads to the statement on matrix normality:

{Az,z)| < (|Alz,z) forallz € C* <« A is normal (3.1.18)
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or
[(Az,z)| < (|A*|z,z) forallz € C* <& Ais normal (3.1.19)

which have appeared in [247] and [157].
The sufficiency of (3.1.18) or (3.1.19) is immediate from (3.1.17), while

the necessity is done in the same way as in [247] or [157] by an induction on
T

n by assuming A to be upper triangular and by taking z = (1,0,...,0)7.
If we use (3.1.13) and take the positive semidefinite matrices

Omax(A) A vyt yx*
( A* amax(A)I> and <:Ey* zx* )’

we may obtain a representation of the spectral norm (see, e.g, [468, p. 91])

Jmax(A) = sup | <A£C, y> |a
lzll=llyll=1

where the “sup” is attained by taking x and y to be the first columns of
the unitary matrices V and U, here A = U diag(omax(A4), ..., on(4))V*.
More generally if we take, in (3.1.15), the positive semidefinite matrix

P Q\ [ XX* XY*
Q* R) \YX* YY* )’
we get, for A € C™*", X € C¥k Y € Cv*k,
[tr(X*AY))? < tr(X* A% X) tr(Y*]A]Y),

with which we can derive the representation (see, e.g., [230, p. 195])

> oi(A) = e (XY XX = L= Y7V} (3.1.20)

To show (3.1.20), note that if P is n X n positive semidefinite having
eigenvalues \; > -+ > ), and U € C*** is such that U*U = I, then
tr(U*PU) < A; + -+ + Ag. Noticing that |A*| and |A| have the same
eigenvalues, we have for X € C™**F and Y € C*** with X*X = I, = Y*Y,

tr(X*1 A% X) and to(Y*A]Y) < 01(A) + - - + ok (A).

Thus
[tr(X*AY)| < 01(A) + -+ - + ox(4).

For the other direction, let A = V DW be a singular value decomposition
of A with the ith largest singular value of A in the (4, ¢)-position of D for
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each i, where V and W are m xm and n X n unitary matrices, respectively.
Then the extremal value is attained by taking X and Y to be the first k
columns of V and W™, respectively.

The representation (3.1.20) is traditionally and commonly proved through
stochastic matrix theory [301, p. 511] or by eigenvalue and singular value
inequalities for matrix product [230, p. 196]. The case k = 1 was discussed
previously. For the case k =m = n (see, e.g., (228, p. 430]), we have

o1(A) + o2(A) + -+ -+ op(A) = max tr(UA
1(A) + 02(4) (4) unitaryUEMnl (U4)]

which is also proved by taking the positive semidefinite matrix in (3.1.15)

P Q\_[(1I U
o rR)"\v 1 )
The representation (3.1.20) implies at once (see, e.g., [301, p. 243])

Theorem 3.1 (Ky Fan) Let A, B € C™*" gnd 1 < k < min{m,n}. Then

k k k
> oi(A+B) <Y oi(A) + > oi(B),
i=1 i=1 i=1
that is, in the notation of majorization,

g(A+ B) <y o(A) + o(B).

This theorem reveals that N (A4) := Zle 0;(A) is a unitarily invariant

norm for any & < min{m, n}; it is usually refered to as Ky Fan k-norm.
3.2 A matrix inequality and its consequences

In this section we demonstrate how to use the Schur complement to obtain
matrix inequalities. Much of the material of this section is taken from [469].
Let A > 0. It is easy to see that for any matrix X of appropriate size,

A X
< 1 xraelx > >0 (3.2.21)

and that X*A~1X is the smallest matrix such that (3.2.21) holds; namely,

A X * A—1
<X* Z)zo > Z>X'ATIX
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In case where X* A~1X is nonsingular, taking the Schur complement of the
(2,2)-block in the block matrix in (3.2.21) shows, with A~! replaced by A4,

X(X*AX)"'X* <A™
In particular, if X*X = I, then, by pre- and post-multiplying X™* and X,
(X*AX) ' < X*A71X.

Many matrix inequalities may be obtained similarly. For instance, since
I+A*A A*+B*\ [ I A I B* >0
A+B I+BB* ) \ B 1T A I =

for any matrices A and B of the same size, and since I + A*A is always
positive definite, by taking the Schur complement of I + A* A, we arrive at

I+ BB* > (A+B)(I+ A*A)™' (A + B)*,
which yields, when A and B are square,
det(I + A* A) det(I + BB*) > |det(A + B)|*.

Recall Theorem 1.20 of Chapter 1 that if A is an n x n positive semidef-
inite matrix and X is an n X m matrix such that the column space of X is
contained in that of A, with A" for the Moore-Penrose inverse of A, then

A X
< X* X*ATX > =0

Theorem 3.2 Let A; be n X n positive semidefinite matrices and X; be
n X m matrices such that the column space of X; is contained in that of A;,
fori=1,2,...,k. Then

k */k t ok k
(Zaixi> (Z%Ai) (ZaiXi)SZaiX;‘AIXi. (3222
=1 =1 =1

=1

Proof. Put

A; X;
M; <X: X7 ALX, ) =0

and let oy + g + + -+ + ag = 1, where all a; > 0. By taking the sum, we
have .
YAy Yo X;
A — > 0.
2 el < SaX; Yaxialx )70

=1
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Taking the Schur complement, we obtain the desired inequality. B

Theorem 3.2 is discussed in [259] for the nonsingular case of k matrices,
in [213] for the nonsingular case of two matrices, in [284] in the Hilbert
space setting, in [179] for the singular case in terms of generalized inverses,
and in [106] for the generalized inverse case of two matrices. We notice from
the proof that the theorem obviously holds for the Hadamard product.

As consequences of (3.2.22), we have the following results that have
appeared in a fragmentary literature: For any n x n positive semidefinite
matrices A and B (nonsingular if inverses are present), n x m matrices X
and Y, and scalars @ and # such that a + 8 =1, o, 5 > 0,

(X+Y)(A+B) (X +Y)< X*A' X + Y*B~lY;
(aX + BY)* (aX + BY) < aX*X + fY*Y;
(aA+BB)"! < ad™! + BB
(aA+ BB)? < aA? + BB?;

(aA+ BB)? > aA'/?  BBY/2,

We now present an explicit matrix inequality and discuss the related
ones. Even though the inequality is obtainable from a later theorem, it is
in a simple and elegant form and has many interesting applications. For
this reason, we prefer to give a direct and elementary proof of it. Notice
that if M > 0 and « is an index set, then the principal submatrix M[a] > 0.

Theorem 3.3 Let M > 0 and let M|«] be nonsingular. If  C af, then
M[B] > M[B,a]M[a] ™ M[a, §). (3.2.23)
Proof. This is because the block matrix, a principal submatrix of M,

(Sl 2"

is positive semidefinite. Taking the Schur complement reveals (3.2.23). i

The following are immediate consequences of the above theorem.

Corollary 3.13 Let (; g) > 0, in which A € C"*" and C € Cm>™,
Let o C{1,2,...,n}, 8C{1,2,...,m}, and Ala] be nonsingular. Then

C16) > B*(6,a) Ala)™*Bla, ).
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Corollary 3.14 Let A be an n x n positive definite matriz. Then for any
mxn matriz X and any index sets o« € {1,2,...,n} and B C{1,2,...,m},

X*(8, o] Ale] " X[a, 6] < (X* A1 X)[4). (3.2.24)
In particular, for any A > 0 and any matriz X, both n X n,
X*[a]Ala] "' X[o] < (X*A71X)[a). (3.2.25)
Proof. By (3.2.21) and the above argument, it is sufficient to note that

Al Xaf
(mwm @%*DW>ZQ'

We now show some applications of the theorem.

Application 1. Let A be n X n positive definite and o = {1,2,...,k},
where 1 <k <n. With A= (1)® A, X =I,41,a={1,2,...,k+ 1}, and
8=1{2,8,...,n+ 1} in (3.2.24), by computation, one gets

(A[%]—l 8)5‘4_1' (3.2.26)

Inequality (3.2.26) may generalize for any a by permutation similarity.
As a result of (3.2.26) (or from (3.2.25) with X = I), one gets

Ala]7t < A7 al. (3.2.27)

Application 2. For A, B € C™*", since the Hadamard product Ao B is
a principal submatrix of the Kronecker product A ® B, we may write

AoB = (A® B)|a]. (3.2.28)
It is immediate from (3.2.27) that for any n x n positive definite A, B,

A'oB! = (4'@BY)a]
(A® B)™'[a]
> ((A®B)la))™"
(

AoB)_l.

In a similar manner, noticing that for any X, ¥ € C**",

(X*A'X)®@ (Y*B™Y) = (X" ®Y*)(A® B) " {(X®Y).
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By (3.2.25), we have (see, e.g., [468, p. 198])
(X*A™'X) o (Y*B7YY)> (X oY) (Ao B) 1 (X oY).
Application 3. Taking A = I in (3.2.25) yields for any matrix X,
X*[a]X[a) < (X*X) o] (3.2.29)
In particular, if X* = X, then
X[a]? < X?[a].

As an application of (3.2.29), if H is a positive definite matrix, we write
H = CC*, a Cholesky factorization of H, where C is lower triangular with
positive diagonal entries. Since C o C~7 = I, where C~7 = (C~!)7, and

HH "=(C®C ") (C*eC™),

we have

HoH "> (CoC ™) (C*oC™Y) =1
Inequality (3.2.29) yields at once: For any X € C™*™ and Y € C**™

(Y X")[al(XY)[a] < (Y*X*XY)[a].

We next present a matrix inequality that generates a large family of in-
equalities, old and new, including (3.2.23) and many more on the Hadamard
product. Such a technique by embedding the Hadamard product into a Kro-
necker product as a principal submatrix is often used for deriving matrix
inequalities on the Hadamard product.

Let A = (A;;)? ;=1 and B = (B;;)7 ;=1 be 2x2 block matrices. We write
the 2 x 2 block matrix with the Kronecker products of the corresponding
blocks of A, B as

A1 ® Bn A12® Bz
ARB = (4 ® Bij) = ( A21 @ Ba1 Aga ® B2z ) '

It is easy to see that AXB is a submatrix of A® B. Moreover ARB > 0

if A, B > 0 and each diagonal block of A and B is square [233].

Theorem 3.4 Let HA R € C™*™ and K, S € C™*™ be positive definite
matrices. Then for any A, C € CP*™, B, D € C*" U, V € C™*™ with
rank(U) = r or rank(V') = r, and for any real numbers a and b

o*(AH'A*)® (BK'B*) + b¥*(CR™'C*)® (DS™'D*) >
(aAU*®@B+bCV*@D)(UHU*®K+V RV*®S) ™! (aU A*®@B* +bV C*@D*).
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Proof. Note that if T > 0, then for any matrix X of appropriate size,

T X
< X XT-1x* > 20

Thus, by pre- and post-multiplying the first row and the first column of
the 2 x 2 block matrix by Y and Y™, respectively, we have

YTY*  YX*
( Xy* XT-lx* ) 2 0.

Therefore the following block matrix A, the sum of two block Kronecker
products, is positive semidefinite:

y _ (UHU* U4 K B
- aAU* a?AH14A* ]\ B BK !B*

n VRV* bvC* - S D*
bCV* H?CR™IC* D DS 'D* |-

The (1, 1)-block of M is UHU*® K + VRV*® S, which is nonsingular
since rank(U') = r or rank(V) = r implies the invertibility of UHU™* or
V RV*. Taking the Schur complement in M gives the desired inequality. R

In what follows we show that many existing inequalities (mainly on the
Hadamard product) are in fact consequences of Theorem 3.4 by making
special choices of the following numbers and matrices:

m,n,a, b H R K, S, A B,C, D, U V.

Casc 1. Taken=1, K=8=B=D=(1), U=V = L,. Then
a?AH'A* + b*CR7IC* > (aA+ bC)(H + R) ! (aA* +bC*). (3.2.30)
Setting a = b =1 in (7.6.9) reveals the Haynsworth’s inequality [213]

AH'A* + CR™IC* > (A+ C)H+R)™ 1A+ C)*.

The case where A and C are vectors were discussed in [294] and [47].
Setting A =C =T in (7.6.9) results in

H '+ bR > (a+ b)*(H+R)™,
which is equivalent to the matrix inverse convexity inequality: For t € [0, 1],

tH '+ (1—t)R™' > (tH+(1-t)R)"".
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Case 2. Set a=1,b=0,U =1, V =0, and use (3.2.25) to get
AH 'A*o BK!B* > (Ao B)(H o K)"}(A o B)*.
It is immediate that, by taking H = K = I,
AA* o BB* > (Ao B)(Ao B)* (3.2.31)
and that, by setting A= B =1,
H'oK'>(HoK)™
Replacing K with H~! yields
HoH '>1I
It is immediate from (3.2.31) that for any n x n matrices A, B > 0,
A?0 B? > (Ao B)~
Thus for A, B > 0,

o

(AoB)z > A¥ 0 B2,
Case 3. Let H=K=R=S=U=V =1. Then
a?AA* ® BB* + b*CC* © DD*
2 %(GA®B+bC®D)(aA*®B*+bC*®D*)

= %(cﬁAA* ® BB* 4+ abAC* ® BD*

+abCA* @ DB* + b*CC* @ DD*).
Using (3.2.28) and (3.2.29), we have
a>AA* o BB* + b*CC* o DD*
> %(aQAA* o BB* + abAC* o BD*
+abC A* o DB* + b*CC* 0o DD*)
> -;-(aA o B+ bC o D)(aA* o B* +bC* o D*).
Take C = B, D = A, and multiply through by 2. Then

2(a® + b*)(AA* 0 BB*)
> (a® + b?)(AA* o BB*) 4 2abAB* o BA*
> (a +b)%(Ao B)(A* o BY).
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Setting k = 2ab/(a® + b?), then k € [~1,1]. The first inequality yields
AA* o BB* > kAB* o BA*
and the second one implies [448]
AA* o BB* + kAB* o BA* > (1+ k)(Ao B)(Ao B)*.

In particular,
AA" o BB* > +AB* o BA”

and
AA* o BB* > %(AA* oBB*+ AB*oBA*) > (Ao B)(Ao B)*.

Case 4. To show that Theorem 3.4 implies Theorem 3.3, we notice that
for any m x n matrix M, o C {1,2,...,m}, and 8 C {1,2,...,n},

Mla, 8] = Sa M S,

where Sy is the |a| X n matrix whose jth row is the n-vector with 1 in the
a;th position and 0 elsewhere. It follows that for any A, B € C™*",

Ao B = (A® B)[a, 8] = Sa(A® B)SS, (3.2.32)

where a = {1,m+2,2m+3,...,m?} and S = {1,n+2,2n+3,...,n%}.
Now we takea =1, b=0, B=K = (1), V =0, and U = S, to get

AH71A* > (AST)(So HSE) H(SaA¥).

Pre- and post-multiplying respectively by Sz and S7 yields inequality (3.2.24).
Note that S, and Sg are the only matrices of zeros and ones that satisfy
(3.2.32) for all m x n matrices A and B. It can be shown that 5,57 =TI
and 0 < STS, < I and that there exists a matrix @, of zeros and ones
such that the augmented matrix (Sy, Qo) is a permutation matrix [448].

3.3 A technique by means of 2 x 2 block matrices

In this section we continue to present matrix inequalities involving the
sum and the Hadamard product of positive semidefinite matrices through
2 x 2 block matrices. Two facts which we shall use repeatedly are A, B >
0= A+ B, Ao B > 0. In addition, for x = (z1,...,2z,), we denote
@] = (o), -, leal).
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Theorem 3.5 Let H and K be n X n Hermatian matrices. Then

( g g )20 & *K<H = [NK)| <w MH) = [[K]|<[H]. (3.3.33)

Proof. The implications “<” follow from the identity via *-congruence:
1 (1 -I H KN[1 (1 I\N]_(H-K 0
NAW S K H )|\ -1 1)~ 0 H+K )

The second “=" is immediate from (3.0.1). (If H > 0, “<” also holds.)
For the first “=", note that the singular values of K are the absolute
values of the eigenvalues of K. Since 2K < H yields +U*KU < U*HU
for every n x n unitary matrix U, without loss of generality, we may assume
that K = diag(ki,...,kn) is a diagonal matrix with k1 > --- > k,. Thus
+K < H implies that +k; < hy, ie., |k < hy for i = 1,2,...,n, where
h;; are corresponding diagonal entries of H.

On the other hand, by the eigenvalue interlacing theorem,

m

> NilHn) £ 37 N(A)

i=1

where H,, denotes the m x m leading principal submatrix of H, m < n. So

It follows that
[IME) < AMH). 1

The eigenvalues of the block matrix ( g g ) are those of H + K. A

proof of “<” in (3.3.33) for the real case of H and K is given in [168] via
quadratic forms, and a characterization of the matrices K, which comprise
a convex set for the given H by trace inequalities, is presented in [42]. Some
similar or stronger results are seen in [53, 231, 467, 470]. Moreover, we note
that H > £K and H > | K| are not equivalent. Take, for example,

4 2 3 0
H:(24> and K:(O—3>'

+K<H but |K|ZH.

Then
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Notice that H > |K| = H > +K. Tt is also worth noting that
H K\ (H-K 0 + K K
K H | 0 H-K K K /|’
We now show our basic inequalities that easily follow from (3.3.33).

Theorem 3.6 Let A, B, and C be n x n matrices such that

A B
<B* c)ZO'

Then, with x for sum + or the Hadamard product o,

+(B*xB) < AxC (3.3.34)
and, for any unitarily invariant norm || - || on C**™,
IB*xB|| < ||AxC]|. (3.3.35)

Proof. Since the partitioned positive semidefinite matrix through a per-
mutation congruence transformation is also positive semidefinite, we have

A B N C B*\_{( AxC B*xB\ 0
B* C B A ) \ B*xB AxC )7
Thus both (3.3.34) and (3.3.35) follow from Theorem 3.5. B

Note that B* x B < A C alone does not imply ||B* = B|| < [|[A*C}.

Applications of Theorem 3.6 to some 2 x 2 block positive semidefinite
matrices that we frequently encounter result in certain interesting inequal-
ities. We present some as examples. Assume in the following that matrices
A, B, and C are all n xn. (Some results also hold for the rectangular case.)

Application 1. Since ( AA% Af) for any A > 0, we have

243 <A+ T and A% oA%< Aol

In particular, if A is a correlation matrix (all a;; = 1), then A2 0 A2 <.
For a pair of positive semidefinite matrices A, B of the same size,

( A  AIB%

1 1 1 1
: > IBI %« B2A3) < )
BiA B )_O = +(A*BZxB2A?)< AxB

™

Application 2. Note that (A;A ‘L}*> > 0 for all square matrices A. So

A+ A*<I+A"A, Ao A*<IoA*A
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More generally, since <|A,|42" |A*;/21;70)> > 0 for any o € [0, 1], we obtain

£(Ax A7) < AP x | ATPO),

In particular, taking o = 5, we have

1
2

H(A+ A%) < A+ A%, +(Ao A") < |A]o |4
and for any unitarily invariant norm

A+ AT <IHA[+ AT ] (Ao AT < | [Alo]A™][].

We point out that |A+ A*| < |A|+|A*| does not hold in general as the
following example, due to G. Visick, shows (there is an error in 3i) in [470])

1 0 1
A=11 0 - .
01 0

Application 8. Let A, B be n X n and both positive definite. Then

A T o Bl I _ Ao B! I >0
I A1 I B I A7 loB | =™
It follows that
AoB '+ BoA™l>29I

Taking B = A shows
AocA™1>T.

Application 4. Let A, B be m x n matrices. Then (g:ﬁ ’g:g) >0. So
+(A*BxB*A) < A*Ax B*B.
By (3.3.35), we have [53]
|A*B 4 B*Aj| < |A"A+ B B||

and
|A"BoB* Al < |A*Ao B*B].

Application 5. Let A, B be m x n matrices. Then

A*A  A* n I B* I+ A*A A+ B> >0
A I B BB* | A+B [I+BB* | =7
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It follows that
(A+B)o(A+B)* < (I+ A*A)o (I + BB").

In a similar fashion

A*A A"\ (BB B\ _( A"AcB'B A'oB*\
A I B I )7\ AoB I =0

This reveals
AoB+A*oB*<I+A*AoB*B

and
A* o Ao B* o B < diag(A*Ao B*B).

We end this section by presenting a set of singular value inequalities
concerning matrices A*B, AA*, and BB* {52, 53].
Recall that for any n x n Hermitian matrices H and K (see (2.0.9)),

and
MH+FK) 2> NH)+MK), ifi+j=t+n,

here the eigenvalues As are enumerated in decreasing order. Thus, we have
MH A+ K) <A (H) + M (K)

and
)\t(H -+ K) > )\Qt_l(H) + )\n—t—}-l(K)-

Lemma 3.5 Let H and K be n X n positive semidefinite. Then fort <mn,
—M(K) < M(H - K) < \(H).
Proof. The second inequality follows by writing H — K = H + (—K):
AM(H — K) < M(H) + M(=K) = A(H) = M(K) < A(H).
Likewise,

MH=K) 2 Mgt (H) + M1 (—K) 2 g1 (H) — M(K) > —N(K). B

Theorem 3.7 Let A, B be m X n complex matrices and denote by o;(Z)
the ith largest singular value of matriz Z. Then fori=1,2,...,min{m,n},

20,(A*B) < 0;(AA* + BB*).
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_(AB _ (10 .
Proof. Let X = <o 0) and U = (0 4). Upon computation, we have

XX*:(AA + BB 0)7 X*X:(AA AB)

0 0 B*A B*B
and

X wvum [0 24*'B\ _
XX—U(XX)U_<QB*A 0 ).~Y.

Notice that the first n eigenvalues of Y are the singular values of 24*B.
On the other hand, by Lemma 3.5, we see for each i = 1,2, ..., min{m, n},

“MUEXXOU") < M(Y) < (XX,

It follows that
=X (X X) S M(Y) < M(XTX)

or

The following result on unitarily invariant norms is immediate [53].
Corollary 3.15 For any unitarily invariant norm on C**™, A, B € C"*"
|A*B + B*A|| < 2||A*B|| < ||AA* + BB*|\.

More generally [52], for arbitrary n x n matrices A, B, X,

20| A*X B|| < |AA*X + XBB*|.

3.4 Liebian functions

We have seen many inequalities on trace, eigenvalues, and unitarily invari-
ant norms in the previous sections. We now study a larger class of matrix
functions and continue to derive inequalities through block matrices.

If A, B, and C are n x n complex matrices such that

A B
(3* C)zo,

then, by taking the Schur complement, we have C > B*A'B, and thus

| det B|? < det Adet C. (3.4.36)
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There are many other inequalities resembling (3.4.36). For example,
(3.4.36) holds for trace, the spectral norm, as well as unitarily invariant
norms; all of these are members of a larger class of matrix functions.

A continuous complex-valued function £ on a space of matrices is said
to be a Liebian function if it is positive, i.e., A > 0= L(A4) > 0, and if

( ;* g > >0 = [L(B)® < L(ALO).

Each of the following is a Liebian function [51, p. 269], [420, p. 99):
o trace tr(A);

o determinant det(A);

e spectral radius p(A) = max; {|X;(4)|};
e spectral norm oy (A);

e unitarily invariant norm || A||;

e unitarily invariant norm ||A|? for ;

o product of first k largest eigenvalues in absolute values Hle N (A);

o product of first k largest singular values Hle ai(A).

B* C
true if M = M*, A> 0, and if the space spanned by the columns of B is
contained in that of A (Theorem 1.19). Thus one may verify that for any
A > 0and z € C, the following 2x 2 block matrices are positive semidefinite:

A A |z|A  zA A T .
(44), (M ), (4 L) wase eam
In what follows we exhibit some examples of matrix inequalities on
sum, Hadamard product, and on determinant, unitarily invariant norm;
some are Cauchy-Schwarz type. These examples or results have appeared

in the literature and have been employed to deduce many other advanced
and sophisticated inequalities by a number of authors (see, e.g., [51, 230}).

As is well known, M = ( 4 B) >0 = M/A> 0 and the converse is

Ezample 1. Since
A* A*A A'B
( B >(A’B)‘ < B*A B*B ) 20,

|L(A*B)|? < L(A*A)L(B*B).

we have
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In particular, for any unitarily invariant norm ||- || (see [232] or [230, p. 212])

14*B|1* < [[A*A|l [1B*B].

More generally, let A; and B; be m; x n matrices, ¢ = 1,2,...,k. Then
A _ *A; AlB;
(5 )wer=( 5% 55 ) 2o

It follows that
B > > 0.
Thus [51, p. 270)

2

<

k k k
> ArB; ST A A|D> BB
=1 =1 =1

Ezample 2. Let A, B > 0. Then for any z € C, by (3.4.37),
A A n |z2|B 2B \ [ A+|z2|B A+2zB >0
A A ZB |2lB )\ A+zZB A+|2B ) =7

For any unitarily invariant norm, we have (see [54, 470])

1A+ 2B < [|A+|zB]|.

More generally, let \; € Cand 4; > 0,7 =1,2,...,k. Then

SR ) - (O8RS ) 2o

For determinant, we have [354, p. 144]

k k
det (Z /\iAi> < det (Z |)\i|Ai> .
=1 i=1

Similarly, one can obtain the singular value majorization inequality:

k k
o <Z )\,'Ai> <w Y (Ao (4).
i=1 i=1

Ezxample 3. Notice that for any matrix A,

($)(7) =(F)en=(4 1) =
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We obtain that

for each k, that is,
k
H i)l < [T oica),

from which we may derive [230, p. 171]
[A(A)] =y o(A4).

Ezample 4. Since for any matrices A and B of the same size,

< AAé* /11 )" < BI* B§B ) = ( (&f?gﬁf 1;4(?3?3) ) 20,

we have, by (3.0.3), for every unitarily invariant norm || - || [230, p. 212],
|40 B|* < [[(AA*) o I|| [[(B*B) o I|| < [|AA™|| | B* B,
which is a Cauchy-Schwarz inequality for the Hadamard product, and

k k

Ha (AoB) < [Jos(AA" o I)[[ os(T o BB*).

i=1 i=1 i=1

This implies
02(A o B) <y M(AA*oTI)o AN(I o B*B)

which yields, by (3.0.2),
(Ao B) <y 0(A)oo(B).

Ezample 5. For any matrices A and B of the same size,
Al AT (1Bl BT\ (A1l (A+B)
A |AY B |B¥| A+B  JA* |+ |B* ) =

It follows that for any unitarily invariant norm [227]

IA+BIl < [[A[+ Bl II'2 || A"+ 1B ||/
1 * *
5 (AL 1B+ AT+ 1B

A

which is the refined norm triangle inequality for normal matrices A and B:

1A+ Bl <) |Al+ Bl | < [[All + |IB]. (3.4.38)
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The first inequality in (3.4.38), though it is very tempting, does not hold
in general for nonnormal matrices A and B by taking the spectral norm,
A= ( é (1)) and B = (é Bl), while the second inequality holds for all A and
B (the triangular inequality). Note that || | X]| || = {|X||. The analog of

(3.4.38) for the Hadamard product of normal matrices should read
[Ae Bl <[ |Alo|Bl || < [|All IIB]- (3.4.39)

Its proof is parallel to that of (3.4.38), and likewise the first inequality in
(3.4.39) is false for nonnormal A and B in general [231], whereas the second
inequality, which is essentially the same as ||Ao BJ| < ||A|| ||B]|, A,B > 0,
has been known to hold for all positive semidefinite A and B of the same
size. We note here that the Hadamard submultiplicativity of a unitarily
invariant norm is equivalent to the conventional submultiplicativity of the
norm; that is, [[X o Y| < | X|| |Y|| for all X and Y if and only if | XY} <
[IXI IY|| for all X and Y (see, e.g., [229] or [230, p. 335]).

3.5 Positive linear maps

Let M be an n x n matrix and let @« C {1,2,...,n} be a nonempty in-
dex subset. Two elementary but interesting known results on Hermitian
matrices (see, e.g., [468, p. 177]) are

A?[a] > Ala]?, if A is Hermitian

and
A7Ya] > Ala]™!, if A is positive definite.

Generalizations of these beautiful inequalities to primary matrix func-
tions involve matrix monotonicity and convexity and have attracted a lot
of attentions [121]. Notice that the map A — Ale] is linear and positive;
namely, Ala] > 0 if A > 0. This idea of “extracting a principal submatrix”
works well for more general positive linear maps; a map ® from the n x n
complex matrix space to a matrix space is positive linear if @ is linear and
preserves positivity, that is, X > 0 = &(X) > 0.

Let A be a normal matrix and let A = Y7 | \;u;u} be the spectral
decomposition of A, where \; are the eigenvalues of A and u; are the or-
thonormal eigenvectors belonging to A; [468, p. 241]. Then > wu} =1
and |A]* = Y7, |N|*uu} for any real a. (Conventionally, we assume
0% = 0.) Let ® be a positive linear map. If A is Hermitian, then so is ®(A).

Notice that for any A € C, a € [0,1], and B > 0, the 2 x 2 block matrix

A%*B AB
( e s ) >0, (3.5.40)
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Since ® is positive linear, each ®(u;u}) > 0. By (3.5.40),for i = 1,2,...,n,

()\iJQQCI)(uiU;-k) )\Z(I)(U@U;k) > 0
N®(uul) (NPT (wuy) ) T

Thus
i \il 2@ ( uz ) Ni® (ugu) .-
— A ® (uiu [N 2PA=DP (ugul) ) =

[0 A2a DA
( ‘ISI(Al)*) <I>(|A{(2(1)—a)) ) z 0. (3.5.41)

By taking the Schur complement,

thus,

2 (14207) > @(4)® (j41%)" @(4).

In particular,

P (JA]) > 2(4)"@ (|A]) 8(A).
And also, for unitarily invariant norms,
le)]® < o (am) | o (ja2a-) .

Putting a = %,

e (AN < 12 ADII-
If V is unitary, then

eI < (D).
In addition, by (3.3.34), (3.5.41) shows

B(A)* 0 B(A) < D (|A>*) 0 ® ((A|2<1-a>) .

Similarly, noticing that A*4 = "7 |\;|%usuf and A7F = S0 ) A\ Tyul
when A is nonsingular, one arrives at

o)  ®(A) ®(4) o)
( B(A) B(A*A) ) 20 and ( B(I) (A1) ) 2 0.

Thus if ® is further normalized; that is, it maps identity to identity, then
D(ATA) > P(AY"P(A).
If A is Hermitian, in particular,

P(A?%) > B(A)?, (3.5.42)
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and, if A is positive definite,
BA™H > d(A)7L (3.5.43)

(3.5.42) belongs to Kadison [251] in the setting of C*-algebras. Both
(3.5.42) and (3.5.43) are consequences of a result of Choi [120] which as-
serts that ®(f(A)) > f(®(A)) for all Hermitian matrices A, operator convex
functions f, and normalized positive linear maps .



Chapter 4

Closure Properties

4.0 Introduction

Our purpose here is to understand matrix classes that enjoy closure proper-
ties under Schur complementation. In the process, certain other inheritance
properties within classes are also encountered.

In this and the next two sections, we assume that all matrices are square,
have entries from a designated field F and are principally nonsingular (PN),
that is, all principal minors are nonzero. If Aisnxnand o« C N =
{1,2,...,n} is an index set, the Schur complement in A of the principal
submatrix Ala] is, from (1.7) when 8 = «,

A/Ala] = Alef] — Ale®, o] Ala] " Ala, o).

Throughout this chapter, we assume that o is a proper subset of N.

In order to understand closure, we need to be able to refer generally
to square matrix classes defined in all dimensions. To this end, let C,
be a set of n X n PN-matrices and let C = (J_,C,. By C~! we mean
{A71: A e C}. Wesay that C is a SC—closed if for any A € C, A/A[a] € C,
when it is defined (i.e., Aisn x n over F, @« C N). Class C is « hereditary
if A € C implies Ala] € C, when it is defined. If C is o SC—closed («a
hereditary) for all a, we say that C is SC—closed (hereditary). As we shall
see, there are interesting classes that are, for example, o SC—closed for
some « and not others.

4.1 Basic theory

We recall certain background that will be needed.
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Theorem 4.8 (Jacobi’s identity [228, p. 21]) Let A be an nxn matric

over F, and o, § C N. Then,

det A[B, ]
det A

Typically, we apply only the case a = 3, which becomes

_ det Alo]

o detAd

The special case of Theorem 1.2 in which the block with respect to
which the Schur complement is taken is principal will be of considerable
use.

det A~ a®, 5% = {(_1)<zieui+zjeﬂj>]

det A~ [af] (4.1.1)

Theorem 4.9 (The Schur complement and blocks of the inverse)
If A is a nonsingular n x n matriz over F, « C N and Ale] is nonsingular,
then

A7 o] = (A/A[e]) 71

A key property of the Schur complement is its nested sequential nature
that comes from Gaussian elimination. The following is equivalent to the
quotient formula, Theorem 1.4.

Theorem 4.10 (Sequential property of Schur complements) Let A €
M, (F) be PN and suppose that « is a proper subset of N and that 3 is a
proper subset of a°. Then,

(A/Ala])/(A/Ala])[8) = A/AlaU g].
Proof. Identify the 8 of Theorem 1.4 with o U 8 above and note that
(A/Ale))[8] = AlaUf]/Ala]. B
Theorem 4.3 has a natural connection with SC—closure. It shows, for
example, that SC-closure follows from a SC-closure for arbitrary index
sets « of cardinality 1.

We may now make several simple, but far-reaching, observations that
substantially clarify questions of SC—closure. The first is the key.

Theorem 4.11 The class C is o SC~closed if and only if the class C~1 is
af hereditary.

Proof. Use the identity of Theorem 4.2. First, suppose that C is a SC—
closed and let A € C. Then A/A[a] € C, so that (A/A[a])~! € C~1. Thus,
A=Y af) € C71 and C1 is af hereditary.

Conversely, if C™! is a® hereditary and A € C, then A7 ![a®] € C™1.
Then, (4/A[a])~! € C™!, which means that (4/A[a]) € C and C is o SC—
closed, completing the proof. W

It follows readily that
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Corollary 4.16 The class C is SC—closed if and only if the class C™1 is
hereditary.

It is not immediately clear whether Theorem 4.4 and Corollary 4.1 is
more useful to exhibit SC—closure of one class or heredity in another class.
In fact, depending upon the class, they could be useful in either way. How-
ever, two further observations are worth making.

Corollary 4.17 If a class C is (a) hereditary, then its inverse class C*
28 (o) SC—closed.

As, here, we are primarily interested in SC—closure and many classes are
obviously hereditary, many examples of SC—closed classes may be readily
verified.

In case a class is inverse-closed (C~! = C), the two qualities coincide.

Corollary 4.18 If a class C is inverse—closed, then C is SC—closed if and
only if C is hereditary.

It can happen that an inverse—closed class is neither (see the discussion
of circulants to follow), but often, as we shall see, both do occur. As one
may be easier to verify than the other, the above observation is useful.

As some important classes involve diagonal products with matrices of
another class, it is useful that diagonal multiplication commutes, in a sense,
with the Schur complement. An easy calculation verifies that

Lemma 4.6 Suppose that D and E are invertible diagonal matrices and A
is PN. Then,
DA/(DA)[a] = D[a“](A/Ala]),

AE/(AE)|a] = (A/A[a])E[af],

and
DAE/(DAE)(a] = D[a|(A/Ala])E[af.

Proof. 1t suffices to verify the final statement and, for this, it suffices
to consider the case in which « consists of the first & indices. Let D =

%‘ L())z)’ E= (% 1192)’ and A = <2; ﬁ;;), in which the upper left block

is k X k in each case. Then,

DAE/D1A11Ey = DyAgE; — DaAg E1(D1A11Ey) " D1 A12Es
= Dy(Asg — An A} A1) Es
= Dy(A/An1)Es,

as required. N
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Now, let D be the set of nonsingular diagonal matrices and D, be the
set of positive (real) diagonal matrices. For a given class C, we may form
such classes C' as DC, D+C,CD, CD,., DCD, and D,CD,. Call such classes
diagonally derived from C.

Corollary 4.19 Let C' be a class of matrices diagonally derived from the
class C. Then, C' is SC~closed (ov SC—closed) if and only if C is SC—closed
(o SC—closed).

If C is a class of PN matrices, thensois -C={—-A: A€ C}. Itis
clear that (—C)~! = —C~! and by direct appeal to the formula for Schur
complement we have

Lemma 4.7 The class —C is (o) SC—closed ((a) hereditary, inverse—closed)
if and only if C is (o) SC—closed ((o) hereditary, inverse—closed).

It follows that whatever closure properties hold in such classes as the
positive definite or stable matrices also hold for the negatives of these classes
(the negative definite or positive stable matrices).

We close by noting that for a class C that is permutationally similarity
invariant (P"CP = C whenever P is a permutation matrix), the inverse
class is as well, and the class is {¢} SC-closed if and only if it is {1}
SC—closed (a0 SC—closed if and only if § SC—closed, whenever |a} = |3]).
Because of the sequential property of Schur complements (Theorem 4.3), it
then follows that SC—closure is equivalent to {1} SC—closure. Of course,
many familiar classes are permutationally similarity invariant, but some,
such as the totally positive matrices, are not.

Theorem 4.12 Suppose that C is a permutationally similarity invariant
class. Then, C is SC—closed if and only if C is {1} SC—-closed.

More generally, if ¢’ = |Jp P"CP in which the union is over all per-
mutation matrices P, the set of all permutation similarities of matrices
in C, then C’ is SC—closed (hereditary, inverse—closed) if C is SC—closed
(hereditary, inverse—closed). Of course, C' = C when C is permutationally
similarity invariant, and, in general, C’ itself is permutationally similarity
invariant, so that Theorem 4.5 applies to it.

4.2 Particular classes

Of course, matrix classes of interest are not usually viewed as the union
of sets from each dimension, but have a natural definition that transcends
dimension. Using the tools derived in the previous section, we consider here
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a wide variety of familiar classes. We continue to consider only subclasses
of the PN matrices, and for convenience, we group the classes as follows:
(a) “structured” matrices; (b) inverse-closed classes; (c) classes based upon
dominance; (d) further positivity classes; and (e) other classes.

a) Structured Matrices

Matrices with special “structure” arise in many parts of mathematics
and its applications. A natural question is which particular structures are
preserved by Schur complementation. In this subsection, we answer this
and other questions for a variety of familiar classes defined by some form of
entry-defined structure. As in subsequent subsections, we give, at the end,
a table summarizing our conclusions for each type of matrix. In most cases,
the structure does not guarantee principal nonsingularity (PN), but this is
assumed, in keeping with earlier comments. In each case, the observations
of the first section will be used to give efficient discussions and to exploit
or extend the observations to the inverse class. In particular, we note
that, by Corollary 4.1, heredity and SC-closure for the inverse class are
entirely determined by these properties for the class itself and that, by
Corollary 4.3, in the event that the class is inverse—closed, it suffices to
check either heredity or SC—closure (and not both).

¢ Diagonal matrices

A matrix is diagonal if its off-diagonal entries vanish. It is obvious that
the diagonal matrices D are hereditary and inverse—closed. Thus, it follows
from Corollary 4.3 that D is also SC—closed.

e Triangular matrices

A matrix is lower (upper) triangular if its entries above (below) the
main diagonal vanish. In either case, the matrix is said to be triangular.
It is immediate that lower (upper) triangular matrices are hereditary and
inverse—closed. Therefore, applying Corollary 4.3, we see that triangular
matrices are also SC—closed.

We note also, by permutation similarity (see comment at end of Sec-
tion 4.1), that the essentially triangular matrices (those permutationally
similar to some triangular matrix) are SC—closed and hereditary, as well as
inverse—closed.

¢ Reducible matrices
A matrix A is reducible if there is a permutation matrix P such that

. (B C
parr= (2 ).

It is apparent that a matrix is reducible if and only if its inverse is. Thus,
the reducible matrices are inverse—closed.
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Consider the reducible matrix
1 0 0
A=11 1 2
1 11

Since A[{2,3}] = (i f) is not reducible, it follows from Corollary 4.3 that
the class of reducible matrices are neither hereditary nor SC—closed. Re-
ducibility will, however, occur for certain « specific to the particular A.

¢ Irreducible matrices

A matrix is irreducible if it is not reducible. Irreducible matrices are
inverse—closed since reducible matrices are.

Consider the irreducible matrix

1
A=11
1

O =N
— NN

Since A[{2,3}] = (é ?) is reducible, it follows from Corollary 4.3 that the
class of irreducible matrices is neither hereditary nor SC—closed.

e Symmetric matrices; Hankel matrices

An n x n matrix A = (ay;) is symmetric if a;; = ay; for all 4,5 € N
or, equivalently, if A = AT. Since A™" = (A7)~ = (A™H)" for a symmetric
matrix A, symmetric matrices are inverse—closed. Obviously, symmetric
matrices are hereditary and so, by Corollary 4.3, they are SC—closed.

We say that a matrix A = (a;;) is Hankel if, for some sequence as,
as, ..., Qap, @ij = a;y; for all 4,5 € N. That is, the entries of A are
constant down the “backward” (upper right to lower left) diagonal and also
down the diagonals parallel to the backward diagonal. Hankel matrices are
particular symmetric matrices.

Consider the Hankel matrix

1 2 0 1
2 0 1 3
A= 01 3 -1
13 -1 1
1 0 1
Since A({2}) = {0 3 —1] does not have constant backward diagonal,
1 -1 1
we see that Hankel matrices are not hereditary, and, since
-4 1 1

A/an: 1 3 -1 s
1 -1 0
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they are not SC—closed as well. Lastly,

34 -6 -5 21
-6 1 1 4
-5 1 1 3
-21 4 3 13

Al =

is not constant down the backward diagonal, illustrating the fact that Han-
kel matrices are not inverse—closed.

¢ Persymmetric matrices; Toeplitz matrices

A matrix A = (a;;) is called persymmetric if a;; = apy1—jnt1-: for
all 4,5 € N or, equivalently, if A = KATK in which K is the backward
identity (ones on the backward diagonal, zeros elsewhere). That is, A is
persymmetric if it is symmetric with respect to the backward diagonal.
Since A™! = K(AT)7'K = K(A™Y)TK for each persymmetric matrix A,
persymmetric matrices are inverse—closed.

We say a matrix A = (as;) is Toeplitz if, for some sequence a_(,_1y,.. .,
a—1, Go, 1, ..,0n—1, @j = Gj—; for all ¢, j € N. Equivalently, a Toeplitz
matrix is one that is constant down the main diagonal and down the diag-
onals parallel to the main diagonal and thus is persymmetric. Since B is
Toeplitz if and only if B = AK in which A is Hankel and K is the backward
identity, one can use the Hankel matrix above to illustrate that Toeplitz
(persymmetric) matrices are neither hereditary nor SC—closed and use its
inverse to show that Toeplitz matrices are not inverse—closed.

¢ Bisymmetric matrices

We say that a matrix A is bisymmetric if it is both symmetric and per-
symmetric. Since both symmetric and persymmetric matrices are inverse-
closed, so are bisymmetric matrices. Consider the bisymmetric matrix

2 2 3
A=12 1 2
3 2 2

Since A({1}) = ( é g) is not persymmetric, we see that bisymmetric matrices
are not hereditary, and, hence, not SC—closed as well.

¢ Hermitian matrices; Skew-Hermitian matrices

A matrix A = (as;5) is Hermitian if a;; = @;; for all ¢, j € N or, equiva-
lently, if A = A* in which A* denotes the conjugate transpose of A. Since
A7l = (A*)"! = (A™H* for a Hermitian matrix A, Hermitian matrices are
inverse—closed. Obviously, Hermitian matrices are hereditary and so, by
Corollary 4.3, they are SC—closed as well.
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A matrix A = (a;;) is skew-Hermitian if a;; = —ay; for all 4,j € N or,
equivalently, if A = —A*. By a similar line of reasoning, it follows that
skew-Hermitian matrices are inverse—closed, hereditary, and SC—closed.

e Centrosymmetric matrices

Call a matrix A = (a;;) centrosymmetric if a;; = an41-in+1—; for all
i,j € N or, equivalently, if A = K AK in which K is the backward identity.
(Essentially, such matrices are symmetric about their geometric center.)
Since A™! = KA~ K for each centrosymmetric matrix A, centrosymmetric
matrices are inverse—closed.

Consider the centrosymmetric matrix

10 2 11

013 20

A=11 1 1 1 1

02310

112 01
1 1 1

Since A({1,2}) = (3 1 0> is not centrosymmetric, we see that cen-

2 0 1

trosymmetric matrices are not hereditary and, hence, not SC—closed as
well, by Corollary 4.3.

e Circulant matrices
We say that a matrix A = (as;) is a circulant matrix if for some sequence
40,01, . ..,0n-1, G;j = aj—; for all 4,5 € N. Here, the subscripts are taken
modulo n. It is clear that each circulant is a polynomial in the basic circu-
lant P whose first row is [010 - - - 0] and thus circulants are inverse—closed.
Consider the circulant matrix

A=

DO W
W = DN
=N W

Since A({1}) = (1?), one sees that circulant matrices are not hereditary

and, thus, by Corollary 4.3, they are not SC—closed.

e Normal matrices; Unitary matrices; Householder matrices

A matrix A is normal (unitary) if AA* = A*A (A7! = A4*). Tt is
clear that normal (unitary) matrices are inverse—closed and that normal
(unitary) matrices are not hereditary. Thus, by Corollary 4.3, they are
not SC—closed as well. A matrix A is said to be a Householder matriz
iftA=1- m%—x:c:z:T for some 0 # z € R™. Thus, Householder matrices
are symmetric, orthogonal, and (hence) inverse-closed. Since this class is
obviously not hereditary, it is not SC-closed as well.
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e Hessenberg matrices; Tridiagonal matrices

We say a matrix A = a;; is lower (upper) Hessenberg if a;; = 0 for
j—i>1(i—j> 1) or, equivalently, if the only nonzero entries lie in the
lower triangular part or on the first super-diagonal (the upper triangular
part or on the first sub-diagonal). In either case we say the matrix is
Hessenberg. A matrix is tridiagonal if it is both lower and upper Hessenberg.
It is known that a matrix is lower (upper) Hessenberg if and only if the 2x 2
minors above (below) or touching the main diagonal in its inverse vanish.
It then follows that Hessenberg and tridiagonal matrices are SC-closed
(because the inverse classes are hereditary), and it is clear that they are
hereditary. Lastly, since the inverse of a tridiagonal matrix is full when its
super- and sub-diagonals are completely nonzero, neither Hessenberg nor
tridiagonal matrices are inverse—closed.

Table for Subsection (a)
SC Heredity | Inverse | Inverse | Inverse
Closure Closure | Class Class
SC Heredity
Class Closure
Diagonal Y Y Y Y Y
Triangular Y Y Y Y Y
Reducible N N Y N N
Irreducible N N Y N N
Symmetric Y Y Y Y Y
Hankel N N N N N
Persymmetric N N Y N N
Toeplitz N N N N N
Bisymmetric N N Y N N
Hermitian Y Y Y Y Y
Skew-Hermitian Y Y Y Y Y
Centrosymmetric N N Y N N
Circulant N N Y N N
Normal N N Y N N
Unitary N N Y N N
Householder N N Y N N
Hessenberg Y Y N Y Y
Tridiagonal Y Y N Y Y
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For completeness, consider closure properties of k,/-banded matrices.
Say that an n x n matrix A over field IF is k,/-banded if the nonzero entries
are confined to the k& bands below the main diagonal, the main diagonal
and the [ bands above the main diagonal. For example, tridiagonal is 1, 1-
banded, while Hessenberg is 1,n—1 or n—1, 1-banded. Triangularis 0,n—1
or n — 1,0-banded. It is straightforward that the k,[-banded matrices are
hereditary, but, while the tridiagonal, triangular, and Hessenberg matrices
are SC-closed, other k,l-banded classes are o« SC—closed only for certain
«. To understand this, we discuss the case o = {i}, from which more
general situations may be deduced. We determine &', !’ for which A/A[3] is
k', I'-banded.

Now,

AJAL] = AG) — —— A3, i) A3, 3).
Qi
Since A(7) is k, I-banded and a;; # 0, it suffices to determine the bandedness
indices for the (n — 1) x (n — 1) matrix A(%,¢]A[¢,1). The vector A(i, 4] has
possibly nonzero entries stretching consecutively from position min{i—1{,1}
to position max{i+k—1,n— 1}, while in A[¢,7) they stretch from min{s -
k,1} to max{i + ! — 1,n — 1}. The outer product is then a block whose
nonzero entries are confined to a rectangular submatrix whose northeast
corner lies at
min{i — [, 1}, max{i +1 - 1,n— 1}

and southwest corner at
max{i+k - 1,n— 1}, min{i — k, 1}.

Since the bandedness indices for this block are the coordinate differences,
we have that A/A[{] is ¥/,!'-banded for ¥’ = max{k,k"},I! = max{l,1"},
in which

K" =min{i + k- 1,n — 1} — max{i — k, 1}

and
" =min{i+!—1,n—1} — max{i — [,1}.

Note that the lower (upper) band index is determined by i and the lower
(upper) band index for A; no interaction occurs. It follows that for ¢ =
1,2,n — 1,n (and, thus, for « any consecutive sequence containing one of
these) we have a SC-closure, but there is not generally SC—closure. For
example, when n = 5, k = [ = 2, ¢ = 3, there is not. There is SC—closure
when k,l € {0,1,n— 2,n — 1} and this is all, but for low-order cases. The
case k =1 =1 is the tridiagonal matrices, already addressed
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b) Inverse-Closed Classes.

In this subsection, prominent classes that happen to be inverse—closed
and have not yet been discussed are addressed. By Corollary 4.3, such
classes are either simultaneously hereditary and SC—closed, or neither. This
abbreviates the necessary discussion. As we saw in the prior section, both
possibilities can occur; the symmetric matrices are both hereditary and
SC~closed while the circulant matrices are neither. As usual, we conclude
this subsection with a table summarizing the results of the discussion of
each case.

¢ PN-—matrices

The PN (all principal submatrices nonsingular) —matrices themselves
are inverse—closed by Jacobi’s identity, Theorem 4.1. Since it is immediate
that they are hereditary, it follows that they are SC—closed as well.

¢ P—matrices

A real square matrix is called a P-matriz if all its principal minors are
positive. Again by Jacobi’s identity, this property conveys to the inverse,
so that the P—matrices are inverse—closed. As heredity is also immediate,
P-matrices are also both SC—closed and hereditary.

e Positive definite matrices

A Hermitian matrix is positive definite (PD) if it is a P-matrix. (In the
presence of Hermicity, this is equivalent to the positivity of the eigenvalues
or the positivity of the quadratic form z* Az on nonzero vectors z.) Since
the Hermitian and P—matrices are inverse—closed, the PD matrices are as
well. Since the Hermitian and P—matrices are hereditary, the PD matrices
are and thus are SC—closed as well.

¢ Elliptic matrices

An n x n Hermitian matrix is called elliptic (E) if it has exactly 1
positive eigenvalue. Here, for consistency, we also require that a matrix
be PN to be elliptic. Thus, there are n — 1 negative eigenvalues (and
no principal submatrix has a 0 eigenvalue). That the elliptic matrices are
inverse-closed follows from the spectral theorem; the inverse is Hermitian
and the eigenvalues of the inverse are the inverses of the eigenvalues. That
the elliptic matrices are not hereditary follows from the simple example

10
=0 )

since A[{2}] has no positive eigenvalues. By permutation similarity, there
is a heredity for no a. Thus, the elliptic matrices are neither (o) SC—closed
nor « hereditary.
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e Symmetric Sector Field Containment
The field of values of an n X n complex matrix A is defined by

FA)={z*Az:2 € C",z*z=1}.

It is known that F'(A) is a compact convex set in the complex plane, that
F(A*) = F(A); and that, for a congruence C*AC, C € C*"*™ and nonsin-
gular, F(C*AC) lies in the same angular sector anchored at the origin as
F(A) [230]. Now let S be an angular sector, anchored at the origin, that is
symmetric with respect to the real axis.

Figure 4.1:

This sector is allowed to be either the positive or negative real axis.
Since F(A[a]) C F(A), for any o C N [230], we see that the property that
F(A) C § is hereditary. But, this property (call it symmetric sector field
containment, or SSFC is inverse—closed, as F(A*A™1A) = F(A*) = F(A)
implies that F(A™!) lies in the same sector S. Thus, an SSFC class is
both SC—-closed and hereditary.

e Positive definite Hermitian part

An important special case of the property of symmetric sector field con-
tainment is that in which S is the open right half-plane. This is equivalent
[230] to the requirement that the Hermitian part H(A) = (A + A*) be
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positive definite. Thus, the matrices with positive definite Hermitian part
(PDHP) are inverse—closed, SC-closed and hereditary.

¢ Regional Field Containment

We conclude this section with a class that does not exactly fit, as it is
not inverse—closed; but it is defined via the field of values. Let R be any
region of the complex plane, and define R to be the class of matrices A
for which F(A) C R. We say such a class is a regional field containment
(RFC) class. By the principal submatrix containment property mentioned
above, R is hereditary. But, as R is not generally inverse—closed, R is not
SC—closed.

Table for Subsection (b)
SC Heredity | Inverse | Inverse | Inverse
Closure Closure | Class Class
SC Heredity
Class Closure

PN Y Y Y Y Y
P Y Y Y Y Y
PD Y Y Y Y Y
E N N Y N N
SSFC Y Y Y Y Y
PDHP Y Y Y Y Y
RFC N Y N Y N

¢) Dominance Based Classes.

In this subsection we consider classes based upon some form of diagonal
dominance. In each case the table profile will be the same. The SC—closure
is not so apparent (either directly or indirectly), but is based upon one
calculation that we make. The SC—closure then follows from Corollary 4.5,
as each class is permutationally similarity invariant. Several of these classes
arise frequently, are very important in computation and the SC—-closure is
key to their analysis.

e Diagonal Dominance Classes

An n x n complex matrix A = (a;;) is called (strictly) row diagonally
dominant (RDD) if, for each i, 1 <1i <,

|ass| > Y lai;| = Ri(A)
J#d
It is straightforward [228] to show that an RD D matrix is nonsingular, and,
as a moment’s reflection reveals, that the property RDD is hereditary, and
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that RDD matrices are PN. We may analogously define CDD to be the
(strictly) column diagonally dominant matrices (i.e., A is CDD if and only
if AT is RDD), and, if both requirements hold for the same matrix, we
use RCDD (row and column diagonally dominant). For both CDD and
RCDD, heredity (and nonsingularity) are equally clear. What about SC—
closure, however? As heredity in the inverse classes is not immediate, we use
the observation that these classes are permutationally similarity invariant,
so that SC—closure may be checked by checking {1} SC—closure. We make
this calculation only once, as it is similar for each class. Suppose that
A = (a;;) is RDD, and we calculate A/A[{1}]. It suffices to check that the
first row of the result satisfies the row dominance criterion (though other
rows would be similar). That first row is
a

aze — a21(a_ij)’ a3 — a21(Z—f), cevy Qo 021(%).
Then, we need to verify that the absolute first entry beats the sum of the
absolute values of the remaining entries, or

A — (g g — gt (BB = — [ag — agy (B2
|aza a21(a11)l |aos aZl(an)l |ag a21(an)!
> 0.
But,
A > |a22l—|a21t19£|~|a231 |azlnﬁév—--- 020l — az ]| =
> 1 |
lage| — lag| = ——— Hél = = lay]
J#1,2

> laga| — Ry(A)
> 0,

as was to be shown. The last weak inequality is because %El—A) < 1 by the
row dominance in row 1 of A and the strict inequality follows from the row
dominance in row 2 of A. We now have that each of the classes RDD, CDD
and RC'DD is SC—closed and hereditary, so that the inverse classes are as
well. For n > 3, it is easily seen by example that none of these dominance
classes is inverse—closed.

e H-matrices

A square matrix A is called an H-matriz if there is a (nonsingular)
diagonal matrix D such that DA is CDD. (It is equivalent to say that AD
be RDD or DAE, E diagonal, be RCDD.) Variants upon this definition
occur in the literature, and it is the same to say that A € D(CDD) or
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D, (CDD), etc. By Corollary 4.4, we conclude from the RDD, CDD and
RCDD cases that the H-matrices are SC~closed and hereditary. Of course,
they, again, need not be inverse—closed.

e Z—matrices

A Z-matriz is a matrix with nonpositive off-diagonal entries. The Z-
matrices are obviously hereditary, but are neither inverse—closed nor SC-
closed.

e M—matrices; Liy-matrices

A very important special case of H—matrices is the M-matrices: the
real H-matrices that are Z-matrices with positive diagonal. Many other
descriptions are available (see, e.g., [230] or [49]). In this case, the inverse
class, the inverse M-matrices (nonnegative matrices whose inverses are M-
matrices) are of independent interest. It follows that if A is a Z-matrix,
then A/A[a] is also provided A[a] is an M-matrix. That M-matrices are
SC-closed follows since H-matrices are SC—closed. Further, since H—
matrices and Z—matrices are hereditary, it follows that M-matrices are
as well. (The M-matrices are permutationally similarity invariant.) Thus,
the inverse M—matrices are also hereditary and SC—closed, a fact not so
easily seen directly.

We mention two more classes without full discussion. The Z—matrices
may be partitioned into a collection of classes Lg, k = 0,...,n. In general,
Ly, consists of those Z—matrices in which every ¢ x¢ principal minor, ¢t < k, is
nonnegative (so that the corresponding submatrices are in the closure of the
M-matrices) and some (k + 1)x(k + 1) principal minor is negative. Thus,
L, is the closure of the M-matrices. Let L, = Ly N PN, k =0,1,...,n.
We have just seen that L], (the class of M—matrices) is hereditary and SC—
closed, i.e., if  C N and Aa] is a principal submatrix of A € L/, then
Alo] € Ly, and A/Alo] € L;,_|,. In general, L}, k = 0,1,...,n— 1, is
neither inverse—closed nor hereditary nor SC—closed. But, as we shall see,
certain subclasses have o SC—closure. Tosee this, letk € {1,...,n—1}, A €
L, _,,and a C N in which [a| < n—k (so that A[a] is an M—-matrix). Then
it follows from Schur’s identity (Theorem 1.1) that A/A[a] € L, _ 4—x if
every (n —k+ 1) x (n — k + 1) principal minor of A is negative (see [166]).
So we have a SC—closure under these restrictions. In particular, we note
that L], _; is always closed under Schur complementation since the only
principal submatrix of order n — 1+ 1 = n is the matrix itself (which is not
an M-matrix).

Let Ly = U, L, k = 1,...,n, ie., the class of Z—matrices in which
every t X t principal submatrix, ¢ < k, is an M-matrix. In order to analyze
a SC—closure in LY, assume that A € L}/, say A € L} for some s > k. If
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a C N with |of <k, then A/A[a] € L, for some j > k —|a] [166]. That is,
A/Ale) € L_ = Urole L. Thus, LY is a SC-closed (and its inverse

t=k—|o|
class a® hereditary) provided |a| < k.
In order to analyze heredity in Lj/, again assume that A € L}, say
A € L, for some s > k, but, this time, assume that « C N with |a| > k.

Now, if s < |a (so that k < s < |a), Ala] € L, for some j, s < j < |af,
and, hence, A[a] € |J alk L; = Lj. On the other hand, if s > |a], then A[a]

|
is an M—-matrix, i.e., Z[a] € Lial = Li;‘. So LY is o hereditary provided
la| > k. Since the case |a| < k is satisfied vacuously, L} is hereditary (and

its inverse class is SC—closed).

e Cassini matrices

If A is not necessarily RDD but, for each pair ¢, j,
laiilla;;| > Ri(A)R;(A),

it is still the case that A is nonsingular. Because of the ovals of Cassini, as
used by Brauer [228], we call the class defined by the above inequalities the
Cassini class, denoted C. It is clearly hereditary, and it is also SC—closed.
Like the class RDD, the Cassini class is not inverse-closed.

Table for Subsection (c)
SC Heredity | Inverse | Inverse | Inverse
Closure Closure | Class Class
SC Heredity
Class Closure

RDD Y Y N Y Y
CDD Y Y N Y Y
RCDD Y Y N Y Y
H Y Y N Y Y
Z N Y N Y N
M Y Y N Y Y
Ly N N N N N
C Y Y N Y Y

d) Further Positivity Classes.

We consider here several important classes involving positivity that have
not been discussed in prior subsections. The most important of these is the
very interesting case of totally positive (T'P) matrices. In several other cases
there is no o SC—closure, but clear heredity implies surprising SC-closure
results for the inverse classes.
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e Totally positive matrices

Though it is the most complicated case discussed, we begin with the case
of totally positive matrices. A real matrix is TP if all its minors are positive.
It is important to note that this class is not permutationally similarity
invariant; in fact, besides the identity, the only permutation similarity that
does not change the signs of some non-principal minors is the one by the
backward identity K. The TP class is clearly hereditary, is not generally
SC—closed but is @ SC—closed for many « (and, in fact, for “other” a,
A/Ala] cannot remain TP). To determine when it is a SC—closed, we
observe that, by Jacobi’s identity, the class TP, while not truly inverse—
closed is almost so; an n—by—n matrix B is inverse TP if and only if it is
of the form SCS, in which S is the alternating sign signature matrix, i.e.,

1 0 0 - .- 0
0o -1 0
= 0 0 1
0
0 0 0 (=1)n+!

and C is TP.

Thus, the entries of such a B have a “checkerboard” sign pattern. In
fact, again by Jacobi, a submatrix of B is inverse TP if and only if it is
checkerboard. Thus, to determine the a° for which (TP)™! is a¢ heredi-
tary (and thus the for « for which TP is a SC—closed by Theorem 4.4) it
suffices to determine the a¢ for which B[a°] remains checkerboard. Though
straightforward, this is somewhat tedious to describe. It hinges upon the
maximal consecutive subsets of a®. Among these consecutive subsets, we
distinguish the extremal ones (those containing 1 or n) and the “interior”
ones. The extremal ones may be of any cardinality, but the interior ones
must be of even cardinality to maintain the checkerboard pattern. We call
an index set meeting these requirements proper. Now, it is important to
reference index sets « relative to TP, rather than the class TP of matrices
of unboundedly many rows and columns (in the latter case, no extremal
consecutive subset from the “end” makes any sense). We then have that
TP, is a SC—closed ((TP)~! is af hereditary) if and only if a° is proper.
In fact, if a° is not proper, A/A[a] is TP for no A € TP,.

o Nonnegative, doubly nonnegative, completely positive, and copos-
itive matrices

We next consider four interesting positivity classes simultaneously, as

the results are identical and the analysis is similar because of the role of
nonnegative entries.
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A matrix is (entry-wise) nonnegative (positive) if all its entries are non-
negative (positive). We denote the nonnegative matrices by NN. A matrix
that is both positive semi-definite (positive definite for us) and nonnegative
is called doubly nonnegative (DN), and if A = BB™, with B nonnegative,
A is called completely positive (CP) (we add the requirement that B have
full row rank). Finally, a real symmetric A is called (strictly) copositive
(CoPos) if £ > 0,0 # z € R” imply 2" Az > 0. (We add the requirement
here that A be PN.) Clearly, a positive symmetric matrix is CoPos, as is
a PD matrix or the sum of a nonnegative and a PD matrix. Because the
inverse of a nonnegative matrix is nonnegative if and only if it is monomial
(diagonal times permutation), none of the first three classes (nonnegative,
DN, CP) is inverse—closed. The class CoPos is also not, as shown by such

simple examples as
A 1 2
T\2 1)

FEach of these four classes is hereditary, as is known and may easily
be verified. None, however, is SC—closed and, thus, not o SC—closed for
any « (as all are permutationally similarity invariant). The example above
illustrates this fact for copositive matrices since A/a1; = —3. For the other
three classes, consider the completely positive matrix

9 77
A=1|7 6 5
7 5 6
2 1 2
(A=BB" inwhich B=[|2 1 1}])
1 1 2
Since
11 -7 =7
Al'=|-7 5 41},
-7 4 5

it follows from Theorem 1.2 that
5 —4
A/ ayy = (_ 4 5 ) .
We conclude that the class of completely positive (nonnegative, doubly
nonnegative) matrices is neither inverse—closed nor SC—closed. Thus, none

of the inverse classes is hereditary, but, curiously, each inverse class is SC-
closed.



SEC. 4.2 PARTICULAR CLASSES 129

e Stable and positive stable matrices

A square complex matrix is positive stable (stable) if all of its eigenvalues
lie in the open right (left) complex half-plane, denoted PST (ST). Each
class, stable and positive stable, is inverse—closed but neither is hereditary
nor SC—closed, as seen by simple examples, such as

-1 4
().
e Fischer matrices; Koteljanski matrices

A P-matrix A = (a3;) is said to be a Fischer matriz if it satisfies
Fischer’s inequality, i.e.,

det Al U 8] < det Ala] det A[S]

for all o, 8 C N in which a N § is empty and to be a Koteljanski matriz if
it satisfies Koteljanski’s inequality, i.e.,

det Ala U 8] det Ala N G] < det Ale] det A[S]

for all @, C N. Here, det A[d] is taken to be 1. It follows from their
definitions that each of the classes, Fischer and Koteljanski, are hereditary.
Also, upon applying Jacobi’s identity to the defining inequality for Kotel-
janski matrices, one finds that Koteljanski matrices are inverse—closed and,
hence, SC—closed. It is easily checked that

4 1 2
A=12 11
5 3 4
is a Fischer matrix. By inspection of
(1 2 -1
A7l = 3 -3 6 0],
1 =7 2

one sees that the determinant of A=![{1,2}] is greater than the product of
its diagonal entries. So Fischer matrices are not inverse—closed. Moreover,

since
2 1
A/CLQQ = <a1 1>

is not Fischer, Fischer matrices are not SC-closed either.
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e The s,t section of positive definite matrices

We also mention the s,t section of the PD-matrices. Let 0 < s < ¢
and define PDj ;) = { A* = A: sl < A <tl}. We mean to include the
possibility of ¢ = oo, making [s,t] = [s, o0} semi-infinite. The following are
simple exercises (using Chapters 4 and 7 of [228]):

0<s<s<t<t = PD[SJ] C PD[S/7t/];

PDys 4 is hereditary; and
Because of Theorem 4.2, A € PDy, ) then implies (4/A[a])™! € PDys 1 or
A/Ala] € PDysy. Thus, PDj 4 is both hereditary and SC-closed, though
not generally inverse—closed.

Table for Subsection (d)
SC Heredity | Inverse | Inverse | Inverse
Closure Closure | Class Class
SC Heredity

Class Closure
TP * Y * Y *
DN N Y N Y N
CcP N Y N Y N
CoPos N Y N Y N
PST N N Y N N
ST N N Y N N
NN N Y N Y N
F N Y N Y N
K Y Y Y Y Y
PDig 4 Y Y N Y Y

* Though in each case the entry is, in general, N, see the discussion about
particular index sets and inverse structure.

e) Other Classes.

In this subsection, we collect several classes of interest that have not fit
into prior categories.

e Distance matrices

A matrix A = (a;;) is called a distance (squared distance) matrix if there
exist points py,pa,...,p, in Euclidean n-space such that a;; = d(ps, p;)
(aij = [d(ps,p;))?) in which d(p;, p;) denotes the distance from p; to p;. It
is clear from the definition that distance (squared distance) matrices are
hereditary. We denote the distance (squared distance) matrices by DIST
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(SQDIST). Consider the squared distance matrix

2
1
0

(SR
G = O
—

-
o5 N

0

for the points p; = (1,—1), p2 = (2,~1), p3 = (2,-2), and py = (1,1).
Since

AJAI{1,2)] = (:3 __220> ’

one sees that squared distance matrices are not SC—closed and, by Theorem
4.2, are not inverse—closed either. By considering the distance matrix for
these four points, one can show distance matrices are neither SC—closed
nor inverse—closed as well.

¢ Sign nonsingular matrices

A real square matrix A is called sign nonsingular (SNS) if any matrix
with the same sign pattern (+, —, 0) as A is nounsingular, i.e., if det(Po A) #
0, whenever P is a positive matrix, in which o denotes the entry-wise or
Hadamard product of matrices. To be consistent with our PN requirement,
we suppose that the main diagonal is totally nonzero (which may always
be arranged via permutation equivalence) and, for convenience, that the
diagonal is positive, which may be assumed without loss of generality via a
benign multiplication by a signature matrix (diagonal matrix of +1's). We
call such SNS matrices “centered” (denoted CSNS) and, in particular,
“positively centered”. As each principal submatrix of a centered SNS
matrix is SN S, the centered ones are necessarily PN; in particular, the
positively centered ones are P—matrices. Thus, the centered SNS class is
hereditary, so that the inverse class is SC—closed. What about SC-closure
of centered SNS matrices? This is not the case, as shown by the following
example. Let

1 11
A=1[1-1 1 2
0 -1 1

which is SNS, as all nonzero terms in the determinant are positive (and
there are some). However,

= (2 3),

which is not SN S, as shown via Hadamard product with
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P:G f)

As the centered SNS matrices are permutationally similarity invariant,
they are, then, not a SC—closed for any «. For n > 3, it is easily seen by
example that centered SNS matrices are not inverse—closed.

e Scalable matrices

We call a square real matrix A scalable, denoted SCL, if there exist
D,E € Dy such that DAFE has constant, nonzero line (row and column)
sums. It is straightforward that the scalable matrices are inverse—closed.
However, as the following example shows, the scalable matrices are not
hereditary, and, thus, not SC-closed. Let

1 01
A=111 0
011

Clearly, A is scalable (use D = E = I), but A[{1,2}] is not.

Table for Subsection (e)
SC Heredity | Inverse | Inverse | Inverse
Closure Closure | Class Class
SC Heredity

Class Closure
DIST N Y N Y N
SQDIST N Y N Y N
CSNS N Y N Y N
SCL N N Y N N

4.3 Singular principal minors

Thus far, we have assumed that each matrix encountered was PN. This is
convenient, as it implies not only that the matrix is invertible, so that the
formula in Theorem 4.2 may be used, but also that the Schur complement
with respect to any principal submatrix may be formed via the standard
definition. It need not always be that the PN property is present. This
raises two natural questions for a non-PN matrix A:

(1) What if the principal submatrix, A[e|, with respect to which the Schur
complement is being taken is nonsingular, but other principal minors, in-
cluding possibly det A, are zero?
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(2) What if Ala], with respect to which the Schur complement is being
taken, is itself singular?

The question (1) often arises when the class C is being broadened some-
what to a kind of closure that allows some principal minors to vanish. For
example, this is virtually always the case in unrestricted versions of the
structured classes in subsection 4.2(a). But it also happens in many other
situations, for example if the PD matrices are broadened to the positive
semi-definite (PSD) matrices. Fortunately, in such cases, it generally hap-
pens that a continuity argument restores any positive conclusions about
SC—closure to the broadened class.

An example is the following. Suppose that the P-matrices are broad-
ened to the Pp— matrices, those for which all principal minors are nonnega-
tive. If we form the Schur complement with respect to Afa] in a Py—matrix
A, is A/Ala] Py when Alo] is nonsingular? Supposing without loss of gen-
erality that A[a] = A;1, this may be analyzed for

An AIZ)
A=
<A21 Az
as follows. If we replace Agg by Aby = Aoo+€l, € > 0, to give A', it may be

verified that A, is P and that A’ is invertible. By Jacobi’s identity, A'~1
is Py and (A’/A11)7Y, and, thus, A’/A;; are Py. But,

A’/All = (A/All) + el

so that
lin%A’/An - A/A11

and a limit of Py—matrices is Py. Thus, “SC-closure” holds for Py, as long
as Ala] is nonsingular.

Addressing question (2) is necessarily more subtle, as it requires a more
general definition of Schur complement to start. Somehow, Afa]™! must
be replaced in the definition of Schur complement, and, somehow, what is
adopted must mesh with the nonsingular case. There seems to be no uni-
versal definition that works well in most cases, though the Moore-Penrose
generalized inverse of Ala] (in place of A]a]™!) is a natural candidate and
has been used. For the assessment of SC-closure of the PSD matrices,
we offer here a reasonably simple approach that requires no generalized
inverse.

Let A be PSD and « an index. We give a natural definition of A/A[«]
for which SC—closure of the PSD matrices may be verified. Heredity in the
PSD case is well known (and straightforward), but Corollary 4.3 cannot be
used to conclude SC—closure, as A will not be invertible if A[] is not. Some
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analog of Theorem 4.4 would be welcome in the general, possibly singular
case. When Ala], etc is singular, our definition proceeds in two stages to
simulate the important fact, Theorem 4.2, about Schur complements .

First, if Ala] = 0, we note that A[a®, o] and Ala, ] must be 0. Then,
we take A/A[a] = A[a®]. This seems an obvious candidate in any case, is
consistent with using a generalized inverse in place of A[a]~! and would be
the case if A were nonsingular and Afa®, ] (and hence Ala, ) since A
is symmetric) were 0. Second, if A[a] # 0 (but is singular), we note that
there is a principal submatrix A[G] of A[a] that is rank Ala]-by-rank Alc]
and nonsingular {and thus positive definite). There may be several candi-
dates for 3, but any one may be used with an unambiguous final result, as
discussed later. Now, calculate A/A[g] in the usual way, and notice that
Ala]/A[B], a principal submatrix of A/A[F], is 0. By the discussion rela-
tive to question (1), A/A[f] is PSD and, thus, has 0 rows and columns
corresponding to the indices A[c)/A[f]. Now, to complete the definition of
A/Ala), extract the principal submatrix of A/A[«a] that is complementary
to the 0 block, Ala]/A[f]. Thus,

A/Ala] = (A/AIB)]e?],
in case Ala] # 0. Because A/A[B] is PSD and PSD is hereditary, it
follows that A/A[a] is PSD in any event, and PSD is SC—closed under
the extended definition.

To see that the definition of A/A[«] is independent of the choice of 8
(subject to the requirement that § C o and A[f] is maximal nonsingular in
Ala]), we will need to assume that, for some 3,7 C o C N, A[3] and A[y]
are each maximal nonsingular in A{a] and show that A/A[3] = A/A[y]. We
first consider the case in which 8N~ is empty. That is, consider the PSD
matrix

Ay A Az A

A= To Ao Axz Ay _(Bu 312>
A5 A%, Asz Az By B
AZl AZQ AZs Aua

in which
Bll = A[OL], BQ2 = A44 - A[ac],
A= A[B], A= Aly], Asz=Ala—-(BU9)],

and
rank By; = rank A;; = rank Ay = |8] = ||

(so that A;; and Ajp are nonsingular of the same order). Then, there exist
matrices C, D, F such that

Alg = AllO, A13 = AHD, and A14 = A“E
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or, equivalently,
C = Aj{ A1a, D= A7'Ays, and E = A7 A
It follows from the invertibility of Ay that

All Allc AllD AllE
C*Ann C*AnC C*AnD C*AnE

A=|pea), D*A;,C D*AuD D ApLE
E*An E*AHC E*AMD A44
so that
00 0
AJA = {0 0 0
0 0 Ay — E*A1F
in which
44— (AT A1a)* A1 (AT Avg)

A
Agy — AI4A1—11A14.
Similarly, for matrices

F= A2—21A>{2, G = A521A23, and H = A;21A24,

we have
F*AooF  F*Agy F*ApG F*AgH
A= AgF Ao AxpG AxppH
G*AxF G*Ayy G*AG G*AsH
H*AQQF H*AQQ H*A22G A44
so that
0 0 0
AfAsx=10 0 0
0 0 Agq— H*ApH
in which
Ay — H*AgoH = Agy— (A5 Asn)* Ana(Agy Asy)
= Ay — A3 A Aoy
Also,
Aoy = C*ALE = ATzAilAM
and

Ago = C*A11C = A}, AT Ajs.

135
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Finally, noting that it follows from Asy = C*A31C and Ajs = A3, C
that C and, hence, A5 have full rank, we have

Aj sy Agg = (Al AT Av) A7y An(Al) T)(Af2 AT Avg)
A AL A,

Il

establishing the result.

It follows from the quotient formula (Theorem 1.4) that the case in
which 8 N~ is nonempty reduces to the first case upon taking the Schur
complement of A[3N~v]in A. Hence, the definition of A/A[«] is independent
of the choice of the maximal nonsingular submatrix A[8] of A[a].

4.4 Authors’ historical notes

Schur complement closure results often arise, sometimes in disguised form,
in a variety of mathematical and applied mathematical contexts. (It is often
difficult to publish an isolated fact out of context.) A number of the ones
mentioned here are surely known, though we know of no derivation of them
from a unified point of view (as here). Proper attribution of particular
cases is fraught with difficulty. Often such a result is known to a particular
community, without having been published or having been published only
in a non-transparent way, and then is later published by an unsuspecting
author. Or one person who knows the result may not see it as sufficient for
publication, and later someone else does. For example, the author Johnson
recalls from stimulating discussions, early in his career, that several closure
results were known to Velvo Kahan either prior to much later publication
by others, or that have not been published.



Chapter 5

Schur Complements and Matrix
Inequalities: Operator-Theoretic
Approach

5.0 Introduction

The purpose of this chapter is to study the Schur complements for positive
semidefinite matrices from the standpoint of order relation and to produce
various kinds of matrix inequalities.

For this purpose, we will take an operator theoretic approach. This
means that a (complex) matrix is considered as a (continuous) linear op-
erator (= map) on a finite dimensional Hilbert space, say H , with inner
product {-,-) and norm | - ||. When vectors are represented as (numerical)
column vectors, the inner product and the norm are usually defined as

(z,9) =y"z and |zl = Voz.

Here y* is the complex transpose of y, which is a (numerical) row vector.

As far as possible, we will present the results in basis free form fit to
the case of a Hilbert space, so that matrix entries seldom appear on the
surface.

In this introduction we prepare standard results concerning linear opera-
tors on a Hilbert space and point out the advantage of the finite dimensional
situations (see [51, Chapter I]).

Recall that the adjoint A* of a linear operator A on a Hilbert space H
is defined as a linear operator satisfying the condition:

(Az,y) = (z, &%)  (z,y € H).

When A = A*, it is called selfadjoint or, in the case of matrices, Hermitian.
Selfadjointness is characterized by the requirement that (Ax,z) is real for
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all z € H. Notice that coincidence of A and B follows from the requirement
that (Az,z) = (Bz,z) for all z.

The order relation A > B (resp. A > B) for two linear operators A, B
means that both A and B are selfadjoint and A — B is positive semidefinite
(resp. positive definite). In particular, A > 0 (resp. A > 0) means that A
is positive semidefinite (resp. positive definite). Here positive semidefinite-
ness is defined as

A>0 <= (Az,z)>0 (z€H), (5.0.1)
and consequently
A>B << (Az,z)>(Bzr,z) (z€H). (5.0.2)

The strict order relation A > 0 (resp. A > B) is defined with > for « # 0
in (5.0.1) (resp. (5.0.2)) . For the case of matrices positive definiteness is
also equivalent to positive semidefiniteness with invertibility.

An important tool for our approach is the existence of a square root for
any positive semidefinite operator A on a Hilbert space. More exactly there
is uniquely a positive semidefinite operator, denoted by A/2, whose square
coincides with A.

The order relation A > B (> 0) is closely related to the range inclusion
relations for A and B. We will use ran(4) and ker(A) to denote the range
and the kernel of A, respectively;

ran(Ad) = {Az:z € H} and ker(d)= {z: Az =0}.

Another important tool is the orthogonal decomposition theorem for a
Hilbert space H. More exactly, for any (closed) subspace M of a Hilbert
space ‘H, define its orthcomplement ML as

ME={z:(y,2) =0V yec M}
Then the orthogonal decomposition theorem says that
H =M+ M.

An immediate consequence is that each vector z € H is uniquely written
as ¢ = y + z with y € M,z € M*+. The correspondence z +—— y defines
a linear operator, denoted by P,, and called the orthoprojection to the
subspace M. It has the following properties:

0<P,<I, P:=P, and ran(P,)=M, ker(P,)=M"*,
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where I denotes the identity operator. Notices that a linear operator P
coincides with the orthoprojection P,, if and only if it is selfadjoint, idem-
potent, that is, P2 = P, and ran(P) = M.

For a vector z and a (closed) subspace M the norm ||Ppyz|| has the
following characterizations:

2
P _z|?= su [z, )| = inf |lz—y|>. 5.0.3
I1Pual = sup, Kb~ ing oy (5.03)

In a Hilbert space H the orthocomplement of ran(A) coincides with
ker(A*) while that of ker(A) coincides not with ran(A*) but with its closure
ran(A*)~:

ran(A)t =ker(4*) and ker(A4)' =ran(4*)”. (5.0.4)
For any positive semidefinite operator A on a Hilbert space the identity
ker(A) = ker(A'/2)

is always true. Though the inclusion ran(A4) C ran(A!/?) is always valid,
the equality sign does not occur in general. By (5.0.4) the orthocomplement
of ker(A) coincides not with ran(A) but with its closure ran(A)~. Therefore
what is derived from the above identity is

ran(A)” = ran(4'/?)",
that is, ran(A) is dense in ran(A!/?). It is easy to see that
ran(A) = ran(AY/?) <= ran(A) is closed

and that the closedness of ran(A) is equivalent to that of ran(A'/2).
It is known that for positive semidefinite operators A, B the range in-
clusion relation
ran(A) D ran(B)

is equivalent to the existence of a linear operator C such that AC = B. It
is further equivalent to the existence of v > 0 such that y42 > B2

From now on, let us consider only the case of a finite dimensional Hilbert
space H, and use the word “matriz” in place of “linear operator”. Then
since every subspace is closed, we can say that for any positive semidefinite
matrix A

ran(A) = ran(A/?),
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Therefore for any positive semidefinite A, B
ran(4) Dran(B) <= ~YA>B 3Jv>0. (5.0.5)

Notice that if Pyan4) is the orthoprojection to the subspace ran(A) then
Prancay and A have the same range. Therefore it follows from (5.0.5) that

1
'VPran(A) >A> ;Pran(A) dv>0. (506)

For positive semidefinite A, B, we use the notation A A B = 0 to mean
ran(A4) Nran(B) = {0}. Then it is easy to see from (5.0.5) and (5.0.6) that

AANB=0 < {X>0: X<A B} = {0}. (5.0.7)

An advantage of the positive semidefiniteness of A is in the existence of
its natural Moore-Penrose inverse Af. Since A is bijective on the subspace
ran(A) and vanishes on ker(A), the Moore-Penrose inverse A' is defined
as (Alran(a)) ! on the subspace ran(A) and as 0 on ker(4). The Moore-
Penrose inverse is again positive semidefinite and

(AT)T =4, ATA = AAT = Pran(A) and (AT)1/2 = (Al/z)f. (508)

With the help of the Cauchy-Schwarz inequality it is easy to see that
when A is positive definite,

(ma = A = s {LEUE 0y e,
(Ay,v)
By definition of the Moore-Penrose inverse, this is extended to the following
form for any positive semidefinite matrix A:

(Atz,z) = [|(ADY22)? = sup{% : O;éyeran(A)}. (5.0.9)

5.1 Schur complement and orthoprojection

In this section we introduce the Schur complement of a positive semidefinite
matrix relative to a subspace. We will show relationship between Schur
complement and orthoprojection, and present various characterizations of
the Schur complement. We note that some of our results have appeared in
the previous chapters in different forms.

Let ‘H be a finite dimensional Hilbert space, and let M be a subspace
with orthocomplement M. According to the orthogonal decomposition

H=M+M",
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every matrix A is written in a block-form

Ay Ay
i %)

21 22

where A,, (resp. 4,,) is considered as a linear operator on M (resp. M)
while 4,, (resp. A,,) is that from M* (resp. M) to M (resp. ML). If A,,
is invertible (on M™), the Schur complement of A relative to Asz (or even
to the subspace M), denoted by A/ M is defined as (see Chapter 1)

A/M*E= A, - A,AA,,.

By definition the Schur complement is a linear operator on M, that is, a
matrix of smaller size. But from our standpoint, it is often useful to extend
A/M* to a linear operator on the whole space H or a matrix of full size,
denoted by [M]A, as

_(A/ME 0\ (A, -ALAMA, O
s (5 8) < (A )

When A is positive semidefinite, A,, is positive semidefinite. Therefore
with use of its Moore-Penrose inverse A;f2 in place of the inverse, we will
define the Schur complement, even when A,, is not invertible, as

AIM*E = A, —ALAL A, (5.1.10)

and the associated linear operator [M]A on H or a matrix of full size as

_ i
[M]AE(A” A il 8) (5.1.11)

We shall use the term “Schur complement” also for [M]A.

Anderson [10] and Anderson-Trapp [13] called [M]A in (5.1.11) the
shorted operator in connection with multiports electric network theory.

To get a geometric meaning of the Schur complement (5.1.11), let us
introduce a (positive semidefinite) inner product and the associated semi-
norm, induced by a positive semidefinite matrix A, as

(z, 9. = (Az,y) and ||z||, = V(z,2),. (5.1.12)

The space H equipped with this inner product will be denoted by H 4.
Notice that when A is not positive definite the space H 4 is merely a pre-
Hilbert space in the sense that ||z||4 = 0 does not imply = 0. Therefore
everything is determined modulo the subspace ker(A).
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A word “A—---” will be used with respect to this inner product. For
instance

z,y A-orthogonal <= (z,y), =0.

First notice that when A is positive semidefinite then Agy is positive
semidefinite, A¥, = A, and ran(4,, ) C ran(4,,). Then by (5.0.9) and
ran(A,,) C ran(A4,, ), for any z, € M we have, with convention 0/0 = 0,

(A,Al A,z x) = (Al A,z 4, z)

124 g2 7 211 2171 21771

sup{————|<g4£1x1’y2>l2 Dy, € ran(Azz)}

22Y21Y2)
!<A21$1,y2>]2 J_}
= —_— 2€M
Sup { <A22 y2 ) y2> y
'<$17y2>A]2 _L}
- B balal -y e pmt
s“p{ A

Therefore it follows from (5.0.3) that, denoting by @ | the A-orthoprojection
to the subspace M~ in the pre-Hilbert space H,

2

Z,,Y

S“p{H nyr—f|>2“| v, eMl} — Q.3 = (@, %0) s
A

and hence

<(A/./\/ll):lt1,1‘1> = <$17x1>A_<QMJ.II7$1>A

= <(I_QM¢)J"17$ )A‘
Since, for a vector z = z, + x, with z, € M, z, € M1,

(MAz,2) = ((A/MD)z,,3,)
<(I - QML):CI’:E1>A
= <(I - QML)"E’CC),M

and I — @, , is the A-orthoprojection to the A-orthocomplement of the
subspace M~ in the pre-Hilbert space H,,, the following relation is proved.

Theorem 5.1 For any positive semidefinite matriz A and any subspace
M C H the quantity (((M]A)z,z) coincides with ||Q x|, where Q , is

A
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the A-orthoprojection to the A-orthocomplement M of the subspace M+ in
the pre-Hilbert space H ,;

(M)A, 2) = 1|Q all% =inf {lle —yli2 : ye M*} (em),

that is,
M]A= Q; AQ ., = AQ .

The InatriX
< l12‘122J121 “112 j—

21 22

should have the properties complementary to those of [M]A.
Theorem 5.2 For any positive semidefinite matriz A and subspace M C 'H
(A= [M]A)z,2) = |Q,,. =%,

that is,
A—-[M]A = QLLAQMJ- = AQ .,

where Q, , is the A-orthoprojection to ML in the pre-Hilbert space H, .

L

This is merely a reformulation of Theorem 5.1.
Next we present the explicit forms of the subspace M and the A-
orthoprojections QM , and @ . Since, by the definition,

reEM = Aze (Mt
and (M1)1 coincides with M, we have
M ={z: Az € M}.

Now we can give the representations

[0 0 ays 0
QML a <A22A21 I ) and QM B <_AZ2A21 O) ’

ML

where I,, and IM | are the identity operators on M and M, respectively.

In fact, the matrix
0 0
o= )
Al Ay T,
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is idempotent with ran(Q) C M+ and Qy = y (y € M*). It remains to
show that @ is A-Hermitian. Since ran(4,,) C ran(4,,), this is seen by
(5.0.8) as follows

_ AleT A21 A2 _ *
AQ = ( Ay Ay ) T @A

Recall by (5.0.5) that for any positive semidefinite matrix X and any
subspace M C H, the inclusion relation ran(X) C M is equivalent to the
existence v = v(X) > 0 such that X < vP,,, where P,, is the orthoprojec-
tion to the subspace M.

The following is the central result of this section.

Theorem 5.3 For any positive semidefinite matrizc A and any subspace
M C H the Schur complement [M]A satisfies the condition

A > [M]A >0,
and more precisely
MJA = max{X: A> X >0 and X <yPp, 3 7=~(X) > 0}.

Proof. The inequality in question is immediate from the identity in Theo-
rem 5.1. Now [M)]A satisfies the condition required for X in the right hand
side of the above identity. Take B such that A > B > 0 and ran(B) C M.
Then since By = 0 (y € M), again by Theorem 5.1,

(IMJA)z,z) = inf{|lz—yl% : ye M}
inf {Jjz —y|| : ye M}
{Bz,z),

v

il

so that [M]A > B, which proves the maximum property for [M]A. 1

Theorem 5.4 For any positive semidefinite matric A = (ﬁ; ﬁ;g) and
any subspace M C 'H,

. Y A,
AQIA;A21 = mm{Y: (A Al) > 0},

21 22

where ( A’; ﬁ;j) is the block-form according to the decomposition H =

M+ ML
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This is just a reformulation of Theorem 5.3.
It is obvious from definition that for any subspace M C H and the
identity matrix I = I,
M]I=P,,.

This can be extended to the case of an orthoprojection as follows.
Theorem 5.5 For any subspaces M, N C H
M]Py = NPy = Py
Proof. Since

0 <P, <P, and ran(P,.) C M,

by Theorem 5.3
P

MNN

< [(M]P,,.
On the other hand, since
M]P, < P, < I and ran({M]P,) C MNN,
we have
MP, < IMNN|I = P,

These prove one of the desired identities. The other one is proved by
interchanging the roles of M and V. 1

The range of the Schur complement [M]A is described in terms of M
and ran(A) as seen in the following theorem.

Theorem 5.6 For any positive semidefinite matriz A and subspace M C 'H
ran ((M]A) = M Nran(A4).

Proof. The left hand side of the above is included in the right hand side
by (5.0.5) and Theorem 5.3. To see the converse, take any nonzero vector
a € M Nran(A4). Then since the range of the rank one matrix aa™ is
contained in M N ran(A), again by (5.0.5) and Theorem 5.3, we obtain
[M]JA > ~vaa* for some -y > 0, which implies a € ran([M]A). Since a is
arbitrary, this proves that the right hand side is included in the left hand
side, proving the identity. W

For any positive semidefinite matrix X and any subspace M C H the
formula (5.0.7) shows that

XAP,=0 <= Mnran(X)= {0}.

On this basis we can state another characteristic property of the Schur
complement [M]A.
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Theorem 5.7 For any positive semidefinite matriz A and subspace M C 'H
(A= [M]JA) AP, = 0.
Further the decomposition of A as
A = IM|A+ (A-[M]A)
is a unique decomposition A =X + Y such that X, Y > 0 and
X < yP,3v>0 and YAP, =0.
Proof- To see the first assertion, suppose by contradiction that
M Nran(A — [M]A) # {0}.
Then by (5.0.7) there is nonzero B > 0 such that
ran(B) C M and B < A-[M]A.
This implies that
0<MJA+B<A and ran(({M]JA+B)C M.
Then by Theorem 5.3 we are led to a contradiction.
M]A+ B < [M]A.

The uniqueness in the second assertion can be seen as follows. For X,Y in
the question, by Theorem 5.3, X < [M]A so that

0 < MJA-X < [M]A.
On the other hand, since
MA-X < A-X =Y,
it follows from the assumption that
ran ((MJA— X) C Mnran(Y) = {0}.

This implies M]A=X. 1

To close this section, we present an expression of the Schur complement
[M]A, corresponding to an identity in Theorem 5.1.
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Theorem 5.8 For any positive semidefinite matriz A and subspace M C H
M]A = AY2p A2

where P,, is the orthoprojection to the subspace N = {x : A2z € M},

Proof. By Theorem 5.1,

(MlA)z,z) = inf{lz—y|?: ye M}
= inf{(A(x —y),z —y): ye M}
= inf{||AY%2 — AY?y|? . ye M1}

= |IP A 2|2,

where

N= {Al/zy: Yy € MJ'}l.
Since (ML) = M, we can see
N = {z DAYz € (ML)J‘} = {z cAV?z ¢ M}
Therefore A coincides with A = {z : A2z € M} and we can conclude
(M]A)z, ) = | Py A %2|? = (AP APz 2)  (z € H),

which yields the identity in the assertion. N

We end the section by pointing out that the approach to the Schur
complement as in Theorem 5.1 is presented here for the first time. But it
was implicit in Theorem 5.3 established by M. G. Krein [269] in connec-
tion with an extension problem of Hermitian positive semidefinite forms
and rediscovered by Anderson [10] and Anderson-Trapp [13] (as well by
Ando) in connection with the shorted operator. See also Li-Mathias [280].
Theorem 5.6 was obtained by Anderson—Trapp [13] while Theorem 5.7 was
mentioned in Ando [15] under a more general setting. Finally Theorem 5.8
is a restatement of a more general result for a Hilbert space operator by
Pekarev [348] and Kosaki [264].
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5.2 Properties of the map 4 — [M]A

Each subspace M C H gives rise to a non-affine map A — [M]A on the
class of positive semidefinite matrices. In this section we investigate the
properties of this map.

The following properties of this map are easily derived from the maxi-
mum property of [M]A in Theorem 5.3.

Theorem 5.9 The map A — [M]A has the following properties. Here
A, B, ... are positive semidefinite matrices and M, N are subspaces of H.

(i) [MJ(A4) =AM]A - (A= 0);
(i) [M](A+ B) > [M]A+ [M]B;
(iif) M Dran(4) = [M]A = 4;
(iv) N DM = [N]A > [M

(v) An | A= [M]An | [M]A
Here A, | A means that Ay > Ay > -+ and lim,_,o Ay = A.

Our basis free definition of Schur complements makes it possible to
generalize the so-called Quotient Formula (see Theorem 1.4) for the case of
positive semidefinite matrices.

Theorem 5.10 (Generalized Quotient Formula) For any subspaces M,
N C H, the map [M] commutes with the map [N]. More precisely

W] M] = [M]o [N]=[MNN],

that s,

W] (M [ ((MA) = [MNN]JA (A >0).
Proof. Since by Theorem 5.3
WI(IMJA) < [MJA< A
and by Theorem 5.6
ran ([NV] ((M]4)) = N Nran ((M]A) = N N (M Nran(4)) C M NN,
it follows again from Theorem 5.3

W (M]A) < [MNN]A.
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On the other hand, by Theorem 5.9 (iv)
(MNN)A < [M]A.
Since by Theorem 5.3
ran (([MNNJA) C MNN CWN,

it follows again from Theorem 5.3 that

(MANA < V(IM]4),
which proves
Vo [M]=[MNN].

Finally interchange of the roles of M and A in the above argument
yields the other identity. W

In our notation the classical quotient formula for Schur complements
says that for a general matrix A and subspaces M C N CH

AN AMHE = (A/ND) /(N oMb, (5.2.13)

provided that the Schur complements in the expressions are well defined.
When A is positive semidefinite, this formula can be derived from The-
orem 5.10. In fact, (5.2.13) means by definition

NNAMEA = INNME(NA).

Since (N N ML) NN = N 0 M+, the identity follows from Theorem 5.10.

Let A be a general matrix with the block-form
All A12
A= (1 a)

according to the orthogonal decomposition H = M + M+, If A, A, and
A,, are all invertible, by the Schur determinant formula (Theorem 1.1)

22

det(A) = det(A,,)det(A4,, — A,,A'A,)
= det(AQZ)det(All - A12A2_21A21)’

so that both A,, — A, AZ'A, and A,, — A, A7 *A,, are invertible. Fur-
thermore it is well known that the inverse A~! admits the following block-



150 OPERATOR-THEORETIC APPROACH CHAP. 5

representation (Theorem 1.2)

1 ( (Au - A12A2_21A21)_1 _(Au - A12A2—21A21)_1A12A2_21>
A_- =
—A;;Am (A11 - A12A2_21A21)_1 (Azz - A21A1—11A12)—1
( (An - 1412‘42_211421)_1 _A1_11A12 (A22 - A21A1_11A12)_1)
_(A22 - A21 A;11A12)_1A21 Arll (A22 - A21 A;11A12)_1

If A is positive definite, so are A;, and A,,; and this formula shows

(MAT = P AP, (A>0). (5.2.14)

The identity (5.2.14) is useful to derive inequalities related to positive
or negative powers of a positive semidefinite matrix and their Schur com-
plements.

Though integral and fractional powers A® of a positive semidefinite
matrix A are defined in a natural way, we confine ourselves here to the
observation of the most interesting cases: o = 2,1/2 and —1. In the course
of the proof we use rather well known general inequalities ([51, Chap. V])

X>Y>0 = X'<y! (5.2.15)

and
X>Y>0 = XYi>yV2 (5.2.16)

Theorem 5.11 Let M be a subspace of H. Then
(i) (M](A?) < ((M]4)? (A =0);

(it) [M](AY2) = (IMJA)V2 (A= 0)

(iif) [M](A™Y) < (MJAT (A >0).

Proof. (i) Since A, = A+ 11 and A2 are invertible and they converge
decreasingly to A and A? respectively as n — oo, by Theorem 5.9 (v),

(MJA) = lim (M]A? and  [M](4%) = lim ([M](42).
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So for the proof of (i) we may assume that A is invertible. By (5.2.14),

(M(4?)" = P (4)7'P,
P AT . ATIP,
(P, ,A™'P,,)?
{(Mm]4)Ty?

{((IM1A)T.

o

v

I}

Since both [M](A42) and ([M]A)? are invertible on M, we conclude from
(5.2.15) that

[(M](A4%) = {(IMI(A%)T} < {{(IM]A)%T} = ((M]A)%
(ii) Apply (i) to A'/2 in place of A to get
[M]A < {IM(AV2)).
which implies (i) by (5.2.16).
(iii) Apply (5.2.14) to A~! in place of A to get
{MI(A™DY = P AP, > [M]A.

Since both [M](A™!) and [M]A are invertible on M, taking the Moore-
Penrose inverses of both side we have (iii) by (5.2.15) as above. R

One may ask whether (5.2.14) is true for every positive semidefinite
matrix A in the form

(M4 = P AlP,,. (5.2.17)

This is, however, not the case in general. For instance, let A = P,, be an
orthoprojection which does not commutes with P,,. Suppose that (5.2.17)
holds for this A. Since by Theorem 5.5

(['/Vt]A)Jr = (PMnN)T - PMmN and PMPI[PM = PMPNPM
we have
Poen = PuPy Py,

which leads to the commutativity of Pys and P,,, a contradiction.

Let us present, without proof, the following characterization of a positive
semidefinite matrix A and a subspace M for which (5.2.17) is valid. A proof
is based on tedious, repeated uses of Theorem 5.3.
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Theorem 5.12 In order that the relation
(M4 = P, AP,

hold for a positive semidefinite matriz A and a subspace M C 'H, it is
necessary and sufficient that

ran(P,,A) C ran(A).

Note that Theorem 5.9 is mentioned in Anderson-Trapp [13] while The-
orem 5.10 was established by Ando [17].

5.3 Schur complement and parallel sum

In this section we will show that the Schur complement has intimate connec-
tion with an important operation of parallel addition for positive semidef-
inite matrices. The climax is the recapture of the Schur complement in
terms of parallel addition.

For two positive definite matrices A and B, the operation dual to the
usual addition (A4, B) — A + B should be

(A,B) — {A7'4+ B} L

Following Anderson-Duffin [11] (see also Pekarev-Smulian [349]), we call
this operation parallel addition and denote the parallel sum of A and B by

A:B = {A'+B 1YY (4,B>0). (5.3.18)
Notice that
{A7'+ B~} = A(A+B)™'B
= B(A+B)™A

= A-A(A+B)'A
B—-B(A+B)™'B.

Then considering the block-forms

A A q B B
A A+B) ™% \B A+B
as linear operators on the direct sum H @ H, the parallel sum A : B for

A, B > 0 is written as

. (A A . _ (B B i
A.Bﬁ<A A+B)/H1 _<B A+B)/H1, (5.3.19)
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where H, is the first summand of H & H.

The formulas (5.3.18) and (5.3.19) are extended to the case of positive
semidefinite matrices. Now the parallel sum A : B for positive semidefinite
matrices A, B is defined as

A:B = A-A(A+B)A = B-B(A+B)'B  (A4,B>0). (5.3.20)

Then (5.3.19) is valid. The properties of parallel sum can be derived from
those of Schur complements.

Theorem 5.13 For any positive semidefinite matrices A, B
((A:B)z,z) = inf{(Ay,y)+ (Bz,z) : x=y+z} (z € H).

Proof. By (5.3.20) and Theorem 5.1

s {((3 ads) (5)(2)) =em)

= inf{{A(z —2),z — 2) + (Bz,2) : z€ H}.

((4: B)z,z)

Il

Replacing x — z by y we arrive at the assertion. B

Theorem 5.14 The parallel addition has the following properties. Here A,

B, C,... are positive semidefinite matrices.
(a) (ad): (BA) = 2HA  (a,5>0);

)

)
(€) (A4):(AB) = MA:B)  (A=0);
(d)

)

)

More precisely, A, | A, B, | B = A_:B, | A: B;
(g) (A1+A2):(BI+B2) 2 Al :BI+A2'B27
(h) (S*AS) : (S*BS) = S*(A: B)S for all invertible S.

Proof. (a) to (g) are immediate from Theorem 5.13. Finally (h) is obvious
for invertible A, B by (5.3.18) while the general case follows by (f). 1
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Theorem 5.15 For any positive semidefinite matrices A, B
ran(A: B) = ran(A) Nran(B).

Proof. By (5.3.19) and Theorem 5.6

()= (0 ats) (Y) 2

= {z:z2=Aly+z)=—-Bz3y,z}
= ran(4) Nran(B). 1

ran(A : B)

Il

Theorem 5.16 For any positive semidefinite matrices A, B and any sub-
space M CH
M](A:B) > [M]A: M]B.

Proof. Since by Theorem 5.3
A>[M]A and B> [M|B,
we have by Theorem 5.13 (f)
A:B > [M]A:[M]B.
Further since obviously
ran([M]A: [M]|B) C M.
The assertion follows from the maximum property in Theorem 5.3. B
The following result should be compared with Theorem 5.5.
Theorem 5.17 For any subspaces M, N C H
P,:P, =1iP ..

Proof. Since P,,.., < P, P, by Theorem 5.12 (a) and (f)

%PMH Ny = Poon:

On the other hand, since by Theorem 5.14 (f) and Theorem 5.15

P

MON

< P, :P,.

P,:P, <I:I=2%I and ran(P, :P,) C MNN
we can conclude from Theorem 5.3 that

P,:P, < %[MOMI = %PMﬁN'
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Putting the above arguments together completes the proof. &

We have defined parallel sum A : B in terms of Schur complement. In
the converse direction we will show that Schur complement can be recap-
tured with use of parallel addition.

Consider two positive semidefinite matrices A, B. Since by Theorem
5.14 (f) and (e)

A:B < A:(2B) <--- < A:(nB)y < .---< A
we define the limit of the sequence A : (nB), n — oo, denoted by [B]A, as
[B]JA = lim A:(nB). (5.3.21)

n—00

Since all n.B have the same range ran(B),
[BJA < A and ran([B]JA) C ran(B)
which implies by Theorem 5.3
[BJA < [ran(B)]A.

Let us show that the reversed inequality holds. To this end, let C =
[ran(B)]A. Since ran{C') C ran(B) due to Theorem 5.3, by (5.0.5)

C<yB Iv>0,C<A and ran(C+~yB)=ran(B).

Then by (5.0.9) and (5.3.20)

2
((C: (nB))z,z) = (Cx,z) —sup {ﬁ%@ VRS ran(B)} ,
it follows by the Cauchy-Schwarz inequality that
0 < (Cz,z)—{(C:(nB))z,z)
(Cy,y) - (Czx,z)
< s ey Ve D))
< il (Cz,x),
n+y

which implies

[fan(B)JA = C = lim C:(nB)< lim A:(nB) = [B]A.

n—oo n—>00

Thus we have proved the following theorem, the central result of the section.
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Theorem 5.18 For any positive semidefinite matrices A, B
[BJA = [ran(B)]A.
Theorem 5.19 Given two positive semidefinite matrices A, B, let

A = [BJA and A, = A-A,.

1

Then A= A, + A, is the unique decomposition such that

0 <A< yB 3v>0 and A,ANB=0.

This is a reformulation of Theorem 5.7 based on Theorem 5.18.
Theorem 5.20 Let A, B, and C be positive semidefinite matrices. Then
(i) [aB]A=[B]A (a>0);
(ii) [S*BS|(S*AS) = S*-[B]A- S for all invertible S,
(iii) 0<B<C = [BJA<L|[Cl]4;
(iv) ran(A) Cran(B) = [B]|A=4;
(v) [BJA=[A:BJA

Proof. (i) follows from Theorem 5.18 because ran(aB) = ran(B). (ii)
follows from Theorem 5.14 (h) and definition (5.3.21). (iii) and (iv) are
obvious. For (v), by Theorem 5.18, Theorem 5.14, and Theorem 5.10

ran(A: B ]A
ran(A)

[A:BjJA = |
= N
= [ran(B)] (ran )
[B]

BJA. N

Note that the expression of the parallel sum in terms of the Schur com-
plement was first pointed out by Anderson-Trapp [13]. They established
also Theorems 5.13 and 5.15. Theorem 5.17 is due to Anderson—Schreiber
[12]. The operation [B]A was introduced by Ando [15], and Theorem 5.18
is a restatement of a more general result for Hilbert space operators by
Ando [15].
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5.4 Application to the infimum problem

In this section we will present an important application of the map A —
[B]A to show its usefulness in the investigation of the order structure of
the cone of positive semidefinite matrices.

For any pair of positive semidefinite matrices A and B, the set {X :
X < A, B} does not admit the maximum element in the class of Hermitian
matrices, except when A and B are comparable, i.e., A> B or A< B.

The situation is, however, different if observation is restricted to the
cone of positive semidefinite matrices. The purpose of this section is to
find a condition so that the set {X > 0: X < A, B} admits the maximum
element. When this is the case, the maximum will be denoted by A A B
and referred to as the infimum of A and B.

Note that the notation AAB already appeared in Section 5.1 for the case
AN B = 0. Moreover, it is easy to see that when A, B are orthoprojections,
that is, A= P,,, B = P, their infimum always exists, and

P APy = Pp-
First if 0 < X < A, B, by Theorem 5.20 (iv)
X =[B]X <[B]JA and X =[A]X <[A]B.
Therefore if [A]B and [B}A are comparable, then A A B exists and
AANB = min{[A]B,[B]A}.
The converse direction for the existence of infimum is the central part
of the following theorem. In the investigation of the order structure of the

set {X >0:X < A, B} we may assume that A+ B = I. This is seen as
follows. Let M =ran(A + B). Since 0 < X < A, B implies that the map

X— d(X)=((A+BHY2. X . (A+ B)HY/?

is an affine order-isomorphism from the set {X > 0: X < A, B} to the set
{Y >20:Y < ®(A),P(B)} in the class of positive semidefinite operators
on the Hilbert space M and ®{A) + ®(B) = I,,, and this isomorphism
satisfies, by Theorem 5.20 (ii), the conditions

o([A]X) = [2(A)]2(X) and &([B]X) = [®(B)]®(X).

Theorem 5.21 Positive semidefinite matrices A and B admit the infimum
AN B if and only if [A: B|A and [A: B]B are comparable. In this case

AANB = min{[A: BJA,[A: B]B}.
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Proof. Notice first that by Theorem 5.20 (v)
[A]B = (A:B]B and [BJA = [A:BJA. (5.4.22)

Now let A, B be positive semidefinite matrices of order n for which the
infimum A A B exists. As explained above, we may assume that

A+B=1I (5.4.23)

We may further assume that A (and so B) is not an orthoprojection. Oth-
erwise under (5.4.23)

AANB=0 and [A:B|A=[A:B]|B=0.

By the spectral theorem (see [51, p. 5]) there is a unitary matrix U for
which U*AU (and hence U*BU = I — U*AU) is diagonal. By Theorem
5.20 (ii) we may further assume that both A and B are diagonal and of the
form

A =diag(A, A2, -, An), where 0< A < A< <A, <10 (5.4.24)
and by (5.4.23)
B =diag(l — A, 1— Mgy, 1— An). (5.4.25)

Since A is not an orthoprojection by assumption, with A\g = 0 and Ap41 = 1,
there are 1 < p < g < n such that

Ap—1 =0< A <Ay <Agp1 =1, (5.4.26)

Let
C

1L

diag(min(};,1-X;))7_,. (5.4.27)

Clearly 0 < C < A, B so that by assumption 0 < C < AA B. Take any D
such that C < D < A, B. Then since

0 < D-C<A-C and 0 < D-C < B-C,
we have by (5.0.5)
ran(D —C) C ran(A—-C) and ran(D—-C) C ran(B —C).
On the other hand, since by (5.4.24), (5.4.25) and (5.4.27)

A - C = diag (max(2), — 1,0))"_,
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and
B — C = diag ( max(1 — 2)\].,0));;1,

we can infer

ran(A — C)Nran(B - C) = {0},

so that ran(D — C) = {0} hence D = C. This shows that C is a mazimal
element in the set {X > 0: X < A, B}, thus it must coincide with A A B.
It follows, by (5.4.24) and (5.4.25), from definition (5.3.21), that

[BJA = diag(0,...,0,Xp,...,24,0,...,0)

and
[A|B = diag(0,...,0,1—Xp,..., 1= A4, ...,0).

Suppose, by contradiction, that [B]A and [A]B are not comparable, i.e.,
BIA # [AIB and [Bl4 % [A]B,
which is equivalent by (5.4.26) to saying that p < g and
1-2) >0 and 2X3;—1 > 0.
Choose € > 0 and § > 0 such that
€ <6 <2 <vy—¢ where y =min{);,1 =2y, 1 —X;,2X, — 1}, (5.4.28)
and consider the Hermitian matrix F' = (f;;);;-; with entries
fo=fn=6 f,=f,=6 and f =0 forotheri,j,
First, F' is not positive semidefinite because by (5.4.28)
det Flp,q] = ¢* — 6% < 0,

where F[p, g] is the 2 x 2 principal submatrix of F indexed by p, ¢.
Next C — F is positive semidefinite. To see this, it suffices to show the
positive semidefiniteness of the principal submatrix

c-pba- ("5 3 )

We can see from (5.4.28) that

A, —¢ -0 y—¢ —0
<—5 1~/\q~e>2<—5 7—e>20'
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Finally, let us show that
C—F<A, B orequivalently A—C+F, B-C+F>0.
As above, it is sufficient to show the positive semidefiniteness

(A—C+ F)lp,g] >0 and (B-C+ F)[p,q]>0.

Since
max(2A, —1,0) =0 and max(2\, - 1,0)=2) -1

we can see from (5.4.27) that

(A—C+F)lp,q) = (§ 2/\q—51+5)

and
det(A —C + F)lp,q] = €(2\, = L+ €) — 6% > e(y +€) — 6°.

By (5.4.28)
ey > (6 —€)(d +¢)

which implies the positivity of the determinant, so (A — C + F)[p,q] > 0,
hence A — C+ F > 0. That B— C + F > 0 is proved in a similar way.
Now we are in the position that

0<C—-F<A,B.

Since C' = AAB, we have C—F < (. This contradicts the fact that F is
not positive semidefinite. Therefore [A]B and [B]A have to be comparable.
Thus [A : B]A and [A : B|B are comparable by (5.4.22). W

Notice that if A, B are orthoprojection, then [A]B = [B]A by Theo-
rem 5.5 so that A A B = [A]B = [B]A by Theorem 5.21.

There are positive semidefinite matrices B for which the infimum AA B
exists for all A in a wide class of positive semidefinite matrices.

Theorem 5.22 Let B be a matriz such that 0 < B < I and rank(B) > 2.
Then in order that the infimum AAB exist for all0 < A < I, it is necessary
and sufficient that B is an orthoprojection. In this case AN B = [B]A.

Proof. First we suppose that B is an orthoprojection, B = P,, for some
subspace M. By Theorem 5.20 we have

[Puld < [P

M

I =P

M
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and
[PulA = [[PuJA((Pu]A) < [Pu]AIP. < [A]P,,

which shows that [P,,]A and [A]P,, are comparable and
min{[P,]4,[A]P} = [Pu]4,

hence by Theorem 5.21 A A B = [BJA.

Suppose now that B is not an orthoprojection. Since B is of rank > 2,
there are mutually annihilating orthoprojection P,, P,, commuting with
B, and 0 < € < v < 1 such that

BP, > yvP, and <P, > BP, > ¢€P,. (5.4.29)
Let )
A= 7;€P1 4 %Pz. (5.4.30)

Then 0 < A< I, and A and BP, + BP, are not comparable. By (5.4.29)
and (5.4.30)

147 1+7v
' > +2Op >4
e © = YT TR 2 A

which implies by (5.0.5)
ran(B) D ran(A)

so that, by Theorem 5.20 and (5.4.22),

[BJA=[A: B]A=[4]A=A.
On the other hand, by (5.4.30)

P, +P, > A > ¢P +P,

and since P + P» is an orthoprojection commuting with B, we have by
definition (5.3.20)

[A]B = [P,+ Ps)B = BP,+ BP;.

Therefore [A|B and [B]A are not comparable. By Theorem 5.21 the infi-
mum A A B does not exists. B

Theorem 5.23 Let B be a positive semidefinite matriz. Then in order
that the infimum A A B exist for all A > 0, it is necessary and sufficient
that B is of rank less than or equal to 1.
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Proof. Suppose that B is of rank < 1. By Theorem 5.18 and Theorem 5.3
ran([A]B), ran([B]A) C ran(B)

and since B is of rank < 1, both [A]B and [B]A are nonnegative scalar
multiplies of B so that they are comparable. Then the existence of A A B
follows from Theorem 5.21.

Suppose now that B is of rank > 2. Via multiplication by a positive
scalar we may assume that B < %I . Then since B is not an orthoprojection,
as in the proof of Theorem 5.22 there is 0 < A < I such that the infimum
A A B does not exists. i

We conclude the section by pointing out that the problem of infimum
in the cone of positive semidefinite operators on a Hilbert space has been
discussed by a group of mathematical physicists. The results of this section
for the case of matrices are obtained by Moreland-Gudder [324]. The proofs
presented here, however, are quite different from theirs and adopted from
those of the corresponding results for Hilbert space operators by Ando [20].



Chapter 6

Schur complements in
statistics and probability

6.0 Basic results on Schur complements

In this chapter we survey the use of the Schur complement in statistics and
probability, building upon the surveys by Ouellette [345] and Styan [432)
published, respectively, in 1981 and 1985. We will use Roman boldface cap-
ital letters for matrices and Roman boldface lower case letters for vectors.
We use a prime to denote transpose and all our row vectors are primed.
Scalars will be denoted by lower case lightface italic letters. In Section 6.0
our matrices are all complex, but in all subsequent sections unless stated
explicitly to the contrary, our matrices are real.

We will use several basic results on Schur components as studied in
Chapter 0. These results include the important Aitken block-diagonalization
formula as well as the Haynsworth inertia additivity formula, and the Ba-
nachiewicz and Duncan matrix inversion formulas. We also look at the in-
version formulas due to Bartlett, to Sherman—Morrison, and to Woodbury.
We introduce the Albert nonnegative (positive) definiteness conditions, as
well as the generalized quotient property and the notion of generalized
Schur complement.

In Section 6.1 we consider several matrix inequalities which are useful
in statistics and probability. In 6.2 we study correlation and in 6.3, the
general linear model and multiple linear regression. In Section 6.4 we look
at experimental design, where the Schur complement plays a crucial role as
the so-called C-matrix. We end the chapter with an analysis-of-covariance
model associated with Broyden’s mark-scaling algorithm [97], published in
1983.
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6.0.1 The Aitken block-diagonalization formula

Let the partitioned (block) matrix

Mz(f’ Q), (6.0,
R S

where the square matrix P is nonsingular (invertible); the matrix M need
not be square. Then

M/P=S—-RP!Q (6.0.2)

is the Schur complement of P in the partitioned matrix M.
We find the Aitken block-diagonalization formula

(re 1) 5)lo x )06 )
= . (6.0.3)
-RP-! 1/)\R s/\0 I 0 M/P

introduced in (0.9.1), to be very useful. In (6.0.3) neither M/P nor S need
be square. The two triangular matrices in (6.0.3) each have determinant
equal to 1 and so, they are both nonsingular. It then follows at once that
rank is additive on the Schur complement

rank(M) = rank(P) + rank(M/P) = rank(P) + rank(S - RP~!Q), (6.0.4)

which we refer to as the Guttman rank additivity formula, see also (0.9.2).
Since P is nonsingular, we see that the nullity of M and the nullity of the
Schur complement M/P are the same

v(M) =v(M/P) =v(S - RP!Q). (6.0.5)

When M is square, taking determinants of (6.0.3) shows that determinant
is multiplicative on the Schur complement as established by Schur [404] in
1917.

det(M) = det(P) - det(M/P) = det(P) - det(S —RP~!Q).  (6.0.6)
We refer to (6.0.6) as the Schur determinant formula, see also (0.3.2).
6.0.2 The Banachiewicz, Duncan, Sherman—Morrison
and Woodbury matrix inversion formulas

Let us consider again the square complex nonsingular partitioned matrix
M = (gg) as in (6.0.1) above, with P nonsingular, and therefore the



SEC. 6.0 BASIC RESULTS ON SCHUR COMPLEMENTS 165

Schur complement M/P = S — RP~!Q also nonsingular. Then from
the Aitken block-diagonalization formula (6.0.3) above, we obtain the Ba-
nachiewicz inversion formula, see also (0.7.2),

P~1+ PTQ(M/P)'RP™! -P~lQ(M/P)™!
-1 _
" ~< —(M/P)"'RP"! (M/P)-! > (6.0.7)

When S is nonsingular, then the Schur complement M/S = P — QS™!R
is also nonsingular and

—1 _ -1 -1
M_1:< (M/S) (M/S)~'QS ) 6.08)
-S~IR(M/S)"! 814+ S 'R(M/S)"'QS™!

with P not necessarily nonsingular. When, however, both S and P are
nonsingular, then we may equate the top left-hand corners in (6.0.7) and
(6.0.8) to yield (M/S)~! = P~ + P~1Q(M/P) !RP~! or explicitly, as
in (0.8.3),

P-QS 'R)"!'=P '+ PIQ(S-RP!Q)'RP},  (6.0.9)

which we refer to as the Duncan inversion formula; we believe (6.0.9) was
first established by Duncan [151]; see also Guttman [197]. Grewal & An-
drews [189, p. 366] call (6.0.9) the Hemes inversion formula following a
reference to H. Hemes by Bodewig [64, p. 218]; see also [190, p. 309] and
our Chapter 0.

The formula (6.0.9) was also obtained six years later in 1950 by Wood-
bury [461], who established that

(P+QTR) ! =P ! -P'QT(T + TRP'QT) !TRP™', (6.0.10)

which we refer to as the Woodbury inversion formula and which follows
easily from (6.0.9) by substituting S = —~T~1. At first glance (6.0.10) seems
not to require that T be nonsingular. But T is a factor of T+ TRP~'QT,
which is nonsingular, and hence so is T; see also Henderson & Searle [219],
where many special cases and variations of the inversion formulas (6.0.9)
and (6.0.10) are presented.

Hager [200] focuses on the inverse matriz modification formula
(P-QR)!'=P!'+P'QI~RP!Q)'RP!, (6.0.11)

and observes that the matrix I — RP~1Q is often called the capacitance
matriz, see also [356]. The inverse matrix modification formula (6.0.11) is
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the special case of our Duncan inversion formula (6.0.9) with S = I and
the special case of our Woodbury inversion formula (6.0.10) with T = —1.
Hager [200] notes moreover that his inverse matrix modification formula
(6.0.11) is frequently called the Woodbury formula.

When
M = (P q) ,
r S

with q and r column vectors and s a nonzero scalar, then the Schur com-
plement M/S becomes

1
M/s=P— :g—qr*,

and the Duncan inversion formula (6.0.9) becomes

1 1

(P — ;qr*)—l =P !4 P lqr*P}, (6.0.12)

s-rP g
where the scalar Schur complement M/P = s — r*P~q # 0.
The special case of (6.0.12) with s = -1,

1

P *\y—1 :P—-l_
(P +ar”) 1+r*P-lq

P lqrP 1, (6.0.13)

was apparently first established explicitly by Bartlett [36] in 1951 and so
we refer to (6.0.13) as the Bartlett inversion formula. We note that (6.0.13)
is the special case of the inverse matrix modification formula (6.0.11) with
Q=—-qand R=r.

The special case of the Bartlett inversion formula (6.0.13) with q = e;,
the column vector with 1 in its ith position and 0 elsewhere, is

1

P i *»—IZP—I________
( ter ) 14+ rP-le;

Ple,;r'P (6.0.14)

which shows how the inverse changes when the row vector r* is added to
the ith row; the column vector P~ !e; is the ith column of P~!. The special
case of (6.0.14) with r = ke;,

1
1+ ke;P—lei
1
-1 .
T T kpGn Y

(P + ke;ef)~! =P~* P le;efP!

(6.0.15)

shows how the inverse changes when k is added to the (¢, j)th element. In
(6.0.15) the column vector u; = P~ le; is the ith column of P!, the row
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vector v/ is the jth row of P~1, and p/* = e P~ e; is the (j,7)th element of
P~!. The matrix P remains nonsingular after the (7, ) element has been
changed from p;; to p;; + k if and only if k # —p’*.

We believe that the formula (6.0.15) was first explicitly given in 1949 by
Sherman & Morrison [416] and first published in 1950 [418]. The formula
(6.0.14) was apparently first given in 1949 at a meeting in Colorado by
both Sherman & Morrison [416] and by Woodbury [325, p. 192], whose
formula was presented on his behalf at this meeting by the economist Oskar
Morgenstern (1902-1976).

We refer to (6.0.15) as the Sherman—-Morrison inversion formula and
(6.0.14) as the Sherman-Morrison-Woodbury inversion formula.

For the inverse matrix modification formula (6.0.11), the term Sherman—
Morrison—Woodbury formula is used by Golub & Van Loan [185, p. 50] in
their well-known Matriz Computations book; see also [190, p. 309], [258,
pp. 52-53], and [313, p. 124], while Duda, Hart & Stork [149] in their
Pattern Recognition book, call our Bartlett inversion formula (6.0.13) the
Sherman—Morrison—-Woodbury matriz identity. In their Global Positioning
Systems book, Grewal, Weill & Andrews [190, p. 309] call our Bartlett
inversion formula (6.0.13) the Sherman—Morrison formula; see also [258,
p. 52]. Meyer [313, p. 124] in his recent Matriz Analysis and Applied Linear
Algebrabook calls (6.0.13) the Sherman—Morrison rank-one update formula.

6.0.3 The Haynsworth inertia additivity formula

For the partitioned complex Hermitian matrix
A Az

A = ,
Ajy Az

InA = {m,~, (},

where the nonnegative integers m = 7(A), v = ¥(A), and ¢ = ((A) give
the numbers, respectively, of positive, negative and zero eigenvalues of A.
Here A;; is nonsingular and Aj, is the conjugate transpose of Ajz. And
0, since A is Hermitian,

we define the inertia triple

rank(A) = 7(A) +v(A) and v(A)=((A),

where v(-) denotes nullity.
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Then Haynsworth [210, 211] proved the Haynsworth inertia additivity
formula (0.10.1)

In(A) = ID(AH) -+ In(A/AH)
=In(A11) + In(Ag — AL AT A L) (6.0.16)

from which it follows at once that A is nonnegative definite if and only if
Aj; is positive definite and the Schur complement A/A1; is nonnegative
definite. And then A and A/A;; have the same nullity, v(A) = v(A/A11).

6.0.4 The generalized Schur complement and the
Albert nonnegative definiteness conditions

Let us now suppose that A is nonnegative definite and that A;; is possibly
singular. Then we define the generalized Schur complement

A/A = Agy — ANLAT A, (6.0.17)

where the superscript ~ denotes generalized inverse so that G~ is a general-
ized inverse of the (possible rectangular) matrix G whenever G = GG~G.
For more details on generalized inverses, see, e.g., Ben-Israel & Greville
[45], and for generalized Schur complements, see, e.g., Ouellette [345].

To show that our generalized Schur complement as defined in (6.0.17)
does not depend on the choice of generalized inverse, we write the nonneg-
ative definite matrix

B; B:B] B;:Bj
A =BB = (B{ B;) = , (6.0.18)
B2 B.B; B:B;
and so we see that the generalized Schur complement
A/Au = Agy — AT2A1_1A12
= B;Bj — BoBj(B;B}) BB} (6.0.19)

does not depend on the choice of generalized inverse since the orthogonal
projector B (B1B7)™B; does not depend on the choice of generalized in-
verse. This leads to the generalized Aitken block-diagonalization formula

I 0 A11 A12 I —Al_1A12 _ A11 0
~ALAL I/ \AL, A/ \0 I 0 (A/A)/)

(6.0.20)
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And so when A is nonnegative definite and Hermitian, we see that
inertia is additive on the generalized Schur complement

In(A) = In(A1,) + In(A/Ayy),
=1In(A11) + In(Agz — AT, AT Agl), (6.0.21)
and hence so is rank
rank(A) = rank(A;;) + rank(A/A;;)
= rank(Aj1) + rank(Aqg — AT,AT Ag), (6.0.22)
and nullity
v(A) = v(An)+ v(A/An) = v(An) + (A — AT AT Agp). (6.0.23)

The three additivity formulas (6.0.21), (6.0.22) and (6.0.23) use the non-
negative definiteness of A to ensure that the generalized Schur complement
Ago — AJ,AT Ay does not depend on the choice of generalized inverse
A7;. And as Albert [6] noted, see also Baksalary & Kala [24], the general-
ized Schur complement Ags — AJ, AT Atz does not depend on the choice
of generalized inverse A7, if and only if rank(Aq; : Ajz) = rank(Aq;), or
equivalently if and only if C(A12) C C(A11), where C(-) denotes column
space (range). And so as shown by Albert [6], see also Pukelsheim [357,
p. 75], the following three statements are equivalent:

(3'0) A ZL 0)
(bo) A1 >0 and Ag — ATQAl_lAlQ > 0 and C(Alz) C C(A]]),
(Co) Ass > 0 and A — A12A2—2A’f2 >0 and C( IQ) C C(AQQ),

where >, denotes the Lowner partial ordering so that A >; 0 means that
A is nonnegative definite. We refer to the set of statements (ag), (bo), (co)
as the Albert nonnegative definiteness conditions.

While we believe that Albert [6] was the first to establish (in 1969) these
nonnegative definiteness conditions, we are well aware of Stigler’s Law of
Eponymy [428, ch. 14], which “in its simplest form” states that “no scientific
discovery is named after its original discoverer” [428, p. 277].

When A, > 0, i.e., Ay is positive definite, it follows at once that
rank(A1; : Ayz) = rank(Aq;) and so C(A12) C C(Ay11). And, of course,
the Schur complement A — A12A§21A>{2 is unique! Hence the following
three statements are equivalent:
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(al) A >L 07
(b1) Ajp > 0 and Agy — Al A A > 0,
(c1) A2e > 0 and Ay — ApASL AL, > 0,

see also the inertia formula (6.0.16) above. We refer to the set of statements
(a1), (b1), (c1) as the Albert positive definiteness conditions.

An interesting special case is when Ao = I and
A11 I
A= > 0. (6.0.24)
I Ay

Then both Aj; and Ags are positive definite. To show this, we note from
the conditions in (bg) and (co) above, A > 0 implies CI) C C(A11) and
C(I) C C(Ag2) and so both A;; and Ay are positive definite. Hence

A I —1 -1

>0 & A2l AL & Axp > A
I Ay

and

A 1 . .
>0 & Ayp>L Ay < Ag > Al
I Ax

6.0.5 The quotient property and the
generalized quotient property

Let us consider the partitioned matrix

Py P Q
P Q .
M = = |Pa P Q (6.0.25)
R S :
R, R; : S

where the matrices P and P13 are both nonsingular (invertible); the matrix
M need not be square. Then Haynsworth [210] proved

M/P = (M/Py;)/(P/P11), (6.0.26)

which we refer to as the quotient property; see also Crabtree & Haynsworth
[131] and Ostrowski [342].
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The property (6.0.26) has also been called the Crabtree-Haynsworth
quotient property.

On the right-hand side of (6.0.26), we see that the “denominator” matrix
P11 “cancels” as if the expressions were scalar fractions. When M is square
and nonsingular, then we may take determinants throughout (6.0.26) and
apply the Schur determinant formula (0.3.2) to obtain

det(M/Pu)
det(M/P) = ——L_—~,
€ ( / ) det(P/Pn)

This quotient property may be generalized as follows. Suppose now

that the matrix M is Hermitian and nonnegative definite and partitioned
essentially as in (6.0.25), with P2; = P}, and R = Q*

P P Q
P Q )
M:( )z P, P Q. (6.0.27)
Q* S ) .. : ...
Q Q : S

Then the generalized Schur complements (M/P), (M/P1;) and (P/P11)
are each unique and well defined. And so (6.0.26) still holds and we have
the generalized quotient property

M/P = (M/P1:)/(P/P11), (6.0.28)

see, e.g., [345, Th. 4.8]. We will use the quotient property (6.0.26) and the
generalized quotient property (6.0.28) to prove an interesting property of
conditioning in the multivariate normal distribution, see Section 6.2 below.

6.1 Some matrix inequalities
in statistics and probability

In this section we study certain matrix inequalities which are useful in
statistics and probability and in which the Schur complement plays a role.
We begin with the Cramér-Rao Inequality, which provides a lower bound
for the variance of an unbiased estimator. In addition we look at the
Groves—Rothenberg inequality and matrix convexity, as well as a multi-
variate Cauchy—Schwarz inequality.
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6.1.1 The Cramér—Rao Inequality and the unbiased
estimation of a vector-valued parameter

According to Kendall’s Advanced Theory of Statistics {430, Section 17.15],
the inequality, popularly known as the Cramér—-Rao Inequality, is “the fun-
damental inequality for the variance of an estimator” and was first given
implicitly in 1942 by Aitken & Silverstone [5]. As noted by C. R. Rao {376,
p. 400], the “Cramér-Rao bound has acquired the status of a technical term
with its listing in the McGraw-Hill Dictionary of Scientific and Technical
Terms [304] and has been applied in physics [447].

It seems that the Cramér—Rao Inequality was so named by Neyman &
Scott [333] but was mentioned by C. R. Rao in the course on estimation
he gave in 1943 [376, p. 400]. It “is named after two of its several discover-
ers”: Harald Cramér (1893-1985) and C. Radhakrishna Rao (b. 1920), see
Cramér [132, Section 32.3] and Rao [367]. The inequality was given earlier
in 1943 by Maurice René Fréchet (1878-1973) in [172] and is also known as
the Fréchet—Cramér-Rao Inequality or as Fréchet’s Inequality, see Sverdrup
[434, ch. XIII, Section 2.1, pp. 72-81].

The lower bound is sometimes called the amount of information or the
Fisher information in the sample {430, Section 17.15] and Savage [397,
p. 238] proposed that the inequality be called the information inequality.
For a vector-valued parameter the lower bound is a covariance matrix known
as the Fisher information matriz, see, e.g., Palmgren [346], or just the
“information matrix”, see, e.g., Rao [372, Section 5a.3, p. 326], who also
considers the situation when this lower bound matrix is singular; see also
Rao [376, p. 398]. The inequality is in the Lowner partial ordering.

Let Lg(y) denote the likelihood function of the unknown parameter

vector @ corresponding to the observable random vector y. Let g(0) be a
vector-valued function of @ and let

dlog Le(y) dlog Lg (y)>

6 g (6.1.1)

F9:E<

Let t(y) denote an unbiased estimator of g(8); then, under certain regu-
larity conditions, see, e.g., Rao (372, Section 5a.3, p. 326], the covariance
matrix

cov(t(y)) =L GeFy Gy (6.1.2)
in the Lowner partial ordering. The lower bound matrix GoFy Gy does

not depend on the choice of generalized inverse Fg, see (6.0.17) above. We
refer to (6.1.2) as the generalized multiparameter Cramér-Rao Inequality.
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When as unbiased estimator tg, say, exists such that its covariance
matrix equals the lower bound matrix GgFgy Gy then tg is known as the
Markov estimator [434, ch. XIII, Section 2, pp. 72-86] or minimum vari-
ance unbiased estimator of g(@).

To prove the generalized multiparameter Cramér-Rao Inequality (6.1.2),

it suffices to show that the joint covariance matrix of t(y) and the score
vector dlog Lg/00 is

W = cov( @) ) = (cov(t(y)) G9> . (6.1.3)
dlog Le(y)/00 Go Fo

Since a covariance matrix is always nonnegative definite, it follows at once
that GoFg Gy does not depend on the choice of generalized inverse Fg and
that the generalized Schur complement

¥ /Fg = cov(t(y)) — GgFy Gj > 0, (6.1.4)

which leads directly to the inequality (6.1.2).
To prove (6.1.3), we first note that the covariance matrix

OlogLe(y)\ _ . [OlogLe(y)OlogLe(y)\ _
o (2BLl)) _p (Aslo )0 lo)) _y, (i1
simce
Olog Le(y)\ _ [ OlogLe(y)
E( 90 _/ a6 LoWy)dy
_ [9Ley) 4 O _
= 50 W= 5 [ Ley)dy =0

as [ Lg(y) dy = 1. The third equality depends on the regularity condition
that we may interchange the integral sign with the differential 9/98.

Furthermore, the cross-covariance matrix

cov (t ), 6loga§e (Y)> _E (t(y)aloga 3’6 (Y)>

= /t(y)aLG(y) dy = i/t(y)Le(y) dy




174 ScHUR COMPLEMENTS IN STATISTICS CHAP. 6

An important special case of the inequality (6.1.2) is when g(8) = 0
and so E(t(y)) = 0. Here Go = 9¢(0)/00" = 8(0)/06" = 1, the identity
matrix and the joint covariance matrix

cov( 4 ) = (cov(t(y)) ! ) . (6.1.7)
Olog Le(y)/00 1 Fo

It follows that Fyg is positive definite and the Cramér-Rao Inequality (6.1.2)
becomes the reduced multiparameter Cramér-Rao Inequality

cov(t(y)) =1L F,l. (6.1.8)

A simple example in which the reduced multiparameter Cramér-Rao
Inequality (6.1.8) yields the minimum variance unbiased estimator is in the
usual general linear model with normality, see, e.g., [345, p. 290] Let y
follow the multivariate normal distribution N(X+, 0%I), where X has full
column rank; the vector  is unknown and is to be estimated based on a
single realization of y. The log-likelihood

1
log L = —g—log27r—nlogo— 50—2—(y—X'y)’(y—X'y) (6.1.9)
and so the score vector
dlogl 1 1
= X (y-Xv)= X'y-X'X 6.1.10
5y SX (= X7) = Xy ) ( )

which has covariance matrix cov(dlogL/8v) = (1/02)X'X. The lower
bound matrix is, therefore, nyl = 0%(X'X)71, the covariance matrix of

the maximum likelihood estimator 4 = (X’X)~!X'y, which we may ob-
tain by equating the score vector (6.1.10) to 0. Hence 4 is the minimum
variance unbiased (or Markov) estimator of .

6.1.2 The Cramér—Rao Inequality
and Schur products

In this subsection we will show how the reduced multiparameter Cramér—
Rao Inequality (6.1.8) yields interesting matrix inequalities involving Schur
products.

Let A denote a p X p real symmetric positive definite matrix. Then
using the reduced multiparameter Cramér—Rao inequality (6.1.8), Styan
{431} proved that

AxA > 2A+DA T« A+ D YA (6.1.11)
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and
A7V A+T > 2(AD(A*A)HAT). (6.1.12)

Here # denotes the Schur product (or Hadamard product) of two matrices
multiplied together elementwise. Also used here is the theorem established
in 1911 by Issai Schur [403, Th. VII] stating that the Schur product of two
positive definite matrices is positive definite, see also [431, Th. 3.1}.

Ando [16, Th. 20] proved the inequality (6.1.11) in a different (nonsta-
tistical) way and also showed that if both A and B are p X p and positive
definite then

A+B > (A+B)+I) (A" «B+B 1A +2I)" ((A+B)+I),

which becomes (6.1.11) when A = B. Ando [16] also established other
extensions of (6.1.11).

To prove (6.1.11), Styan [431] considered the problem of estimating
the unknown positive standard deviations oy, ..., 0, in a p-variate normal
distribution with zero mean vector and known positive definite correlation
matrix R. A random sample of p x 1 vectors Xy, ...,X,, with n > p, is
available and we will let the sample covariance matrix

S =

S|

k3
Zxax;. (6.1.13)
a=1

With n > p the matrix S is positive definite with probability 1, see, e.g.,
Das Gupta [138]. Let | = —(2/n)logL — plog2n, where L is the joint
likelihood of x4, ..., %, and log is the natural logarithm. Then, as Olkin &
Siotani [340] and Styan [431] have shown,

U o(R#S)o(-D
where the p x 1 vector o0 = {0;}, with (=Y = {1/0;}. From (6.1.14), it
follows at once that the likelihood equations may be written as
R x8)6V = 5. (6.1.15)
The maximum likelihood estimator & in (6.1.15) is unique since the Hessian
matrix
o2l
8o (=19 (-1

is positive definite (with probability 1). Here A is the diagonal matrix of
the O’i(i = 1,...,p).

=2R"'xS+ A% (6.1.16)
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Let s denote the p x 1 vector formed from the diagonal elements of the
sample covariance matrix defined in (6.1.13) and so E(s) = 0(?, the p x 1
vector of the o2 (i = 1,...,p). To prove (6.1.11), we will use (6.1.8) with
the parameter vector @ = o(?, the unbiased estimator t(y) = s, and the
Fisher information matrix

F = cov(dlog L/ o).

S B cov(s) 1 6117
V(alogL/aa<—1>> _( 1 F) (6:147)

from which, using (6.1.8) the inequality (6.1.11) follows directly.

We will evaluate

We begin by proving that the covariance matrix
cov(s) = (Z‘ z)= —A2(R*R)A2, (6.1.18)

where the covariance matrix cov(x,) = 3 = ARA. Let s; and s; denote,
respectively, the ith and jth element of s. Then fori,5 =1,...,p,

cov(s;, 8j) = —cov(Z:rm, me> = —cov(X2 X2
a=1

1
= %(var(Xf + Xf) —var(X?) - var(XJZ))

1
= ﬁ(tr(V2) — 0% - 03;), (6.1.19)

see, e.g., Searle [410, p. 57]; here X; and X are bivariate normal with zero
means and covariance matrix

V= ("“‘ "“’). (6.1.20)
Oij 0jj
Since tr(V?) = 0% + a 5+ 20 it follows at once that for ¢, j = --- = p, the

covariance cov(sl, 85) = (2/ n) o;;, which is equivalent to (6.1. 18)

Moreover the Fisher information matrix

o — Olog L\ n Ol _ﬁn2 (90'( Nl
g — CoVv m = COV —‘im —ICOV 60- 80'( )

where [ = —(2/n)log L — plog 27. Clearly

80’(_1>
o2’

1
=_-A3
2
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and

ol 2 5?1 4 -1

The first equality in (6.1.21) holds since here

B OlogL dlogL - E 0?logL
901 gg(-1)" ) do(-Dog (-1 )’

see, e.g., [430, §17.14], while for the second equality in (6.1.21), we use
(6.1.16) and E(S) = X. Therefore

e ) -1,
Fo=—AT" AR +R+I)A - —A
—%A‘Z(R‘l +R+ DA™ (6.1.22)

which completes our proof of (6.1.11).

6.1.3 The Cramér—Rao Inequality and BLUP

The Cramér-Rao Inequality (6.1.2) can be nicely generalized to cover the
case of predicting values of a random vector. Let y be an observable random
vector and y; be an unobservable (observable in future) random vector with
joint density fg(y,yy), where @ is an unknown parameter vector.

Let us consider the problem of predicting y s based on y. Let the statis-
tic t(y) be an unbiased predictor of y; so that

Ee¢ (t(y)) = Eg (yf) Ve, (6.1.23)
and let now
Olog Le(y) Olog Le(y) OEe(yrly)
Fo=FE = VST 1.24
o= (LA TELIN) gy 2. (612

Then, under certain regularity conditions, the covariance matrix of the
prediction error

covg(t(y) — ys) =L Eg(cove(yrly)) + GoFg Gy (6.1.25)

in the Lowner partial ordering.
The proof of (6.1.25) follows from the fact that

cove (t(y) —ys) = cove(t(y) — Eg(ysly)) + Ea(cove(ysly)),
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which was first considered by Yatracos [466]; see also Nayak [329, 330].
The unbiased predictor the covariance matrix of which attains the lower
bound matrix (6.1.25) is called the uniformly minimum mean squared error
unbiased predictor (UMMSEUP).

Consider the linear model under normality. Then the joint distribution
of y and yy is

(yyf> v (())((f%>’ o? (v‘é \Vf‘;» (6.1.26)

where X and X; are known model (design) matrices, 8 is a vector of
unknown parameters, V and V are known positive definite matrices, W
is a known cross-covariance matrix and o2 is an unknown positive constant.

Let Ty be a linear predictor of yy. The linear predictor Ty is unbiased,
as in (6.1.23), if and only if the matrix equality

TX = X; (6.1.27)

holds. Furthermore, under normality, the Cramér—Rao lower bound for the
covariance matrix of the prediction error is

A (Vi—WVIWH (X~ W VTIX)(X'VIX) (X - W' VIXY)
(6.1.28)

and hence the matrix T, which satisfies (6.1.27), also satisfies the matrix
inequality
o2 (TVT — TW — W'T’) >
P (Xy - WVIX)X'VIX)H(X; - WVTIX) - WVT'W).
(6.1.29)

Goldberger [184] showed that the best linear unbiased predictor (BLUP)
of yy is

BLUP(y;) = X;8 + W'V~ l(y — Xf3), (6.1.30)

where 3 = (X’'V™!1X)"!X’V~ly. And so for BLUP, the matrix T as
introduced in (6.1.27) has the form

T = X;(X'VIX)"'X'v—! 4 WV - X(X'VIX)"IX'vh.
(6.1.31)
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We note that the matrix product WV—HI - X(X'V~1X)"1X'V~1) in
(6.1.31) is the Schur complement of X’V~1X in

wWvV-l Wv-ixX
X'v-l xXv-ix )

The matrix T given by (6.1.31) satisfies the unbiasedness condition (6.1.27)
and the covariance matrix of the linear predictor Ty of ys is the lower
bound matrix in the matrix inequality (6.1.29). Thus, under normality, the
best linear unbiased predictor (BLUP) of y; is also the uniformly minimum
mean squared error unbiased predictor (UMMSEUP).

6.1.4 The Groves—Rothenberg inequality
and matrix convexity

As Groves & Rothenberg [196] observed, “it is well known that if X is any
positive [scalar] random variable then the expectation

=(x)2 o

provided that the expectations exist”. A quick proof uses the Cauchy—
Schwarz inequality E(U?)E(V?) > E2(UV), withU = VX and V = 1/VX.

We now consider the nxn random matrix A, which we assume to be real
and symmetric, and positive definite with probability 1. Then, as Groves
& Rothenberg (1969) proved,

-1

E(A™") > (E(A)) (6.1.32)

provided the expectations exist. To prove (6.1.32), Groves & Rothenberg
[196] used a convexity argument. As Styan [432, pp. 43-44] showed, we
may prove (6.1.32) very quickly using a Schur complement argument.

The Schur complement of A in the 2n x 2n random matrix

A I
M = (6.1.33)
(& a)

is 0 and so using the Haynsworth inertia additivity formula (6.0.13), we see
that M has inertia triple {n,0,n} and hence is nonnegative definite with
probability 1. It follows that the expectation matrix

E(A) I
E(M) = ( (1 ) E(A_1)> (6.1.34)
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is nonnegative definite and hence the Schur complement
E(M)/E(A) = E(A™) ~ (E(A)) ™ 200,

which establishes (6.1.32).

Moore [322, 323] showed that the matrix-inverse function is “matrix
convex” on the class of all real symmetric positive definite matrices in that

ATL4(1-NB > (A +(1-N)B) 7, (6.1.35)

see also W. N. Anderson & Trapp [14], Lieb [283], Marshall & Olkin [301,
pp. 469-471], Styan [432, p. 43].

To prove (6.1.35), we note that

A+ (1-\B I
Gy = B
I A4+ (1= A)B!

= A 1—-A B > 6.1.36
= (I A'1>+( - )(I B_1>_L0, (6.1.36)

and so the Schur complement
Gy/M +(1—M)B) = A+ (1-AB™ = M+ (1-\)B) ' >0,

from which (6.1.35) follows at once.
The inequality (6.1.35) is a special case of

k k k ok
YNONXGATIX; > > NXX; (Z ij;AjX,») ' > AX)X;, (6.1.37)
j=1 j=1

=1 j=1

where the matrices X; are all n x p with full column rank p < n and
the A; are all n x n positive definite; the scalars A; are all positive with
>\1+"'+>\k::1- Whenk‘z?, )\1:)\,A1:A,A2:B,X1 :X2:I
then (6.1.37) becomes (6.1.35). The inequality (6.1.37) is easily proved with
Schur complements similarly to our proof of (6.1.35).

The inequality (6.1.37) was apparently first established in 1959 by Kiefer
[259, Lemma 3.2]; see also Drury et al. [147, p. 456}, Gaftke & Krafft [178,
Lemma 2.1], Lieb [283], Lieb & Ruskai [284], Nakamoto & Takahashi [327,
Th. 5], Rao [368, Lemma 2c|.
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6.1.5 A multivariate Cauchy—Schwarz Inequality

Let us consider again the 2n x 2n nonnegative definite matrix

M= Al 1.38
'<1 A~1>’ (6.1.38)

where the matrix A is positive definite. Let X denote an n X p matrix and
let the n x ¢ matrix Y have full column rank g. Then

X 0\/A I\/X o X'AX XY
= >0 (6.1.39)
o Y/\1I A1J\o Y Y'X YAlY

and Y’A~'Y is positive definite. And so the Schur complement
S=XAX - X'Y(YA'Y)"'Y'X > 0 (6.1.40)
and hence

X'AX > X'Y(YAT'Y) 'YX, (6.1.41)

which we may call a multivariate Cauchy—Schwarz Inequality. Equality
holds in (6.1.41) if and only if S = 0 and this occurs if and only if

) =rank(Y/A™'Y) =¢ (6.1.42)

X'AX XY
rank
Y'X YA-lY

However, from (6.1.39),

X'AX XY A I X 0
rank = rank
Y'X Y'AY I A 0Y

AX Y
= rank =rank(AX :Y) =g
X Ay

if and only if Y = AXF for some conformable nonnull matrix F.

When p = ¢ = 1, then X = x and Y = y are column vectors and the
inequality (6.1.41) becomes the (univariate) Cauchy—Schwarz Inequality

(le)g

’
X Ax > ,
T y'ATly

(6.1.43)

with equality (for nonnull x and y) if and only if y = fAx for some
nonzero scalar f. When A =1, the identity matrix, then (6.1.43) becomes
the familiar Cauchy—Schwarz inequality



182 SCHUR COMPLEMENTS IN STATISTICS CHAP. 6

x'x-y'y > (x'y)?, (6.1.44)

with equality (for nonnull x and y) if and only if y = fx for some nonzero
scalar f. For more about the Cauchy—Schwarz Inequality and its history,
see [456].

6.2 Correlation

As observed by Rodriguez [384] in the Encyclopedia of Statistical Sciences,
“Correlation methods for determining the strength of the linear relationship
between two or more variables are among the most widely applied statistical
techniques. Theoretically, the concept of correlation has been the starting
point or building block in the development of a number of areas of statistical
research.” In this section we show how the Schur complement plays a role
in partial, conditional, multiple, and canonical correlations. In addition we
show how the generalized quotient property of Schur complements plays a
key role in the analysis of the conditional multivariate normal distribution.

6.2.1 When is a so-called “correlation matrix”
really a correlation matrix?

We define a correlation matriz R to be a square px p symmetric nonnegative
definite matrix with all diagonal elements equal to 1. This definition is
natural in the sense that given such a matrix R, we can always construct
an n X p data matrix whose associated correlation matrix is R.

Counsider p variables w1, ..., u, whose observed centered values are the
columns of U = (u; : --- : u,), and assume that each variable has a
nonzero variance, i.e., u; # 0 for each i. Let each column of U have
unit length. Now since the correlation coefficient r;; is the cosine between
centered vectors u; and u;, the correlation matrix R is simply U'U, and
thereby nonnegative definite. Note that U’U is not necessarily a correlation
matrix of u;-variables if U is not centered (even though the columns of U
have unit length). It is also clear that orthogonality and uncorrelatedness
are equivalent concepts when the data are centered.

Interpreted as cosines, the off-diagonal elements r;; of such a correlation
matrix then satisfy the inequality rizj < 1foralli+#j;4,7=12...,p
To go the other way, suppose that the square p X p symmetric matrix R
has all its diagonal elements equal to 1 and all its off-diagonal elements
rfj <1;4+# 5(,5=12,...,n). Then when is R a correlation matrix?
That is, when is it nonnegative definite?
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The special case when p = 3 is of particular interest. Indeed Sobel [424]
posed the following problem in The IMS Bulletin Problems Corner:

Problem 6.2.1. Let X,Y, and Z be random variables. If the
correlations p(X,Y) and p(Y, Z) are known, what are the sharp
lower and upper bounds for p(X, Z)?

This problem was apparently first solved by Priest [355] and Stanley &
Wang [426]. See also Baksalary [22], Elffers [153, 154, 155, 156], Glass &
Collins [182], Good [187], Olkin [339], and Rousseeuw & Molberghs [386].
For an approach using spherical trigonometry, see Good [186], Kendall &
Stuart [256, Sections 27.28-27.19}, and Stuart, Ord & Arnold [430, Sections
28.15-28.16]; see also Elffers [153, 154, 155] and Yanai [462].

Let us consider the 3 x 3 symmetric matrix

1 ro 713
R=|7r12 1 1793, where allr?jgl (1,7 =1,2,3). (6.2.1)

ri3 723 1

Using the Albert nonnegative definite conditions given in Section 6.0.4
above, it is now easy to prove the following theorem.

THEOREM 6.2.1. The following statements about (6.2.1) are equivalent:
(i) R is a correlation matriz,
(i) det(R) =11}, —r{3 — 133+ 2r1ar13723 2 0,

(iii) (ri2 —r1ar23)? < (1 —723)(1 — 133), or equivalently,

riaras — /(1= r3) (1~ 125) < 1z < raaras + /(L —r3)(1 — 1),

(6.2.2)
(iv) (res —riars1)? < (1 —rip)(1 —73)),
(v) (riz—riara2)? < (1 —ri)(1 — r3y),
(vi) (a) r2 € C(R1) and (b) R/Ry =1 —14R 12 > 0, where
1 rio 73 R, o
R = 712 1 To3 | = N (6.2.3)
rh 1
riz res 1
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(vii)
; 1- 7"%3 T12 — 713723
R] —TIafy = 9 Z[_ 0. (624)
712 — T13723 1—r3;

The proof of Theorem 6.2.1 relies on the fact that (i) is equivalent to
the nonnegative definiteness of R. Let 733 denote the (3,3) element of R.
Using the Albert conditions, and since r3s = 1 is certainly nonnegative,
and since the column space C(r5) C R, (i) holds if and only if the Schur
complement

R/T’33 = R1 — rgr'2 ZL 07 (6.2.5)

and thus (vii) is proved. Similarly, R > 0 if and only if
rp € C(R;) and R/R; =1 -r4Rre > 0 and R; > 0. (6.2.6)

In (6.2.6), the last condition is always true since 725 < 1, and hence (vi) is
obtained. Conditions (ii)-(v) follow from (vii) at once.

The quantit
¢ g 2 (r12 — r13723)?
12.3 =
(1- 7’%3)(1 —753)

is defined only with both 725 # 1 and 735 # 1 and then is the formula for
the partial correlation coefficient (squared) between variables (say) z; and
Z9 when z3 is held constant.

(6.2.7)

The quadratic form roR7ry =1 — (R/R;) represents the multiple cor-
relation coefficient (squared) when z3 is regressed on the first two variables
77 and 79: R%,, = rjR{ro. Matrix Ry is singular if and only if rf, = 1.
If ri2 =1, then (a) of (vi) forces r13 = ro3. Choosing

- 11
R1:RT=§<11>, (6.2.8)
we get rhR{ 1o = r#;. Similarly, if 712 = —1, then (a) of (vi) implies that
T13 = —Ta3, and again ryR; 2 = ri5. If r%, # 1, then we have

2 2
i3+ 33 — 2719713723
2
1—rfy

Riyp= ) (6.2.9)
Of course, if 719 = 0, then RZ,, = ri; + r;, but is interesting to observe
that both

R2.,y <734+ 735 and R%,, > 1% +72 (6.2.10)

can occur. As Shieh [419] points out, “...the second inequality in (6.2.10)
may seem surprising and counterintuitive at first . .. but it occurs more often
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than one may think” and he calls such an occurrence an “enhancement-
synergism”, while Currie & Korabinski [135] call it “enhancement” and
Hamilton [202] suggests “synergism”.

Using the Albert conditions, we see immediately that the first part of
(6.2.10) is equivalent to

- rorh > 0, 6.2.11
= g > (6211)
which further is equivalent to
2113723 >
ri2|rie2— 55 ] >0, (6.2.12)
( 75+ 155

which condition was shown by Hamilton [202] by other means; see also
[50, 134, 175, 321].

Let us now take two simple examples. First, consider the intraclass
correlation structure:

1 rr
A=|r 1 r (6.2.13)
ror 1
The determinant det(A) = (1 — 7)2(1 + 27), and hence A in (6.2.13) is

indeed a correlation matrix if and only if

1
—3<r<lL (6.2.14)
In general, the p x p intraclass correlation matrix must satisfy
1
———<r<l, (6.2.15)
p—1
which condition can be expressed also as
_ - 1)r?
R R, = 2Ty 6.2.16
p12..p—1 — Falty I2 Trp—2r ( )
As another example, consider
1 a r
B=}|a 1 r}, (6.2.17)
r or 1

where a is a given real number, a®> < 1. What are the possible values for

r such that B is a correlation matrix? It is now easy to confirm that the

answer is

2 o 1+ a
- 2

r

(6.2.18)
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Olkin [339] extended the above results (i)—(vii) to the case where three
sets of variables are available. For a general mathematical (and essentially
nonstatistical) treatment of the null space of the correlation matrix, see
Barretta & Pierce [34].

6.2.2 The conditional multivariate normal distribution
and the generalized quotient property

As Cottle [128] observed, the “multivariate normal distribution provides a
magnificent example of how the Schur complement and the quotient prop-
erty (6.0.26) arise naturally”. Let the p x 1 random vector

x = <X1> , (6.2.19)
X2

where x; is py X 1 and xs is p2 X 1, with p; + pa = p. We suppose that x
follows a multivariate normal distribution with mean vector

u
p= ( 1) (6.2.20)
H2
and nonnegative definite, possibly singular, covariance matrix
311 g2
¥ = , . (6.2.21)
Y T

Then the conditional distribution of x; given x5 is multivariate normal
with mean vector vq = pi + B12X55(X2 — py) and covariance matrix the
generalized Schur complement of 395 in 32,

/30 =21 — T2 53, = S, (6.2.22)

see, e.g., Anderson [9, Th. 2.5.1, p. 35|, Ouellette [345, Section 6.1].
To prove this result, we note first that the distribution of

X1 — 212252X2 _ I ——212252 X1 (6 9 23)
X2 0 I X2 o

is multivariate normal with mean vector

I 3,30 — XX
( 12 22) <M1> _ <M1 12 22“2) (6.2.24)
0 I o Mo
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and covariance matrix

I —21222_2 Y11 o I 0 B (2/222) 0
0 I e B22) \~(Bn)D; I 0 B2/

see also the generalized Aitken block-diagonalization formula (6.0.20). Hence
x1 — 312¥5,%, is distributed independently of x2, and so its conditional
distribution given x5 is the same as its unconditional distribution. Thus x;

given x3 is multivariate normal with mean vector vy = p; + 31235, (%2 —

1t5) and covariance matrix (6.2.22).

Cottle [128, p. 195] gives an interesting interpretation of the quotient
property for the multivariate normal distribution, see also [345, Section
6.1]. Let

) PRED PSR 3P

/ : iez  Biw2;3
X = | Xg and ¥ = T Loz ¢ Mas = < ,1 ) )
e : 1&2;3 233

' / N
13 293 | X33

where X is the covariance matrix of the random vector x. Then the condi-
tional distribution of x3 given x; and x5 is the conditional distribution of
x2 and X3 given x; conditional on the distribution of x5 given x3, in other
words, we may condition sequentially.

To see this, it suffices to apply the generalized quotient property (6.0.28)
to the covariance matrix ¥ and so

X/ B = (B/211)/(Biea/Z11).

6.2.3 Partial and conditional correlation coefficients

Let z be a partitioned random vector with covariance matrix

z X b))
cov(z) = cov ( 1) N ) (6.2.25)
z2 Yo1 3

We now establish a very powerful result:

cov(zg — Fz1) > cov(zs — Xo331,21) for all conformable F,  (6.2.26)
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where the inequality refers the Lowner partial ordering. The minimal co-
variance matrix is the Schur complement

COV(22 - 2212;1Z1) = 222 — 22121_1212 = 222.1 = 2/211. (6227)

We note that the covariance matrix in (6.2.27) is invariant for any choice of
3311, but this is not necessarily so with 39;37;2;. The covariance matrix
3/%4;1 in (6.2.27) is the covariance of the conditional normal distribution
discussed in Section 6.2.2. The correlations associated with X/3;; are
known as partial correlation coefficients when the underlying distribution
is not necessarily multivariate normal. For more about the connection
between conditional and partial correlation coefficients, see Lewis & Styan
[278].

The proof of (6.2.26) is very simple with the help of the generalized
Aitken block-diagonalization formula (6.0.3). Let us denote

(ul) I 0 (Zl) Z1 (6 5 28)
u= = = . W
us —22121_1 | Z2 Zo — Zglﬁl‘lzl

Then the covariance matrix

211 0
cov(u) = , (6.2.29)
0 222 - 22121_1212

indicating that uy and uy are uncorrelated. We can, therefore, write
cov(zz — Fz1) = cov[(zp — X1 X1121) + (21 X7; — F)zy]
= cov(vy + va), (6.2.30)
where the random vectors vi and vy are uncorrelated and hence,
cov(zg — Fz1) = cov(za — £21X7721) + cov[(Za1 27, — F)z]
> cov(zg — L1371, 21), (6.2.31)
which proves (6.2.27).

In particular, if the random vector z is partitioned so that

cov(z) = cov <Z> = (201,1 522) =¥ ¢ RPHIX(P+), (6.2.32)
2 v

where y is a scalar, then

min var(y — £'x) = var(y — 042[1x) = 07 — 04 E1,02 = oyyx.  (6.2.33)
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Similarly we can find the vector g§ € R? which gives the maximal value for
the correlation between the random variables y and g'x, i.e.,

max corr(y, g'x) = corr(y, §'x). (6.2.34)

In view of the Cauchy-Schwarz inequality, we have

(0/28)2 0,302 -8'Sng _ 05,357,029

corr®(y, g'x) = , (6.2.35)

oz g’Eug -  o2-gZug a;
with equality if and only if 3;;g is a scalar multiple of o3, ie., X118 =

Ao g, for some A € R. From this, it follows that a solution to (6.2.34) is
g = ¥,02 (which could, of course, be multiplied with any nonzero scalar)

and
) Y 0y3102

max corr(y, g'x) = ~——— = py.1..p = Pyx = R, (6.2.36)
g oy

the population multiple correlation coefficient [9, Section 2.5.2]. We note

that since ) )
ot — oLl o
1-RP= 4 272 (6.2.37)
gy

it follows that oyy.x = 05(1 -R?) < o2. If B is positive definite, we have

a2 — o3l 1
1-R2=y 2PUE_ (6.2.38)
o; ayyay

where 0¥V is the last diagonal element of £~*. Using the Schur determinant
formula, we immediately obtain, since X1; is now positive definite,

det = = (0 — 05X 02) det 311 < 02 det By (6.2.39)

2
with equality if and only if o5 = 0. Hence

2 2 2 2
det ¥ < 0,0105 -0,

with equality if and only if X is diagonal, see, e.g., Mirsky [314, Th. 13.5.2,
p. 417], Zhang [468, Th. 6.11, p. 176]. This result is the special case of
Hadamard’s determinant theorem or Hadamard’s inequality

| det(A)]? < ﬁ(ia1h|2+'-'+ |anr|?) (6.2.40)
h=1
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which holds for any complex nonsingular n x n matrix A = {a;;}. The
inequality (6.2.40) was first established by Jacques Hadamard (1865-1963)
in 1893 [199]; see also Mirsky [314, Th. 13.5.3, p. 418], Zhang [468, p. 176].

A statistical proof goes as follows. Write ¥ = ARA, where R is the
associated correlation matrix and A is the diagonal matrix of standard
deviations. Then (6.2.39) becomes

det(R) < 1 (6.2.41)

with equality if and only if R = I, the identity matrix. To prove (6.2.41),
we note that

1 p+1
det(R) = [[ch(R) < (p+ - tr(R)> =1 (6.2.42)

using the arithmetic mean—geometric mean inequality on the eigenvalues
ch(R) of the correlation matrix R. Equality in (6.2.42) holds if and only if
all the eigenvalues are equal and this occurs if and only if R = 1.

Consider partitioned random vector z as in (6.2.32). The best linear
predictor (BLP) of y is defined as

BLP(y) = &'x + b, (6.2.43)
if it minimizes the mean squared error:

min Ely - (a'x + b)]2 = B[y — (8'x + b))°. (6.2.44)

?

It is easy to see that
Ely — (a'x + b)) = var(y — a'x) + (u2 — a’p; — b)?, (6.2.45)

where uz = E(y) and p; = E(x). Hence (6.2.26) gives immediately the
formula for BLP(y):

BLP(y) = p2 + 05311 (x — p11); (6.2.46)

see |9, p. 37], [122, Th. 6.3.2]. Clearly, if a random vector z is partitioned
so that

cov(z) = cov (;) — @: z:> . EB(z) = (Z ;) (6.2.47)

then the random vector py + o1 377(x — 1) is the best linear predictor
of y in the sense that it minimizes, in the Lowner sense, the matrix

E((y — Ax —b)(y — Ax — b)"). (6.2.48)
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We complete this section by noting the close connection between the
results above and an important result concerning best prediction. Namely,
if m(x) = E(y | x) denotes the conditional expectation of y, where m(x) is
now considered as a random variable, then it can be shown, see, e.g., [373,
p. 264], [122, Th. 6.3.1}, that

Ely — m(x))? < Bly - f(x))? (6.2.49)

for any other predictor f(x). When the underlying distribution is multi-
variate normal then

m(x) = E(y | x) = p2 — 05213 (x — py), (6.2.50)

and hence (6.2.49) means that then m(x) is not only the best linear pre-
dictor but also the best predictor.

6.3 The general linear model and
multiple linear regression

In this section, we consider the general linear model
y=XB+¢, (6.3.1)
where
E(y) = X8, E(e)=0, cov(y) = cov(e) =c*V. (6.3.2)

We suppose that y is an n x 1 observable random vector, that € is ann x 1
random error vector, that X is a known n x p model (design) matrix with
rank r < p, that @ is a p x 1 vector of unknown parameters, that V is
a known n X n nonnegative definite matrix, and that ¢* is an unknown
positive constant. The other notation is

M = {y, X8, c*V}. (6.3.3)
We use the notation
H=Px, M=1I—-H, (6.3.4)
thereby obtaining the ordinary least squares estimator (OLSE) of X3 as
OLSE(XB) = X3 =9 = Hy = Pyy, (6.3.5)

the corresponding vector of residuals being y — Hy = My. Matrix H is
known as the hat matriz, see, e.g., [114, 115, 223]; matrix M = I — H is the
residual matriz. Clearly we have

EHy) = HX3 = X8, cov(Hy)=0c?HVH. (6.3.6)



192 ScHUrR COMPLEMENTS IN STATISTICS CHAP. 6

In (6.3.5) the vector 3 = (X’X)~X'y, which becomes 3 = (X'X)~ X'y
when X has full column rank.

When X does not have full column rank, then the vector 3 = (X'X) X'y
is not unique and is not a proper estimator: it is merely a solution to the
normal equations; as Searle [410, p. 169] observes “this point cannot be
overemphasized”.

A linear estimator Gy is the best linear unbiased estimator (BLUE) of
XA if it has the smallest covariance matrix (in the Lowner sense) among
all unbiased linear estimators:

cov(Gy) < cov(By) for all By such that E(By) = Xg3. (6.3.7)

Since cov(Gy) = 0?G VG’ and the unbiasedness of Gy means that GX = X,
we can rewrite (6.3.7) as

GVG’' < BVB for all B such that BX = X. (6.3.8)

We may recall here the fundamental “BLUE equation”, see, e.g., [371,
p. 282], [148, p. 55], that G has to satisfy for Gy to be the BLUE of X3
under a general linear model {y, X3, 02V}:

G(X: VM) = (X :0). (6.3.9)

For recent proofs of the BLUE equations, see [23, 193, 364].

In Section 6.3.2, we will consider the situation when V is positive defi-
nite, in which case the BLUE of X3 is

BLUE(XB) = X(X'V'X)"X'V 'y = Px.y1y. (6.3.10)

Above Px.y-1 denotes the orthogonal projector onto C(X) when the inner
product between the vectors a and b is defined as a’V~'b. When V is
singular, we have to use general representations for the BLUE(X/3), see,
e.g., [7, 371):

BLUE(X3) = Hy - HVM(MVM)™ My = Gy, (6.3.11a)
BLUE(X8) = y — VM(MVM)~My = Gay,  (6.3.11b)
BLUE(X3) = X(X'W~X)"X'W~y = Gsy, (6.3.11c)

where W =V + XUX' and C(W) = C(X : V). When V is nonsingular,
the matrix G such that Gy is the BLUE of X3 is unique, but when V is
singular this may not be so. However, the numerical value of BLUE(X(3) is
unique with probability 1. The matrices X and V can be of arbitrary rank
but the model must be consistent in that y € C(X : V) with probability
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1. The consistency condition means, for example, that whenever we have
some statements where the random vector y is involved, these statements
need to hold only for those values of y which belong to C(X : V).

We will use the notation BLUE(X3) = X3, but it is important to realize
that in this notation vector 3 is unique (with probability 1) only if X has
full column rank. In this case, the vector 3 is estimable, i.e., it has an
unbiased linear estimator, and one general expression for 3 is

B=XX)"'X'y - (X'X)'X'VZ(ZVZ)~Z'y
=Xty - X*VZ(Z'VZ)~Zy, (6.3.12)

where Z is satisfies C(Z) = C(M). We can also define ;é_ as a solution to the
generalized normal equations [25, 317, 370] X'W~X3 = X'W~y, where
W is defined as above. The quantity SSE(V) = (y — XB8)W ™ (y — X3), is
needed for finding the quadratic unbiased estimator of o?; see, e.g., [369].
6.3.1 A generalized Gaufl—~-Markov Theorem

Let us consider the full rank general linear or Gau3~Markov model

y=XB+e, (6.3.13)

where X is a known n x p model or design matrix with full column rank
p < n, and cov(y) = V is an n x n positive definite matrix. We are
interested in estimating the unknown parameter vector 3 based on a single
realization of y. The linear estimator A’y of 3 has covariance matrix

c2A'VA (6.3.14)

and is an unbiased estimator of 3 if and only if A’ is a left-inverse of X,
i.e., A’X = I. The ordinary least squares (OLS) estimator

B=(X'X)"'X'y (6.3.15)
is, therefore, an unbiased estimator of 3, and has covariance matrix
AX'X)TIX'VX(X'X) L (6.3.16)
The generalized least squares (GLS) or Aitken estimator [2, 222, 412],
B =XV IX)y"'X'v-ly (6.3.17)

is also unbiased for 3, and has covariance matrix o2(X'V~1X)~1.



194 ScHUR COMPLEMENTS IN STATISTICS CHAP. 6

The well-known GauB-Markov Theorem [337] states that when V =1
then the ordinary least squares (OLSE) estimator 3 is the “best” linear
unbiased estimator (BLUE) of 3, where “best” is taken in the Lowner partial
ordering of the covariance matrices, i.e.,

PAA > A(X'X)T L A'X =1 (6.3.18)

A generalized Gaui-Markov Theorem says that when V is not necessarily
equal to I then the GLS estimator B is the BLUE of 8 in that

o?A'VA > AX'VTIX)™L 1 A'X =1 (6.3.19)

When V =TI then (6.3.19) becomes (6.3.18).

We may prove (6.3.19) very quickly using Schur complements. We begin
with the 2p x 2p matrix

A o0\ /V I A 0
W, =

o x/\1 v1/lo X
A'VA  A'X A’VA I
XA Xv-ix/ \ 1 XVv-X

) , (6.3.20)

since A’X = 1. The 2n x 2n matrix

Vo1
W, = (I V_1> (6.3.21)

is nonnegative definite since V is positive definite and the Schur comple-
ment Wy /V = 0. Hence Wy is nonnegative definite and, therefore, so is
the Schur complement

W /X'VIX = A'VA - (X'VIX)™! (6.3.22)

and the inequality (6.3.19) is established.

It follows at once from (6.3.22) that cov(A'y) = cov(f3) if and only if
the Schur complement

W/X'VTIX=0

and hence if and only if

rank(W;) = rank(X'V71X) = p.
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Moreover

v 1 A O VA X
rank(W;) = rank = rank
I vi/Jio X A V-IX

I 0 VA X VA X
= rank = rank
-v1 1 A V-IX 0 o0

= rank(VA : X) = rank(MVA) + rank(X)

= rank(MVA) + p, (6.3.23)

where M = I - X(X'X)~!X’ = I-H. It follows at once from (6.3.23) that
rank(W;) = p if and only MVA = 0.

Moreover, it is easy to see that when A’X = I then cov(A’y — 8) =

cov(A'y) — cov(8) and so cov(A'y) = cov(B3) if and only if [364]
A’y =3 with probability 1 <= MVA =0. (6.3.24)

When A’y is the OLS estimator 3 = (X’X)~'X'y then (6.3.24) be-
comes the well-known condition for the equality of OLS and GLS, i.e.,

B =03 withprobability ] <= MVX =0, (6.3.25)

or equivalently HV = VH. The result (6.3.25) is due to Rao [368] and
Zyskind [473] and has been called the Rao~Zyskind Theorem, see, e.g., [26].
Many further equivalent conditions for the equality of OLS and GLS are
given in the survey by Puntanen & Styan [361].

6.3.2 Inverting the X'X matrix

Let us consider the partitioned full rank linear model M = {y, X3, ¢°I},
where the n x (k + 1) model matrix X is partitioned as

X=(e:x):...:x) = (e: Xg) = (X1 : Xp), (6.3.26)

where e € R™ is vector of ones and X is an 1 X k matrix. Then

xx) Lo (¢ XN | C ), 631
XX) #<X6e xgxo) "<< (X6CXo)‘1)_<- T;1>’ (6.3.27)

where T = X{CXo = {t;5},
T, =X'X/ee, C=1,-J, J=1lee =P (6.3.28)
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here C is the centering matrix. Denoting T7' = {t¥} and (X'X)~! = {£¥}
we obtain the last diagonal element of Tl_l, i.e., the last diagonal element
of (X’X)~1:

kk _ o -1 _ 1 _ 1 L kk
G f - Sl Ty oo A )

which is well defined provided x; ¢ C(X;). We may note in passing that in
the spirit of the quotient property (6.0.26), we can write

X;€M1Xk = X’X/X’1X1 = X{)CXO/X'ICXl
= (X'X/e'e)/(X|X;/€e), (6.3.30)

Let us denote X, = (Xo : y), and consider the matrix
T = X'CX, = <X/OCXO X60y> - (Tl t2> . (6.3.31)
y'CXo y'Cy ty  tyy
Since rank(e : X,) = 1 + rank(CX,) = 1 + rank(T), we see that
rank(T) =k+1 <= (e:Xq:y) has full column rank. (6.3.32)
If T is invertible, then the last diagonal element of T~ is

w1 1 1 1

. O E e S 6.3.33
WX, —thTr 'ty SSE T/T) ( )

Here SSE refers to the residual error sum of squares SSE = y'(I, —Px)y =
y'My. To confirm that SSE indeed can be expressed as in (6.3.33), we note
that

SSE =y'(I, — Px)y =y (I, — J — Pcx,)y =¥ (C — Pcx,)y
=y'Cy — y'CXo(X{CXo) !X Cy = tyyx- (6.3.34)

Let R be the (partitioned) sample correlation matrix of the variables
Z1,Z2,...,%k, Y- Then

R = (I:,l rf) = (diag T) /2T (diag T) /2, (6.3.35)
2

here we assume that all variables have nonzero variances. Now the last
diagonal element of R™! is

! n )2
o 1
=t _SST _ y'Cy _ Yica (%~ 9) (6.3.36)

SSE  SSE  y'My YL (yi—%)? 1-R?’
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where {§;} = § = Hy =y — My, SST refers to the total sum of squares,
and R? is the sample multiple correlation squared (coefficient of determina-
tion) when y is explained by the variables x, s, ..., z; (and a constant).

The last regression coefficient

~ X;chy

B = (6.3.37)

X, Mixg
has variance

o? a?

X, Mixp (T Py)xg]*”

var(B) = (6.3.38)
and so we may expect problems in estimation if the column vector xi is
almost in the column space C(X;) for then the denominator in (6.3.38) will
be close to 0. As noted by Seber & Lee [412, Ex 3, p. 53] and by C. R. Rao
[372, p. 236], it follows that

” 0-2

var(f) =

, 6.3.39
X)Xk ( )
with equality if and only if X|x; = 0.

If we consider such a linear model where x; is explained by all other

x variables (plus a constant), that is, the model matrix is X;, then the
residual sum of squares and the total sum of squares are

SSE(k) = Xfchxk, SST(k) = x}chk = {pk. (6.3.40)
Moreover, the corresponding coefficient of determination is
!
Rz =1 XXk (6.3.41)
ik

and x; Mix; = (1 — R,%)tkk. Hence the variance of Bk can be expressed as

, 1 1 , VIF, ,
= —, e 6.3.42
var(fOk) "R i o ™= o, (6.3.42)

where VIF}, is the variance inflation factor. As Belsley [43, p. 29] states,
much interesting work on collinearity diagnostics has been done with VIF-
like measures, although the concept masquerades under various names [427].

We may note that, corresponding to (6.3.36), the ith diagonal element
of Rfl can be expressed as

Pt — 1 = VIF;. (6.3.43)

3
1 Ri~1mi—1,i+1,...k
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We see that the diagonal elements of the correlation matrix can be quite
informative for data analysis [381].

Let’s study the last two regressors under the full rank model {y, X3, ¢*1}
and set

Xi=(e:xy:- :1xXp2), X=(X;:xp_1:%x%)=(X7:Xa2).

Now the (sample) partial correlation between xj_; and x; when variables
in X are held constant, is defined as the (sample) correlation between the
residual vectors

Sp_1.1 = (I - le )Xk—l = Mlxk_l and Sk = (I - le )Xk = M1Xk.
Because these residuals are centered, their (sample) correlation is

x;_Mix
CONT(Sp—1.1, $p1) = —mmmmmi L . (6.3.44)
\/xk_lMlxk—l \/Xlexk

Since cov(B,) = 02(X5M;X3) ™!, it is straightforward to conclude that
Corr(ﬁk—hﬁk) = —Tk—1k1.k—2, (6.3.45)

see, e.g., Belsley [43, p. 33], C. R. Rao [372, p. 270 (with a missing minus
sign)], and Kanto & Puntanen [254].

6.3.3 The covariance matrix of the BLUE(X3)

Using (6.3.11) it is easy to introduce the following general representations
of the covariance matrix of the best linear unbiased estimator (BLUE) of
X3 under the model M = {y, X3, V}:

cov(X3) = HVH — HVM(MVM)"MVH (6.3.46a)
=V - VM(MVM) MV (6.3.46b)
= X(X'W~X)"X' - XUX/, (6.3.46¢)

see also [27]. If X has full column rank, then the covariance matrix of the
BLUE(3) can be expressed as

cov(B) = (X'X)UX'VX — X'VZ(Z'VZ)~Z'VX](X'X)"}
= cov(B) — (X'X)'X'VZ(Z'VZ)~"ZVX(X'X)™", (6.3.47)
where C(Z) = C(M) and so
cov(B) — cov(B) = (X'X)"'X'VZ(Z'VZ)~Z'VX(X'X)™?
= (X'X)"IX'VM(MVM) " MVX(X'X)"!. (6.3.48)



SEC. 6.3 GENERAL LINEAR MODEL 199

Because the joint covariance matrix of the OLS fitted values Hy and the
residuals My is

Hy\ _ (HVH HVM) _ o o0 o
v (My> B (MVH MVM> =H:M)V(H: M) := Zgum,
(6.3.49)

and the covariance matrix

vV VM
cov (ﬁy) = <MV MVM) = S, (6.3.50)

we observe immediately that the BLUE’s covariance matrix can be inter-
preted as a Schur complement:

COV(BLUE(X,B)) = EHM/MVM = EIM/MVM. (6.3.51)

To see that the BLUE’s covariance matrix is a specific Schur complement
we consider the general linear model {y, X3, V}. Then Gy is unbiased for
X3 whenever G satisfies the equation GX = X. The general solution G to
the unbiasedness condition can be expressed as G = H — FM, where the
matrix F is free to vary [377, Th. 2.3.2]. In other words, all unbiased linear
estimators of X3 can be generated through Hy — FMy by varying F. If
we now apply the minimization result (6.2.26) to the covariance matrix

Hy\ (HVH HVM) _
oo <My) - (MVH MVM> = Xuwm, (6.3.52)

we obtain
cov[Hy — HVM(MVM) My| <, cov(Hy — FMy) for all F, (6.3.53)

and so the minimal covariance matrix is, according to (6.2.27), the Schur
complement Xyv/MVM. Note that (6.3.53) indeed means that

Hy - HVYM(MVM)~ My = BLUE(XS). (6.3.54)
We note that since the rank is additive on the Schur complement
rank[cov(X3)] = rank(V) — rank(VM) = dimC(X) NC(V),  (6.3.55)
and Clcov(XB)] = C(X) NC(V).

6.3.4 The matrix M = M(MVM)"M

We now look briefly at some properties of the matrix

M = M(MVM) M, (6.3.56)
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which appears in several formulas above. We observe that M is unique if
and only if C((M) C C(MV), which is equivalent to R” = C(X : V). Even
though M is not necessarily unique, the matrix product

PyvMPy = PyM(MVM)”MPvy := M (6.3.57)

is, however, clearly invariant for any choice of (MVM)~. Moreover, let
W =V +XAA'X’ be a nonnegative definite matrix such that C(W) =
C(X:V), and let My = M(MWM)™"M =M. Let

My = PwMywPw = PwMPyw = PywyM(MVM)™ MPy.

The matrices M, M, and My are very useful in many considerations
related to linear model M = {y, X8, 0?V}. For example, the following
properties hold:

Mw = PWMPw = W - WHX(X'W*X)"X'W+, (6.3.58)
My = MMwM = MW*+M - MWX(X'W+X)"X'W+M. (6.3.59)
Formula (6.3.58) can be proved by putting F = (WH)1/2X L = W1/?2M
and noting that F'L = 0 implies Py + P1, = Pw; inserting explicit ex-

pressions of Pr and Py, yields (6.3.58). Decomposition (6.3.58) can also be
obtained using Corollary 3 in [27]. Note that clearly we have also

1\_/IW = PwZ(Z,VZ)_ZIPw, (6.3.60)

where C(Z) = C(M). We now see immediately that Myy is a specific Schur
complement. If we write

S = (X : MYW*(X: M) = (ﬁvv“;&( ﬁgiﬁ) . (6.3.61)
it follows at once that
My = PwMPw = S/X'W*X. (6.3.62)
From (6.3.62), we can conclude that the equality
B'MwC = B'MC = B'(S/X'W*X)C (6.3.63)

holds for all matrices B and C such that C(B) ¢ C(W), C(C) Cc C(W).
Premultiplying (6.3.58) by W yields
X(XWHX)"X'WT = Pyw — WM(MVM)™ MPyw
= Pw — VM(MVM)~MPy. (6.3.64)
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Hence for every y € C(X : V) = C(W), we have

X(X'WHX)"X'Wty =y - VM(MVM) My =y — VMy
=y - V(S/X'W*X)y = BLUE(XB), (6.3.65)

with probability 1.
Note also that postmultiplying (6.3.64) with W yields

X(X'WHX) X' =W - VM(MVM)" MV, (6.3.66)
and thereby
X(X'WHX)"X' - XAA'X =V - VM(MVM) MV, (6.3.67)

showing the equality of two representations for the covariance matrix of
BLUE(XS3).

The BLUE'’s residual can be conveniently expressed as
§ =y — BLUE(X8) = VMy, (6.3.68)
and the weighted sum of squares of errors can be written as
SSE(V)=§W §=§V 5=yMVW VMy = y'My. (6.3.69)
On the other hand, from (6.3.58) it follows that for every y € C(X : V),
yPwMPwy = y'My =y [W* - WHX(X'WHX)"X'Wt]y, (6.3.70)
i.e., the weighted residual sum of squares can now be expressed as
SSE(V) = y'My = y'[WT - WHX(X'WHX)"X'WT]y
=y (S/X'W*X)y. (6.3.71)
We may note that the equality
yMy =y'My VyelX:V) (6.3.72)

was studied by Gro8 [191]. He showed that (6.3.72) holds if and only if
VM is idempotent.

Denoting F = (V)1/2X, L = V1/2M, we observe that if the condition
F'L = X’PyvM = 0 holds, then M has the expressions

Il

PyMPy = V' - V*X(X'VTX) X'V, (6.3.73)

M
M = MMM = MV*M - MV*X(X'V*X)"X'V*M.  (6.3.74)



202 ScHUR COMPLEMENTS IN STATISTICS CHaP. 6

We denote the number of unit canonical correlations between Hy and My
[359, Lemma 3.4.1] by

u = rank(X'PyM) = rank(HPyM) = dimC(VH) N C(VM). (6.3.75)
When X'X = I, (and u = 0), it can be shown that
(X'VTX)t =X'VX - X'VZ(Z'VZ)"Z'VX, (6.3.76)
and hence, in this particular situation,
X(X'VIX)*X' = Zum/MVM = cov(BLUE(X/3)). (6.3.77)
When V is positive definite, we obtain
M =M(MVM) M = M(MVM)*M = (MVM)™*
=V - VIXXVIX)" X'V =V I{I-Pxy-) (6.3.78)
Denoting
Sy-1=X: MYV HX:M), Ry =X:I)V}X:I), (6.3.79)
we see that M is two Schur complements
M = Sy-1/X'VIX = Ry /X'V™IX. (6.3.80)

We can of course replace X with H in (6.3.79) and (6.3.80).

6.3.5 The covariance matrix as a shorted matrix

The BLUE’s covariance matrix can be interpreted as a shorted matriz, as
shown by Mitra & Puntanen [318]. Let V be a given n X n nonnegative
definite matrix and X an n x p matrix. Consider the following set of
nonnegative definite matrices:

U={U:0<U<V,CU)c X)) (6.3.81)

The maximal element U in ¥/ is the shorted matrix S(V | X) of V with
respect to X, introduced by Krein [269]; see also W. N. Anderson [10].

Mitra & Puri [320] obtained explicit expressions for the shorted opera-
tor of a nonnegative definite symmetric operator in terms of a minimum-
seminorm generalized inverse and a semi-least-squares inverse of a complex
matrix. This paper [320] may be considered, therefore, as the starting point
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for statistical applications of the shorted matrix and the shorted operator.
For more on shorted matrices and their applications in statistics, see [319).

As shown by W. N. Anderson [10] and by W. N. Anderson & Trapp [13],
the set I in (6.3.81) has a maximal element and it, the shorted matrix, is
unique. The shorted matrix of V with respect to X is, therefore, the unique
nonnegative definite matrix which is “as close to V as possible” in the
Lowner partial ordering, but whose column space is in that of X. We note
that, in general, the concept of closeness between matrices is not uniquely
defined, but closeness in the Lowner sense is quite natural, especially from
the point of view of statistical applications.

Consider now the general linear model M = {y, X3, V}. Then Mitra
& Puntanen [318] proved that

cov(BLUE(X)) = S(V | X), (6.3.82)

which shows the close connection between the shorted matrix and the Schur
complement. Mitra, Puntanen & Styan {319, Th. 3.2] also showed that the
following five statements are equivalent when considering the linear model
{y, X8, V} with G a generalized inverse of X:

(1) XGVGE'X' <LV,
(ii) G’ is a minimum-V-seminorm generalized inverse of X/,
(iii) XGy is the BLUE of X3,

(iv) XGVG'X' <, V,

(v) XGVG'X' = §(V | X),

In (iv) the symbol <, denotes the rank-subtractivity partial ordering; see,
e.g., [205]; see also [117, Lemma 1.2}, [118, Lemma 1.2].

6.3.6 The Watson efliciency of the OLSE

The ordinary least squares estimator (OLSE) and the best linear unbiased
estimator (BLUE) of B under the full rank model M = {y, X3, V} have
the covariance matrices

cov(B) = (X'X)'X'VX(X'X) !, cov(B) = (X'VTIX)TL,  (6.3.83)
and hence we have the Lowner ordering

(X'X) X VXXX) T - (X'VIX) T > 0. (6.3.84)
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It is natural to ask how bad the OLSE could be with respect to the BLUE.
There is no unique way to measure this. One frequently used measure [454,
Section 3.3], {455, p. 330} is the Watson efficiency

_detcov(B) (det(X’X))2
detcov(B)  det(X/'VX)-det (X'V7IX)’

(6.3.85)

Clearly 0 < ¢ < 1, with ¢ = 1 if and only if OLSE = BLUE.

Another measure of efficiency, introduced by Bloomfield & Watson [61],
is based on the Euclidean size of the commutator HV — VH

¢ = 3|HV — VH|> = |[HVM|]? = tr (HVMV). (6.3.86)

Clearly 1 = 0 whenever OLSE = BLUE. Rao [375] suggested the difference
of the traces (or equivalently the trace of the difference) of the covariance
matrices of the OLSE and BLUE of X/3:

trcov(X8) — trcov(XB) = tr HVH — tr X(X'V'X)"'X’,  (6.3.87)
while Kramer [268] suggested the ratio of the traces

tr cov(X3) trHVH

trcov(X3) T X(X'V-1X)-1X"" (6.3.88)

When X has full column rank, then, according to (6.3.47), the covari-
ance matrix of the BLUE of 3 can be expressed as

cov(B) = (X'X) " [X'VX — X'VZ(Z'VZ)~Z'VX](X'X) !
= cov(B) - (X’X)"IX'VZ(Z'VZ)~Z'VX(X'X)™!, (6.3.89)

whete Z is a matrix such that C(Z) = C(M). Substituting (6.3.89) into
(6.3.85) yields

_detcov(B)  det(X'VX — X'VZ(Z'VZ)~Z'VX)
 detcov(B) det X'VX
. det(zxz/Z/VZ)
T detX'VX (6.3.90)
where
_ X'y (X'VX X'VZ
Yxz = cov (Z’y) = (Z’VX Z’VZ) . (6.3.91)

It is interesting to note that in (6.3.90), the covariance matrix V need not
be positive definite.



SEC. 6.3 GENERAL LINEAR MODEL 205

For the Watson efficiency ¢ to be defined using determinants as in
(6.3.90), the matrix X’VX must be positive definite which happens if and
only if C(X)NC(V)+ = {0}; since rank(X'VX) = rank(X'V) = rank(X) —
dim C(X)NC(V)L. Moreover, since rank cov(B3) = dim C(X)NC(V), we con-
clude that for the Watson efficiency ¢ to be defined using determinants as
in (6.3.91), we must have

C(X) c (V). (6.3.92)

A linear model with X and V satisfying (6.3.92) is called a weakly singular
model or a Zyskind—Martin model. We can rewrite (6.3.90) as

¢ = det(X'VX)™! . det(X'VX ~ X'VZ(Z'VZ)~ Z'VX)
= det(I - (X'VX)"'X'VZ(Z'VZ) Z'VX)
:=det(I — L). (6.3.93)

Since the eigenvalues of matrix L are the (squared) canonical correlations
between random vectors X'y and Z'y, cc2(X'y, Z'y), say, we have

¢ =[]0 -t (X'y, Z'y)) = [[(1 - cc?(Hy, My)). (6.3.94)

For related references, see [61, 37, 257, 359, 374, 414].

6.3.7 Adding a variable in multiple linear regression

Let us consider the partitioned linear model
Mz = {y, XB, 0°V} = {y, X18, + X28,, 0>V}, (6.3.95)

where X; is an n X p; matrix and X is an n X pg; p = p1 + p2. We also
denote
M ={y, X18;, 0°V}, (6.3.96)

and My is defined correspondingly. The ordinary least squares estimator
of B under Mjs is (X having full column rank)

oLse(s) == (§1) = XXXy =M, (6397)

where the notation B(M,3) emphasizes that the estimator is calculated
under the model Mis. When dealing with regression models, it is often
very helpful to have the explicit expression for subvector B, (or Xg/3,)
available. We recall that if X has no full column rank, then 3 is merely a
solution to normal equation.
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Using the projector decomposition

H= P(X1 (X)) T le + PM1X2 =P+ PM1X27 (63983)
Hy = X183, + X2, = Px,y + Py, x, (6.3.98b)

and premultiplying (6.3.98b) by My, we see that if rank(M;X3) = rank(Xa),
then Xo3, = Xo(X5M;X5)"X5M,y, and if rank(M;X3) = po, then

By = (XHM:1X2) ' X4M1y = B5(Mi2). (6.3.99)
We may note that, in view of [300, Corollary 6.2],

rank(M; X3) = rank(Xy) — dimC(X3) N C(Xy), (6.3.100)
and hence indeed rank(M; X5) = rank(Xs) if and only if C(X;)NC(X3z) =
{0}. The disjointness condition is actually a condition for the estimability
of X33,, and rank(M;X3) = ps means that 3, is estimable under Ms.

We note that if rank(M;Xs) = rank(X3), then we may write
Hy = X8 = X (X{M:X;) "X May+Xa(X5M; X5) " XMy, (6.3.101)

and so, in view of (6.3.98b), we obtain that

X181 (Mia) = X183, (M) — P1XafB,(Maa).

Hence if disjointness C(X1) N C(Xz) = {0} holds and X; has full column
rank, then

B1(Mz) = B (M) — (X[ X1) 7 X[ X85 (Mya). (6.3.102)

_ Chu et al. [124, 125] recently considered the efficiency of the subvector
35. Using the Schur determinant formula, they showed that the Watson
efficiency of B under the partitioned weakly singular linear model M3 =
{y, X3, V}, where X has full column rank, can be expressed as a product

$(B | Miz) = 6(B1 | My) - $(By | Miz) - an, (6.3.103)
where ¢(- | -) is an obvious notation and

_ det (X’ZM1VM1X2)
 det (X45M (M; VM, )M Xa)

o (6.3.104)
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6.3.8 The Frisch—Waugh—-Lovell Theorem
Let us consider the full rank partitioned linear model M1, = {y, X8, 021}:
y =X10 + X0, +e. (6.3.105)
Now we know that
By(Miz) = (XtM; X)X, Myy. (6.3.106)

Premultiplying (6.3.105) by the orthogonal projector M; yields the reduced
model
Miag = {M;y, M1 X283, 0°M,}. (6.3.107)

Taking a look at the models, we can immediately make an important conclu-
sion: the OLS estimators of 3, under the models M3 and M;s.1 coincide

Bo(Miz) = By(Miaa) = (XtM1X,) ' XMy, (6.3.108)

Davidson & MacKinnon [141, p. 19] and (142, p. 68] call (6.3.108) the
Frisch—-Waugh-Lovell Theorem “since those papers seem to have intro-
duced, and then reintroduced, it to econometricians”; see Frisch & Waugh
[176] and Lovell [292].

The covariance matrix in the model {M;y, M;1X203,, 02M } is singular
and hence there is a good reason to worry whether the OLSE(3) equals
BLUE(B) under that model. The answer is positive, however, since the
column space inclusion C(M; - M;X3) C C(M;Xz) holds, and hence the
equality condition of Rao [368] and Zyskind [473] gives the result.

6.3.9 Partitioning the BLUE

We recall that the best linear unbiased estimator (BLUE) of B under the
full rank model M3 is

BLUE(B) =8 = (g;) = (X'V7IX)"'X'Vly = B(M12), (6.3.109)

while the covariance matrix is
cov(B) = 2(X'V7IX)~L (6.3.110)

Assume that the column space disjointness condition C(X1) NC(Xaq) =
{0} holds and X3 has full column rank, i.e.,

rank(M; X5) = po. (6.3.111)
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Then 3 is estimable and its BLUE is
Bo(Mia) = (XHM,; Xo) ™ X, My, (6.3.112)

where M; = M;(M; VM, )" M;; here (when V is positive definite), cf.
(6.3.78))

M; = M;(M; VM,)"M; = M; (M, VM;)*M; = (M; VM;)*
=Vl v IX,(X)vIX,)" X[ vl (6.3.113)

Moreover, if Xy has full column rank, then
B1(Mia) = B, (M) — (X, VTIX )T IXIVTIX8,(Mig).  (6.3.114)

One way to introduce the above properties of the subvectors of B- is to use
the projector decomposition

P(X1 (X)) V-1 = Px,v-1 + P(I"legv—l YXo;V-1- (6.3.115)

Just as M in Section 6.3.4 was a Schur complement, so is also M; a
specific Schur complement. Denoting

SY = (X1 M) VX, : M), Sy =XVIX, (6.3.116)

we see at once that

=83 /X, VX, (6.3.117)
and, of course,
XHM Xy = X'VTIX/X V7IX, = 81, /X, V7IX,. (6.3.118)

Using the Schur complement notation we can express (6.3.117) and (6.3.118)
as

X'VIX/XV7IX) = X5[(Xy M) VX - M)/ X VX X,

Let us next consider the expression for B4(M)2) in the general situation
allowing V to be singular. Let us denote

W=V+XX', W;=V+XX}i=12, (6.3.119)

and hence C(W) = C(X : V). Then, according to Rao [371], one general
representation for the BLUE(X3) is

BLUE(X3) = X(X'W~X)"X'W™y. (6.3.120)
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It can be shown that if rank(M;X2) = po, then
Ba(Miz) = (X4MiwXz) ' X5 Miwy, (6.3.121)

where le = M; (M1WM1)—M1 = M (MIWQMl)"Ml. If X has full
column rank and X, satisfies condition

CX2) CC(X1:V) de, C(X;:X2:V)=C(X1:V), (6.3.122)
then (6.3.121) simplifies to
Ba(M12) = (X;Mi Xo) "' XMy, (6.3.123)
and
B (M) = B1(My) — (XIWFX)) T IXI W XoB,(Mig).  (6.3.124)

The column space condition (6.3.122) is needed in order to avoid any con-
tradiction between the consistencies of the full model M5 and the smaller
model Mj.

6.3.10 A generalized Frisch—Waugh—Lovell Theorem
Let us consider the partitioned linear model

Mo = {y, XB, 02V} = {y, X18, + X28,, 0*V}. (6.3.125)

Premultiplying the model M3 by the orthogonal projector M; yields the
reduced model

Mizg = {M1y, M X58,, 0°M; VM, }. (6.3.126)

What about he BLUE of 3, in the reduced model M;2.,? In light of
[371], one presentation of BLUE of B, under Mja.; is

Bo(Migy) = (XeMIW, M Xo) ' XM W1, My,  (6.3.127)

where W12.1 = M1VM1 + M1X2X/2M1 = M1W2M1 = M1WM1.NOW,
in view of (6.3.121), the formula (6.3.127) is just the same as presented for
By under Mg, and hence the equality

By (M) = By(Miza) (6.3.128)

is a generalized Frisch—Waugh—Lovell Theorem, which holds also for singular
V; see also [57, Th. 6.1], {119, Section 2.2], [164], [195, Th. 4], [194].
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6.3.11 Deleting an observation in
multiple linear regression

Let us consider three linear models:

M= {y, XB, ’I}, Mg = {yu), X8, 0’1}, (6.3.129a)
Mgz =y, Zr, c*1} = {y, XB + w;é, o°1}. (6.3.129b)
By M(i) we mean the version of M with the 7th observation deleted; thus

¥(i) has n — 1 elements and X(;) has n — 1 rows. For notational simplicity
we delete the last observation. Model Mz is an extended version of M:

Z=(X:w), w=(,...,0,1), = (?) . (6.3.130)

We will use the following notation:
B=BM), Bz=pMz), §=06Mz), By =BMp). (6.3.131)
Assuming that Z has full column rank we get

uMy _ 7

By =X'(I-wu)X] ' X/(I-wul)y, &= , (6.3.132)

ugMui - mi;
in view of (6.3.99). Here X and u; correspond to X; and Xp, and r; refers
to the ith element of the residual vector r = My. Furthermore,

BZ = (Xzi)X(i))_lxzi)Y(i) = ﬁ(i)- (6.3.133)

This result can be seen as a consequence of the Frisch—-Waugh—Lovell The-
orem: model Mz corresponds to the full model M2, model M to the
reduced model M 5.1 obtained by premultiplying Mz by I—u;u}, and M is
the small model M;. Hence B, (Mi2) = B;(M1)—(X|X1) 1 X[ X085 (M2),
and so By = B — (X'X)"1X'u;6, and [44, p. 13]

ri

DFBETA; = 3 — ;) = (X'X) 7' X'u;§ = —(X'X)"'X'u;.  (6.3.134)

(X

Since X(3 — ,é(i)) = Hu;4, we obtain a representation for Cook’s distance
[127]:

hiid?
p6?

1 -~ A ~ o~
Di = 225 (B = By X'X(B ~ Bi)) = (6.3.135)

Furthermore, since

P, = uuj + P uu)x = <3, ?) + <Pg,(") g) ) (6.3.136)
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we observe that
SSEZ = y’(In - Pz)y = yEi) (Inal - Px(i))y(i) = SSE(i).

Now it is easy to conclude that the usual F-test statistic for testing the

hypothesis 4 = 0 under the model M z becomes
Y Py, ¥ ry
2 ‘ - : , (6.3.137)
" T M =Py )y a1 SSEma

which is the externally Studentized residual squared.
We note that using the Schur determinant formula here gives

det(Z'Z) = det(X'X) - det(Z'Z/X'X) = det(X'X) - (1 — hiz), (6.3.138)

and hence
. det(Z'Z) _ det(Xzi)X(i))
T Jet(XUX) | det(X'X)

Note also that in view of the Woodbury inversion formula (6.0.11) or the
Bartlett inversion formula (6.0.13), we have the identity

1
1—his
where x'(i) refers to the sth row of X.

Let 8 and ,5(1-) denote the BLUEs of 3 under M = {y, X3, 02V} and
under My = {y@), X8, aQV(i)}, respectively. Using our generalized
Frisch-Waugh—Lovell Theorem, it is straightforward to show that the gen-
eralized DFBETA; is

(6.3.139)

(X Xa) ' =XX)" + (X'X) " x(iyx(,y (X'X) ™!, (6.3.140)

DFBETA,(V) = 8 - B = ~—(X'V'X)"'X'V-ly,  (6.3.141)

Mig

where
Thi = W;Mu; = u,M(MVM) ™ Mu;
=u[VI - VIIX(X'VIX) X'V,  (6.3.142)
and F = My. The term 1m;; corresponds now to m;; in the formulas of the

“original” Studentized residuals r; and t;. The generalized Cook’s distance
[398, p. 164], is

1 - = e =
Di(V) = W(/@ - ;B(i))/XIV 'X(B8 - B), (6.3.143)
where 62 = SSE(V)/rank(VM), and SSE(V) refers to the weighted sum

of squares of errors. For more about these so-called deletion statistics see
(58, 123, 206, 209, 413].
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6.3.12 Mixed linear models

A mixed linear model can be presented as
y=XB+Zvy+ce, (6.3.144)

where X and Z are known matrices, 3 is a vector of unknown fixed effects,
~ is an unobservable vector of random effects with E(v) = 0,cov(y) =
D, cov(v,e) =0 and E(e) = 0,cov(e) = R. Writing

E=Zy+e, V=cov(f)=2DZ +R, (6.3.145)
we can re-express (6.3.144) as
y=XB+¢& E()=0, cov(§)=V. (6.3.146)

Assuming that V is known and positive definite, and X has full column
rank, we have

BLUE(B) = 8 = (X'V1X)"'X'V~ly. (6.3.147)

As H. V. Henderson & Searle [219] point out, a difficulty with (6.3.147) in
many applications, is that the matrix V = ZDZ’ + R is often large and
nondiagonal, so that inverting it is quite impractical. An alternative set of
equations for solving for B is

XRIX  XR™'Z (B _ (XR7ly
(Frox XRZA()-(ER2), e
as suggested by C. R. Henderson [217]. If B and # are solutions to (6.3.148),

then X3 appears to be a BLUE of X3 and 4 is a BLUP of +; see [218].
The BLUP of 7 can be expressed as

¥ =DZV Yy - Xp). (6.3.149)

The equations in (6.3.148) are known as Henderson’s mized model equations.
The proof is based on the equality

(ZDZ' +R) ' =R -R'Z(Z'RZ+D ) 'ZR,  (6.3.150)

which comes from the Duncan inversion formula (6.0.9). Note that (6.3.150)
means that XV~1X = A/Ajs, where A refers to the left-most partitioned
matrix in (6.3.148).

For further references to mixed model equations, see, e.g., [122, Section
12.3] and [383, 411].
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6.4 Experimental design and analysis of variance

In experimental design the Schur complement plays a crucial role as the so-
called C-matrix, introduced in 1947 by Bose [68] and first studied in detail
in 1962 by Chakrabarti [111]; see also [112].

6.4.1 The C-matrix of a block design

Let us consider the two-way layout of analysis of variance with fixed effects
and no interaction, see, e.g., Searle [410, Section 7.1], Latour & Styan
[274]. Here we have observations which we label y; ;i arising from a random
experiment involving two factors: the row effects, indexed by 4, and the
column effects, indexed by j. When the row effects identify treatments and
the column effects blocks then the layout is often called a block design, see,
e.g., Dey [145, ch. 2], John & Williams [242, Section 1], Raghavarao [366,
ch. 4], Roy [387).

The random observation y;;i comes from the kth occurrence (or repli-
cate) of the ith row (treatment) and the jth column (block). We will assume
that K = 1,2,...,n4;, with ¢ = 1,2,...,r and j = 1,2,...,c. The n;; are
nonnegative integers and the associated r x ¢ matrix

is known as the incidence matriz. We will write
c T
n. =Y niji=12..,r and n;=>» nyj=12...,c (642
j=1 i=1
and assume that
ni.>1;,4=12,...,r and n;>1;5=12,...,¢ (6.4.3)
and so the diagonal matrices, respectively X 7 and ¢ X ¢,
D, = diag{n;.} and D, =diag{n.;} (6.4.4)
are both positive definite. The r x r Schur complement
S, =A/D,=D, - ND'N (6.4.5)

of D, in the (r + ¢) x (r + ¢) matrix

<DT N>
A= (6.4.6)
N D,
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plays a key role in the analysis of the two-way layout and in the estimation
of the r row (treatment) effects using ordinary least squares. When the
two-way layout is a block design the Schur complement S, is often known
as the C-matrix.

As noted by Pukelsheim [357, p. 412], reference to a C-matrix is made
implicitly by Bose [68, p. 12] and explicitly by Chakrabarti [112], where
C-matrix appears in the title. Other early references include Chakrabarti
[111], Raghavarao [366, p. 49], V. R. Rao [379], Thompson {440, 441]. The
C-matrix S, is called the coefficient matriz of the design by Roy [387,
p. 182], the contrast information matriz by Pukelsheim [357, p. 94], and
just the information matriz by John & Williams [242, p. 12].

We note that all the on-diagonal elements of S, are nonnegative and all
the off-diagonal elements are nonpositive: a matrix with elements satisfying
this sign pattern is called hyperdominant, see, e.g., [253, 433], [435, p. 358].

Since S,e = D,e — NDc"lN’e = 0, where e is the 7 X 1 column vector
with each element equal to 1, we see that the row totals of the C-matrix
S, are all equal to 0 and so

rank(S,) <r—1. (6.4.7)

Since S, is symmetric, it follows that the column totals of S, are also all
equal to 0 and hence we say that the C-matrix S, is double-centered. As
shown by Sharpe & Styan [415], see also [366, Th. 4.2.4, p. 51], the first
cofactors of a double-centered matrix F, say, are all equal, say to f, and
hence such a matrix may be called equicofactor; the nullity v(F) = 1 if
and only if f > 0. The first cofactors of the C-matrix S, are, therefore, all
equal, to g say, and so equality holds in (6.4.7) if and only if g > 0.

In electrical circuit theory, the admittance matriz is double-centered
and like the C-matrix S, is hyperdominant. The common value of the first
cofactors of the admittance matrix is called the network determinant, see,
e.g., Sharpe & Styan [415], Styan & Subak-Sharpe [433].

6.4.2 Connectedness

When equality holds in (6.4.7), we say that the layout is connected. Dey
(145, Th. 2.1, p. 44] and Raghavarao [366, Th. 4.2.2, p. 50] present this
result as a theorem, preferring as definition that the layout be connected
whenever every pair of treatments is connected [145, Def. 2.2, p. 45], [366,
Def. 4.2.3, p. 49].

Another definition of connectedness is based on statistical considera-
tions. Let us assemble the random observations ;51 into an n x 1 columh’
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vector
Vi1 Yij1
y = Y21 , Where y;; = Yis2 v i=1,...,r0=1,...,c
Yre Yijnis

and so the vector y;; is n;; X 1. When n;; = 0 for a particular treatment 7
and a particular block j, then there is no vector y;; in y. We may express
the expectation of the random vector y as

E(y) = Xja + X8, (6.4.8)

where the n x r design matriz for rows X; has full column rank r cor-
responding to the r row or treatment effects, the n x ¢ design matriz for
columns Xo has full column rank ¢ corresponding to the ¢ column or block
effects, and X/ Xy = N, the r x ¢ incidence matrix introduced in (6.4.1).

A particular treatment ¢ and a particular block j are said to be associ-
ated whenever the treatment ¢ appears in the block j, i.e., when n;; > 1.
A pair of treatments is said to be connected whenever it is possible to pass
from one to the other in the pair through a chain consisting alternatively of
treatments and blocks such that any two members of a chain are associated.

The vectors a and B3 are unknown and to be estimated using a single
realization of y. We will say that a linear function h’a is estimable whenever
there exists a linear function k'y such that E(k'y) = h'a. We define a;—ayy/
to be an elementary contrast, where 7,7’ = 1,...,7 (i # 7). Here «; is the
ith element of ¢, ¢ = 1,...,r. Then the layout is connected whenever all
the elementary contrasts are estimable, see, e.g., [145, Def. 2.1, p. 44}, [366,
Def. 4.2.2, p. 49].

Another property (or definition) of connectedness is that the n x (r +¢)
partitioned matrix

X = (X, : Xo) (6.4.9)

have rank 7 + ¢ — 1. Here X and X5 are defined as in (6.4.8). We have

Xl1X1 X/1X2 Dr N
X'X = = =A (6.4.10)
X, Xy X,X, N’ D,

as in (6.4.6). Then

rank(X) = rank(X'X) = rank(X'X/D.) + rank(D,) (6.4.11)
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since rank is additive on the Schur complement, see the “Guttman rank
additivity formula” (0.9.2) in Chapter 0. Since rank(D.) = ¢, and since
rank(X'X/D.) = rank(S,) < r — 1 from (6.4.7), we see that

rank(X) =rank(S,) +c<r+c—1. (6.4.12)

Since the design is connected if and only if rank(S,) = r — 1, we see imme-
diately that the design is connected if and only if rank(X) =r + ¢ — 1.

While we have seen that the C-matrix S, is a Schur complement, we
also note that S, = X{M3X;, where the residual matriz

M; =1, — Xo(X5X,) X} (6.4.13)

is the Schur complement B/X5Xy of X5X,5 in

| Xo
B=|_ : (6.4.14)

Here I, is the n x n identity matrix. The matrix Hy = Xp(X4,X5) 1X) =
I,, — M; is called the hat matriz. The residual matrix My is the orthogonal
projector on the orthocomplement of the column space (range) of Xa.

We may use the Guttman rank additivity formula to evaluate the rank
of the Schur complement B/X,Xy = Ms. We note first that rank(B) =
rank(X5Xs) +rank(B/X5X3) = rank(I,,) + rank(B/I,,) = ¢+ rank(My) =
n since the other Schur complement B/I,, = 0. Hence rank(M3) = n — c.

6.4.3 Balance

A connected design is said to be balanced whenever all the nonzero eigen-
values of the C-matrix S, are equal. As already observed the design is
connected whenever rank(S,) = r — 1 and so S, has » — 1 nonzero eigen-
values. It is easy to show that these r — 1 eigenvalues are all equal if and
only if S, is a nonzero multiple of the r x r centering matriz

1
C, =1, — ~ee, (6.4.15)
r

where I, is the 7 x r identity matrix and each element of the  x 1 column
vector e is equal to 1. Clearly the centering matrix C, is idempotent with
rank r — 1 and so there are r — 1 nonzero eigenvalues all equal to 1.

When S, = aC, then S, has r —1 nonzero eigenvalues all equal to a. To
go the other way, suppose that S, has » — 1 nonzero eigenvalues all equal
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to b, say. Then S? = bS, and so
(S, — bC,)(S, +ee') = 82 - bC, S, + S,ee’ —bC,ee
=82-bC,8,=82-1S,=0 (6.4.16)

since S,e = C,e = 0. Moreover S,e = 0 implies that rank(S, + ee’) =
rank(S,) + rank(ee’) = (r — 1) + 1 = r and so S, + e€’ is nonsingular and
we may postmultiply (6.4.16) by (S, +ee’)~! to yield S, = bC, as desired.

It is interesting to note that the centering matrix C, is the Schur com-
plement E/r of the scalar r in the matrix

I, e
E= ( , ) . (6.4.17)
e r

When the covariance matrix of the random vector y as defined above in
(6.4.8) is cov(y) = 0?1, for some unknown positive scalar o2, then it was
shown in 1958 by V. R. Rao [379] that the design is balanced if and only
if all the elementary treatment contrasts are estimated by ordinary least
squares with the same variance [145, Th. 2.2, p. 52], [366, Th. 4.3.1, p. 5].

When a connected design is not balanced then Chakrabarti [112] sug-
gested the measure of imbalance

2 r—1 42
%:Jﬁkz Eﬁ’z, (6.4.18)
—
P (s M)
where A; is the ith largest eigenvalue of S,.. It is easy to see that
<y, <1. 4.1
—— <y < (6.4.19)

Equality holds on the left of (6.4.19) if and only if the design is balanced.
Equality holds on the right if and only if » = 2 and then equality holds
throughout (6.4.19). Thibaudeau & Styan [437] gave improved bounds for
1, in certain circumstances; see also Boothroyd [67, Section 3.5].

When the design is binary, i.e., when n;; = 0 or 1, then the design is
balanced if and only if the C-matrix

“"ta (6.4.20)

r = r
r—1

and so all the nonzero eigenvalues of S, are then equal to (n — ¢)/(r — 1).
The proof is easy. We know that S, = aC, for some scalar a. Taking traces
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yields

trS, = a(r — 1) = tr(D, — ND;!N’) = n — tr ND; !N’
r c 1 [+ 1 T
=n=) Y mgon=n=) =) n.

i=1 j=1

since n}; = ny;, the design being binary. Hence trS, = n —c = a(r — 1)

which establishes (6.4.20).

6.4.4 The average efficiency factor and
canonical efficiency factors

With X, X5 and y defined as in
E(y) = Xia+ X28, (6.4.21)

see (6.4.8) above, it follows that the vectors
vy = {Z yijk} =yn and Xhy= {Zy'ijk} = Yo, (6.4.22)
Jk ik

say, contain, respectively, the row (treatment) and column (block) totals
of the observations. When cov(y) = 021, we see that the joint covariance
matrix of the vectors of row and column totals of the observations

Yrt iy ) XiX: XiXs 9 D, N
cov = cov ) =0 , , =0 , ,
Yet ng X2X1 X2X2 N D,
and so the canonical correlations pp, say, between y, and y.; are the posi-
tive square roots of the eigenvalues of Dr_lNDglN’7 see, e.g., T. W. Ander-

son [9, ch. 12]. These canonical correlations py are equivalently the singular
values of the r x ¢ matrix

D;I/QNDC“UQ:{ g }’

.15

see Latour & Styan [274, p. 227]. The quantities 1 — p? are called the
canonical efficiency factors of the design, see James & Wilkinson [238],
John & Williams [242, § 2.3].
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Let m denote the number of nonzero canonical correlations pp, or equiv-
alently the number of canonical efficiency factors 1 — p? not equal to 1.
Then m = rank(N) < min(r, ¢).

Let u denote the number of canonical correlations pp equal to 1 or
equivalently the number of canonical efficiency factors 1 — p? equal to 0,
and let ¢ denote the number of positive canonical correlations pp not equal
to 1, or equivalently the number of positive canonical efficiency factors 1—p?
equal to 1. Then

1 <rank(N) =m = v+t < min(r, c). (6.4.23)
It follows that
u=v(I-D;'ND;'N)
=v(D;D, - ND;'N')) = v(S;) > 1 (6.4.24)

from (6.4.7). It follows at once from (6.4.24) that the layout is connected
if and only if u = 1.
The vectors

z, = Mpy,y and 2z, = M;iye (6.4.25)

are called, respectively, vectors of adjusted row (treatment) and column
(block) totals. Latour & Styan [274] have shown that the canonical corre-
lations between z, and z. are precisely the ¢ canonical correlations between
vt and y. that are not equal to 1. Hence

t = rank(X|MsM;Xo) (6.4.26)
and since m = u+ t, see (6.4.23) above, it follows that here
rank(X}X3) = 7 + ¢ — rank(X; : X3) + rank(X)M;M; X3).
Baksalary & Styan [28, Lemma 1] prove the more general rank equality

rank(A*B) = rank(A) + rank(B) — rank(A : B) + rank(A*MpMaB),
(6.4.27)

where the complex matrices A and B have the same number of rows, and
the residual matrices My and Mp are the orthogonal projectors on the
orthocomplements of the column spaces of, respectively, A and B.

Chakrabarti [111, p. 19] calls the design orthogonal whenever the vectors
z,. and z. are uncorrelated, i.e., whenever ¢t = 0. It follows that a design
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is connected and orthogonal if and only if m = 1, i.e., if and only if the
incidence matrix IN has rank equal to 1, and then the 7 x ¢ incidence matrix

N = {n;;} = {M}

n

6.4.5 Proper, equireplicate and BIB designs

When the numbers n.; of treatments per block j = 1,...,c in a binary
design are all equal, say to d, then the design is said to be proper and when
the numbers n;. of blocks per treatment ¢ = 1,...,r are all equal, say to s,
then the design is said to equireplicate. Equivalently, the design is proper
whenever D, = dI, and equireplicate whenever D,. = sI,..

V. R. Rao [379] showed that a binary design which is both balanced and
proper must be equireplicate, but that a binary design that is balanced and
equireplicate need not be proper.

When the design is equireplicate, the C-matrix
S, =sI, - NDJ'N’ (6.4.28)

and its eigenvalues are s{1— p,%), i.e., s times the canonical efficiency factors.

A binary design is said to be incomplete whenever n < rc, i.e., at least
one n;; = 0. An incomplete binary design that is proper and equireplicate,
and for which each pair of treatments occurs in the same positive number
A, say, of blocks is said to be a balanced incomplete block (BIB) design. Here
the adjective “balanced” may be interpreted as balance in that each pair
of treatments occurs in the same positive number of blocks. In 1936 Yates
[464] introduced BIB designs into statistics although the existence of such
designs and their properties had been studied much earlier, e.g., almost
a hundred years earlier in [260, 261] by the Reverend Thomas Penyngton
Kirkman (1806-1895).

It is straightforward to show that for a BIB design the C-matrix

%CT, (6.4.29)

S, =
and so a BIB design is also balanced in the sense defined above in §6.1.2. In
(6.4.29) A is the common number of blocks in which each pair of treatments
occurs and d = n.;, the common number of treatments per block j =
1,...,c. The matrix C, is the centering matrix defined in (6.4.15).
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6.5 Broyden’s matrix problem
and mark-scaling algorithm

In the “Problems and Solutions” section of SIAM Review, C. G. Broyden
posed [96] and solved [98] the following problem:

Let Z = {z;} be an r X ¢ matrix with no null columns and
with n; > 1 nonzero elements in its 7th row, ¢ = 1,...,r. Let
the r x r matrix D, = diag{n;}, and let the ¢ x ¢ matrix D,
be the diagonal matrix whose diagonal elements are equal to
the corresponding diagonal elements of Z'Z. Determine the
conditions under which the matrix D, — Z’'D; Z is (a) positive
definite, (b) positive semidefinite.

As Broyden noted in [96], this problem arose in connection with an al-
gorithm for scaling examination marks, which is described in [97] as an
“algorithm designed to compensate for the varying difficulty of examina-
tion papers when options are permitted. The algorithm is non-iterative,
and does not require a common paper to be taken by all students.”

Let the r X ¢ binary incidence matrix N = {n;;} be defined by

J @i 7 i=1,...,mi=1,...,c.  (65.1)
N5 = 0 & Zij = 0
Then n; = X5 ni, i=1,...,r.

In his solution, Broyden [98] established the nonnegative definiteness of
the Broyden matriz

B=D,-7Z'D;'Z (6.5.2)

from the nonnegativity of the quadratic form

r
wBu = ¢e'Dy(D; - Z'D;'Z)Dye = Y _;ZD,E;D,Z'e;,  (6.5.3)

=1

where the ¢ x ¢ matrix E; = I — (1/n;)N’e;eN is symmetric idempotent
with rank equal to ¢ — 1 (for all ¢ = 1,...,r). In (6.5.3) D, = diag(u) is
the ¢ x ¢ diagonal matrix formed from the ¢ x 1 vector u, while e is the
¢ x 1 vector with each element equal to 1; the vector e; is the ¢ x 1 vector
with its ith element equal to 1 and the rest zero.

In addition, Broyden [98] showed that B is positive semidefinite when
there exist scalars aq,...,a,,uq,...,u., all nonzero, so that
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ziju; = a;ng; forall i=1,...,r andforall j=1,...,c (6.5.4)

Broyden [98] also observed that B is positive definite unless there exist
scalars aq,...,ar,u1,..., U with at least one of the u; nonzero, so that
(6.5.4) holds. (At least one of the a; must then also be nonzero when (6.5.4)
holds or Z would have to have a null column.) These conditions do not,
however, completely characterize the singularity of the Broyden matrix B.
Moreover, Broyden [96, 97, 98] did not consider the rank (or nullity) of B.

Following Styan [432, Section 3|, we solve Broyden’s matrix problem
by constructing an analysis-of-covariance linear statistical model in which
the Broyden matrix B arises naturally as a Schur complement. This will
enable us to completely characterize the rank of B from the structure of
the matrix Z and its associated binary incidence matrix N. When Z =N
our analysis-of-covariance model reduces to the usual two-way layout as in
Section 6.4.2 above.

6.5.1 An analysis-of-covariance model
associated with the Broyden matrix

Consider the linear statistical model defined by
E(yij):amz-j+zij'yj (izl,...,T;jzl,...,C), (655)

where the n;; are, as above, (0, 1)-indicators of the z;;, and so the n;; and
zi; are zero only simultaneously and then the corresponding observation y;;
has zero mean (we could just as well have replaced y;; in (6.5.5) with n;;y;;
and then the (4, j)th cell of the r x ¢ layout would be missing whenever
ns; = 2z;; = 0; such y;; play no role in what follows).

The observations y;; in (6.5.5) may be arranged in a two-way layout
with r rows and ¢ columns. The «; may be taken to represent row effects,
but the column effects in the usual two-way layout, §6.4.2 above, are here
replaced by regression coeflicients «; on each of ¢ covariates on each of
which we have (at most) r observations. This is the analysis-of-covariance
model considered, for example, by Scheffé [399, p. 200]; in many analysis-
of-covariance models, however, the v; are all taken to be equal.

We may rewrite (6.5.5) as

E(y;) =Qja+vz; (j=1,...,¢), (6.5.6)
where the r x 1 vectors a = {a;}, y; = {v;} and z; = {z;}. The
r x r diagonal matrix Q; = diag{n;;} = diag(nij,...,ny;) is symmetric

idempotent with rank equal to tr(Q;) = 37 n; ( =1,...,¢). Moreover
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Qjz; =2z;(j = 1,...,c) and }_j_, Q; = diag{n;} = D,. And so we may
combine (6.5.5) and (6.5.6) to write

E(y) = X1+ Xoy = X8, (6.5.7)

where X = (X;: X2), 8= <:> and

y1 Q: “
Z2
y=|:], Xa=| ¢ |, and Xy = . . (6.5.8)
Ye Q. . 7.
Then
D, Z
X'X = : (6.5.9)
7 D,
and so the Broyden matrix
B=XX/D,=D,-7ZD;'Z (6.5.10)

is the Schur complement of D, in X'X. To see that (6.5.9) follows from
(6.5.7), we note that X1X; = >37_, Q;Q; = >/, Q; = D, using Q; =
Q; = Q?. Moreover X{Xo = (Qlz1 : -+ : QLz.) = Z, since ngj =
Q;z; = z;, while X5X, = diag{z}zj} =diag(Z'Z) = D,.

6.5.2 Nonnegative definiteness

Let u denote the nullity of the (r + ¢) x (r + ¢) matrix X’X defined by
(6.5.9). Then using the Haynsworth inertia additivity formula we see that
the inertia

InB = In(X'X/D,) = In(X'X) ~ InD,
={r+c—u,0,u}—{r,0,0} = {c - u,0,u} (6.5.11)
and so the Broyden matrix B is nonnegative definite with nullity
v =r(B)=vX'X) = v(X), (6.5.12)

the number of unit canonical correlations between the r x 1 vector y,x =

X1y = {3 j-1%i5} of row totals and the ¢ x 1 vector ygf) = Xy =

{3771 Zijyij } of weighted column totals of the y;; weighted by the z;;.
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Let us now consider the other Schur complement

S =X'X/D, =D, - ZD;'Z/, (6.5.13)

which is, of course, also nonnegative definite. Moreover

v(8) = v(X'X/D,) = v(X'X/D;,) = u = v(B). (6.5.14)

6.5.3 All cells filled

When all the cells are filled, i.e., when 2;; # 0 & ny; = 1foralli =1,...,7

and all j =1,..., ¢ then
D, =cI, (6.5.15)

and the model is equireplicate and the Schur complement
S=X'X/D, =D, -ZD;'Z =cI. - ZD;'Z’ (6.5.16)

and u = v(8S) is the number of unit eigenvalues of (1/c)ZD;!Z’. Since
ZD;'Z > 0, it follows at once that

v > 1 & wuw =1 & rank(Z) = 1
(6.5.17)

and v = 0 < rank(Z) > 2
and so, when all the cells are filled, the Broyden matrix B is

positive definite < rank(B) = ¢ < rank(Z) > 2

positive semidefinite singular < rank(B) = ¢ — 1 < rank(Z) = 1.

6.5.4 At least one cell empty

When at least one of the cells is empty, i.e., when z;; = 0 < n;; = 0 for at
least onei = 1,...,r and at least one j = 1,. .., ¢, then the characterization
above of the positive (semi)definiteness of the Broyden matrix B is much
more complicated that when all the cells are filled (6.5.17). We may write

c

S=17'7/D, =D, — ZD]'Z = Z(Qj - ;,%zjz;) =% @,
. 2

j=1 J

say. Here the matrix G; is symmetric and idempotent with rank(G;) =
rank(Q;)—1=n;-1(j=1,...,¢)
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When the r X r Schur complement S is positive definite,

r = rank(8) =rank() _ G;) < ) rank(G;)
j=1 j=1

= zc:(n] ~1=n.—-c¢ (6.5.18)
j=1

where n.. is the number of filled cells. The inequality (6.5.18) then shows
that a necessary condition for B to be positive definite is that there be at
least r + ¢ filled cells. We recall that »(S) = v(B), see (6.5.14).

We will divide our presentation of necessary and sufficient conditions for
the nullity of the Broyden matrix B to be a particular number u into the
two situations when the layout is either (a) connected or (b) not connected.

We will first suppose that the layout is connected; this may be charac-
terized by the nullity

v(S;) =v(D, - ND;'N') =1, (6.5.19)

where D, = diag{z;l nij}-

THEOREM 6.6.1. When the layout is connected, the Broyden matriz B is
positive semidefinite and singular if and only if it is possible to write the

matric
Z = {z;} = {abjni;} = DoNDy (6.5.20)

for some nonsingular diagonal matrices D, and Dy, and then the nullity
v(B)=1.

We may interpret the condition (6.5.20) as follows: There exist non
zero scalars a; and b; for each empty cell (¢, 5) with z;; = n;; = 0, so that
the matrix Z*, say, formed from Z by replacing each empty cell (4, j) with
a;b; has rank equal to 1. Conversely there exists a matrix Z*, say, with
rank equal to 1, so that Z can be formed from Z* by changing some of the
entries into 0. (We assume that neither Z nor Z* have any null rows or
null columns.) When all the cells are filled, the condition (6.5.20) reduces
to rank(Z) = 1.

The formula (6.5.20) in Theorem 3.1 also yields the following sufficient
condition for positive definiteness of Broyden’s matrix B: If there exists in
the matrix Z a 2 x 2 nonsingular submatrix with all four elements nonzero
then the matrix B is positive definite (since then no matrix Z* of rank 1
can be constructed from Z which has rank at least equal to 2).

When (6.5.20) holds then rank(Z) = rank(IN), but this equality of ranks
is not sufficient to imply (6.5.20) when at least one of the cells is empty.
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When all the cells are filled, however, rank(N) = 1 and so rank(Z) =
rank(N) does imply (6.5.20) but when at least one of the cells is empty,
e.g., when Z = (132} then rank(Z) = 2 = rank(N), but (6.5.20) does
not hold since the leading 2 x 2 submatrix in Z is nonsingular with all 4
elements nonzero.

When the layout associated with the matrix Z is not connected, then
the rows and columns of Z may be arranged so that

Z;
7 - (6.5.21)
Z,

with ¢ > 2, where the layout corresponding to each submatrix Z; (h =
1,...,q) is connected [410, p. 320]. The Broyden matrix B will then be
positive definite if and only if none of the submatrices Zj, in (6.5.21) can
be expressed in the form (6.5.20), and positive semidefinite with nullity «
(1 < u <) if and only if precisely u of the submatrices Z; can be expressed
in the form (6.5.20).



Chapter 7

Schur Complements and
Applications in Numerical Analysis

7.0 Introduction

In numerical analysis, the solution of a system of linear equations is often
involved, sometimes in a hidden way, in many methods and algorithms. In
particular, linear systems appear under the form of a ratio of determinants
in interpolation and extrapolation, in formal orthogonal polynomials, in
continued fractions and Padé approximation, and in various methods and
techniques related to the solution of systems of linear equations. Since they
are related to such ratios by the Schur formula (1.1.4), Schur complements
are playing a role, sometimes fundamental, in these topics. They also have
important applications in recent techniques used in iterative methods for
the solution of large sparse systems of linear equations. Obviously, we did
not intend to enter too many details in this chapter, but only to show
why and how Schur’s complements are useful, and often unavoidable, in
various topics of numerical analysis. For topics which are too technical or
too specialized, we will only give references for the interested reader.

In order not to give too many references, we will not always cite the
original source but mainly review papers and books. Of course, more recent
references published after such reviews will be given.

An important tool for our purpose is Sylvester’s determinantal identity
whose proof can be obtained directly (see, for example, {76]). However, it
also follows immediately from the quotient property as proved in [88]. Let
us consider the partitioned matrices

7 AB ! BE
v=(&5) 7=(o7F)
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C D D F
7 LA
o=(G ) »=(n1)

A
M=| C
G

and

oo W
b

Assuming that D’ /D is nonsingular, the quotient property is
M/D' = (A'/D) - (B'/D)(D'/D)"*(C'/D). (7.0.1)

If A, E, G and L are numbers, the Schur complements in this identity are
numbers (and thus identical to the corresponding determinant) and Schur’s
determinantal formula (1.1.4) immediately leads to Sylvester’s identity

det M -det D = det A" - det D' — det B’ - det C". (7.0.2)

7.1 Formal orthogonality

Let ¢ be a linear functional on the space of polynomials. It is entirely
defined by the knowledge of its moments ¢; = ¢(£),7 =0,1,...

Let {Pyx} be a family of polynomials such that, for all k, Py has the
degree k (for simplicity) and satisfies the orthogonality conditions

(€' Pu(€) =0, i=0,...,k—1.

We say that {Py} is the family of formal orthogonal polynomials with re-
spect to ¢ (or to the sequence (¢;)). If the functional ¢ is represented by a
definite integral on the real axis with respect to a positive measure, then
the usual orthogonal polynomials are recovered.

If we set Pp(€) = ap + ai€ + -+ + ax&”, the orthogonality conditions
write

C(szk(f)) =aoC; + a1Ci41 + -+ arciyxy =0, 1=0,...,k—1.

This is a system of k equations in k+ 1 which defines Py apart a multiplying
normalization factor. This factor is determined by an additional condition.
For example, Py could be monic, or such that Pr(0) = 1, or satisfying
P(1) = 1. In the case where Py is monic, we have

agC; +a1Ciy1 + -+ Qg —1Ci4k-1 = —Citpk, 1=0,...,k~1
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and Cramer’s rule gives (assuming, of course, that the determinant of the
system is different from zero)

C C “ s c
c? c; . Ckk1 Co Ci  r Ck-1
+ c Co - Ck
P =det| Do e :
Ck—1 Ck -+ Cok—1 ' ’ i
1 £ .. g Ck—1 Ck -+ Cok—2

So, we see that Py is the Schur complement of the matrix of the denominator
in the matrix of the numerator and that

-1
€0t Ckel Ci

Pe(&) =¢"—(1,¢,...,¢h

Ck—-1 = C2k—2 C2k—1

Formal orthogonal polynomials satisfy most of the algebraic proper-
ties of the usual orthogonal polynomials such as the three-term recurrence
relationship, the Shohat-Favard theorem and its reciprocal, the Christoffel—
Darboux identity and its variants, and some of the properties on the zeros.
See [72].

Let us now define the linear functionals ¢(™ by c(™(¢%) = ¢, for
i =0,1,... Obviously ¢(™ (¢1) = c(+1)(£8). Let P,g") be the family of
monic formal orthogonal polynomials with respect to ¢(™), that is such that
c(")(éiPén)(g)) =0fori=20,...,k — 1. The preceding functional ¢ and
the polynomials Py, correspond to n = 0. These families are called adjacent
families.

We denote by N{™ the numerator of P{"™ and by H{™ its denominator

cn “ e cn+k
NUE) = det| L
Cntk—1 " Cny2k—1
1 .. fk
Cn e Cn+k—1
H™ = det
Cn+k—1 *°° Cpi42k-2

There exist many recurrence relationships between polynomials belong-
ing to two adjacent families. They can be obtained either by a direct in-
spection or by Sylvester’s determinantal identity (7.0.2). We will not give
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all these identities but we will only show, on two of them, how they can be
obtained. Applying Sylvester’s identity to N,gm gives

BN () = eHP NI (€) - BUTUNT T ().

Let us put the last row 1,...,&"% of N,En) as the first one and again apply
Sylvester’s identity. It comes out

(~DFEITINTE) = ()R EITINS, (6) - ()R teHT NSV (6).

Applying alternately these two relations, allows to compute a descending
staircase in the table of these polynomials.

Biorthogonal polynomials, as defined in [74], orthogonal polynomials on
the circle, least-squares orthogonal polynomials [81], as well as other gen-
eralizations of orthogonal polynomials, can be similarly related to Schur
complements. See [75]. Formal orthogonal polynomials and their general-
izations are fundamental in Padé approximation.

7.2 Padé approximation

Let us consider a formal power series
f(z)=co+criz+cg®+---

We are looking for a rational function whose power series expansion
agrees with that of f as far as possible. It means that its numerator P(z) =
bo+b1z+ -+ by2P and its denominator Q(2) = ap+ a1z + - - -+ aq2z9 must
satisfy

P(z) — Q(2)f(2) = O(zPF7H1), (7.2.3)

Such a rational function P(z)/Q(z) is called a Padé approzimant and it is
denoted by [p/g¢]¢(z).

From (7.2.3), it is easy to see, by identification of the coefficients and
with ¢; = 0 for ¢ < 0, that

degree 0 = ag = boco

degree 1 = a1 = boC] + b100

degree p = ap = bocp+ -+ bgcp_q
degree p+1 == 0 = bocpy1 + -+ beCp_gt1

degree p+q = 0 = bocpyq + -+ bgcpao.
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Setting by = 1, the last ¢ equations give the coefficients of the denominator
(assuming that the system is nonsingular) and, then, those of the numerator
can be directly computed.

Moreover, we have the following formula due to Jacobi

qup—q(z) Zq_lfp—q+1(z) fp(z)

Cp—-g+1 Cp—g+2 N
det . . .
c c ... c
P p+1 ptq
[p/als(2) = -
f 24 e S
Cp—g+1 Cp—g+2 - Cptl
det . . .
Cp Cp+1 = Cpyg

with

k
_ ) D ad if k>0
fe(z) =4 =
0 if k<O.

Dividing the numerator and the denominator by Hép ~9%2) shows that
[p/4](2) can be represented as a ratio of Schur complements. This formula
can also be written as

det W - [p/q);(z) =

P—q i
2imq CiZ Cp—gq+1 "‘ ‘p
—q+1 » -
—zPmat Cp—q+1 Cp—g+l — ZCp—gt+2 - Cp — ZCp+1
det ) .
—q+1
—zPm i, Cp — ZCpt1 e Cpyqe1 — ZCpigq
where
Cp—q+1 — ZCp—q+2 - Cp — ZCp+1
W= : :
Cp — ZCp+41 T Cpdg—1 T ZCpiyq
Let ¢ = (ep—g+1,---,¢p)7. Taking the Schur complement of W in the

numerator of [p/q]s(z) and applying Schur’s formula (1.1.4) reveals

pP—q

p/dls(z) =D ez + 22T W e,
1==0
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This formula is known as Nuttall’s compact formula. A similar formula
can be obtained for the vector Padé approximants of van Iseghem which
allow to approximate simultaneously several series by rational functions
with the same denominator or for the partial Padé approximants introduced
by Brezinski. On these topics, see, for example, [93].

Padé approximants are closely related to formal orthogonal polynomials.
Let us consider, for simplicity, the case p =k —1 and g = k and let ¢ be the
linear functional on the space of polynomials defined, as above, by ¢(£%) = ¢;
for i = 0,1,... Then, the denominator of [k — 1/k](2) is 28 P (271).

When the system of equations giving the coefficients of the denominator
of [p/q]s(2) is singular, it means that there exists a common factor between
the numerator and the denominator of the approximant which becomes
identical to another approximant with lower degrees. Such a phenomenon
is known as the block structure of the Padé table. Without entering into
details, new recursive algorithms for computing Padé approximants have
to be derived. As shown in [40], these new rules can be derived using Schur
complements.

There exists several generalizations of Padé approximants (for vector
and matrix series, series of functions, Laurent series, multivariate series,
etc.). They are based on some kind of formal orthogonality and they can
also be connected to ratio of determinants and, thus, to Schur complements.
See [74, 93].

7.3 Continued fractions

A topic related to Padé approximation, but more general, concerns contin-
ued fractions. A continued fraction is an expression of the form

C = b+ a1a2
b1+b a3
2+b3+._
_ a |  a] as|
= bo+! by +[b2 +| bs + e

The convergents of this continued fraction are the rational fractions

a [
Cp = by + ) 4y =

by b n=20,1,....

3

ks
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It is well known that

b -1
aj b1 -1
Op-1 bpo1 —1
a, by
by -1
as bz -1
B, = det
On—1 bp_1 -1
G, b,

By Schur’s determinantal formula (1.1.4), we have

Ap = Anibn—(0,...,0,a,)A-1,(0,...,0,-1)7]

An—2
An-1 (bn + an m)

and a similar formula for B,. So, the usual recurrence formulae for the
successive convergents of a continued fraction have been recovered. Con-
versely, using these recurrence relations and Schur’s determinantal formula
allows to express the convergents as a ratio of determinants C,, = A,,/By.

I

Generalized continued fractions and their extensions to a noncommuta-
tive algebra make an extensive implicit use of Schur complements.

7.4 Extrapolation algorithms

A domain of numerical analysis where Schur complements play a central
role is the domain of extrapolation algorithms for scalar, vector and matrix
sequences. So, we will consider this topic in details.

When a sequence (S,) converges slowly to a limit S, it can be trans-
formed into a new sequence (T,) by a sequence transformation. Of course,
it is hoped that (7},) will converge to S faster that (S,), that is

. T,—-S
lim =

n-—00 n_‘S_

0.

Since it has been proved that a sequence transformation for accelerat-
ing the convergence of all sequences cannot exist, many sequence transfor-
mations have been defined and studied, each of them being only able to
accelerate a particular class of sequences.
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Building a sequence transformation could be based on the notion of
kernel, that is the set of sequences which are transformed into a constant
sequence Vn,T,, = S by the transformation. Although this property has
never been proved, it has been noticed that if the sequence (.S, ) to accelerate
is not “too far away” from the kernel, its convergence is accelerated by the
transformation.

The kernel of a transformation is usually defined by a relation, depend-
ing on unknown parameters, that the successive terms of the sequence have
to satisfy for all n. This relation is written for different values of n in order
to obtain as many equations as parameters. So, each successive term 7,, of
the transformed sequence is given as the solution of a system of equations
and, thus, Schur complements are involved.

The E-algorithm is the most general sequence transformation known
so far. Its kernel is defined by the relation

Sp=8+a1g1(n)+ -+ arge(n), n=0,1,... (7.4.4)

where the (g;(n)) are known sequences whose terms can depend on the se-
quence (Sy, ) itself and the a; are unknown parameters. Writing this relation
for the indexes n,...,n + k and solving it for the unknown S, we obtain,

by Cramer’s rule, a new sequence with terms denoted by E,(Cn) instead of
T,
Sn e Sn+k
gi(n) - giln+k)
det . .
e + k
E™ = gkin) gk(nl )/ (7.4.5)
gi(n) - giln+k)
det . .
ge() - ge(n+k)

The choice g;(n) = x¢,, where (z,) is an auxiliary known sequence,
leads to Richardson extrapolation (and Romberg method in a particular
case), the choice g;(n) = Sp4i — Sn4i—1 corresponds to Shanks transfor-
mation (that is the e-algorithm). Levin’s transformations and many other
transformations can be put into this framework.

For this transformation to be effective, it is necessary to find a recursive
algorithm for its implementation. Let us first define the auxiliary quantities
g,i’fi) by a ratio of determinants similar to (7.4.5) with the first row of the

numerator replaced by g;(n), ..., g:(n + k). Thus, g(".) =0 fori < k.
ki
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Applying Sylvester’s determinantal identity (7.0.2) to the numerators
and the denominators of E,(C") and g,(:i), we obtain the recursive rules

+1
BB o oy
(n+1) (n) gk—l,kv ,n=uU,1,...,
k-1t 7 9k-1k

B = B -

- ) g(n+1) _ g(")
k—1,4 k—1,i e
gk,‘T,LZ = g/(cril,i_ m—' g](cn—)l,k:’ k,n:(),l,...,7,> k,

k—1,k — k-1

with, forn=10,1,..., E(()n) =5, and 9(()7,11') = g;(n), for i > 1.

The E,(cn) are usually displayed in a two dimensional table. The quan-
tities with the same lower index are placed in a column, while those with
the same upper index are in a descending diagonal. So, E,(C") is computed
from two quantities in the preceding column, one on the west and the other
one on the north-west. Such a rule is called a triangular recursion scheme
(see Section 7.9). A more economical scheme for the implementation of
this transformation is given in [169]. It is an immediate consequence of the
Sylvester’s determinantal identity.

The quantities in the (k -+ m)th column of this table can be computed
directly from those on the kth column. Indeed, we have

+m—1
91(:13+1 Agl(c?12+1 Agl(cr,bkﬁ )
det . ) '
) : (ntm—1)
E™ g,<:,2+m Agz(c’}ﬁm Aglc?lc-::n 746
k+m — (n) (n+m—1) ( o )
Aggrrr  BGppp
det :
Agl(ctllzwLm o Agl(cillj-:rrln_l)

and a similar formula from g,(cj_)m ;- From Schur formula, we get the recursive
rule

(n)
Ik, k+1
n n n n+m—1 n)— .
B =EM ~[AEM, . AEMTOIDM s ] (74
(n)

Ik, k+m
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with

+m—1
Mg e AglnY
D}in): . .
+m—1
A im - Dol

For m = 1, this relation reduces to the usual rule of the E-algorithm given
above.

These rules can only be used if the denominator is different from zero.
If not, a breakdown occurs in the algorithm. If the denominator is close to
zero, a near-breakdown arises and a severe numerical instability can affect
the algorithm. It is possible to jump over breakdowns or near-breakdowns
by taking m > 1 in (7.4.7), thus leading to a more stable algorithm (see [73]
for a numerical example). Breakdowns and near-breakdowns can be avoided
by a similar technique in the computation of formal orthogonal polynomials
[84] and in the implementation of other extrapolation methods [85]. Let us
also mention that, taking k = 0 in (7.4.7) gives a Nuttall-type formula for
the E-algorithm.

Other interpretations of the FE-algorithm based on Schur complements
are given in [88]. On extrapolation methods, see [83] and [458].

Let us now consider the vector case. Of course, for accelerating the
convergence of a sequence of vectors, it is always possible to use a scalar
procedure separately on each component. However, vector methods are
preferable since, usually, the components of the vectors to be accelerated
are not independent.

Let us first define the vector Schur complement. We first need to define
a vector determinant. Let y, 1, z2,... be elements of a vector space on K,
u € K, and A € K*»*". We set « = [z1,...,%,]. The vector determinant

det M of the matrix
[y =z
m=(1 %)

denotes the linear combination of y, z1, ..., zx obtained by expanding this
determinant with respect to its first (vector) row by the classical rule for
expanding a determinant. The vector Schur identity is

., -1, _ y x
M/A=y—zA u-det(u A)/detA.

From this relation, it can be proved that a vector Sylvester’s identity for
determinants having a first row consisting of elements of K™ holds.

Many vector sequence transformations are based on such generaliza-
tions of the Schur complement and determinantal identities. This is, for
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example, the case of the vector E-algorithm which is based on a kernel of
the form (7.4.4) where S,,,S and the g;{n) are vectors and the a; unknown
scalars. If we set a = (a1, - .., ax)’ and if Gi(n) is the matrix with columns
g1(n), ..., gx(n), this kernel can be written as S,, = S + Gr(n)a. A vector
formula similar to (7.4.5) holds and the rules of the vector E-algorithm are
exactly the same as the scalar ones. The case of a sum of terms Gi(n)a is
studied in [89] by means of Schur complements. It is also possible to con-
sider a kernel of the form S, = S + A1g1(n) + - - - + Argr(n), where the A4;
are unknown matrices. Schur complements are also involved in transforma-
tions for treating this case. Some of them used pseudo—Schur complements
which are defined by replacing the inverse of a matrix by the pseudo—inverse
[89]. Some of these transformations are also related to projection methods
that will be discussed in Section 7.6.

Matrix sequence transformations can be treated quite similarly. We
consider a kernel of the form S, = S + AD,, where S,,S, A € RP*? and
D,, € R9%9, To find a transformation with this kernel, the matrix A has to
be eliminated by solving the system AS,, = AAD,,. If AD, is nonsingular,
the transformation 7;, = S, ~ AS,(AD,)~'D,, will has the desired kernel.

Vector and matrix sequence transformations are based on the solution
of a system of linear equations in a noncommutative algebra. For such
systems, it is the notion of designant, introduced in [221], which replaces
the notion of determinant. We consider a 2 x 2 system in a noncommutative
algebra

Tio11 +Te012 = by

T1091 + Toaoe = bo.

Assuming that aqy is nonsingular, we proceed as in Gaussian elimination.
We multiply the first equation on the right by al_ll, then by a9;, and subtract
it from the second equation. We obtain

-1 1
z2(age — a12a7y ag1) = ba — brajy ao1.

The square matrix asz — algafllagl is called a (right) designant and it is
denoted by

a1l a2
az1  a22

r

where the subscript r stands for right. We see that this designant is the
Schur complement of a1; in the matrix of the system. If this designant is
nonsingular, then

air by
as by

a1l G012

z2 = (by — biaT ag1)(age — arzajitag) ™t = o1 G

T
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x1 is given by a similar formula.

Designants of higher order play the role of determinants in the solution
of systems of higher dimension in a noncommutative algebra. They are
defined recursively. We consider the designant of order n

ail - Qin
A, =

an1 ' Qnn |,

and let Agls_z) be the designants of order n — 1 obtained by keeping the
rows 1,...,n — 2,7 and the columns 1,...,n — 2,s of A,. By Sylvester’s
identity, we have

A AR _ —2) 1 4(n=2) =1 4(n~2
An=| Thayt R | =AY - AAT, T AT
n,n—1 n,n r

Left designants can be defined similarly. Designants, which are clearly
related to Schur complements, are used in extrapolation methods for vec-
tor and matrix sequences and in Padé approximation of series with vector
coefficients. In order not to enter into too technical details, we will only
refer the interested readers to [77, 86, 89, 92, 188, 311, 389, 390, 391, 392,
393, 394, 395].

Many other extrapolation algorithms can be based on Schur comple-
ments since their recursive rule is quite similar to the rule of the FE-
algorithm (see, for example, [459, 458, 83|. Extrapolation methods will
be again discussed in Section 7.9 in a more general setting.

Schur complements also appear in fixed point iterations since they are
strongly related to sequence transformations. A quasi—-Newton method for
solving f(z) =0, where f : R™ — R"™ consists in the iterations

Tpyr = ok — Jg  f(zk), k=0,1,...

where Ji is an approximation of the Jacobian matrix of f at the point xy.
By the vector Schur formula, we have

N Tk I
Tht1 —det< fze) T >/deth.

Depending on the choice of Jj, the various quasi-Newton methods are
obtained. Among them are those of Barnes, Broyden, Henrici, Davidon—
Fletcher-Powell, Broyden—Fletcher—Goldfarb—Shanno, Huang and Wolfe.
Newton’s method corresponds to Ji, = f/(zx). On this topic, see {76, 80].
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7.5 The bordering method

In some applications, one has to solve a sequence of systems of linear equa-
tions of increasing dimension obtained by adding new rows and columns
to the previous matrix. As we saw above, this is the case in extrapolation
methods such as the E-algorithm, in formal orthogonal polynomials, in
Lanczos method, etc. The block bordering method, based on Theorem 1.2,
allows to solve these systems recursively.

We consider the systems Apxr = br and Agi1Zx+1 = bry1 with

_ Ak Uk _ bk,
Agy1 = ( v an ) and bpyg = ( e )

where Ay € R X"k g € R™%Pr g € RPEXTE g € RPEXPE b € R™,
¢ € RPx. By the block bordering method, it holds

~A7? -
Thel = ( %k ) + ( fk U )Skl(ck — UkTk)

where Sy is the Schur complement of A in Axi1, Sk = ax — va,;luk.
It is possible to avoid the computation and the storage of the matrix A,;l
by solving recursively the system Ayxqr = —ui by the bordering method (a
FORTRAN subroutine is given in [83]).

The reverse bordering method consists in computing zx from zg4;. We

set
_ Al u z
A,,Hl_1 = ko Tk and zp41 = ko).
U Oy Yk

It is easy to check that
N R

T = o) — uglag] gk

When solving a sequence of linear systems by the bordering method,
some intermediate systems can be singular or nearly singular. It is possible
to jump over these (near) singularities by the block bordering method and to
compute directly the solution of the first non—nearly singular system. Then,
the reverse bordering method can be used to obtain the solution of the
intermediate systems which were skipped. Such a procedure improves the
numerical stability. It has been described in [82] where numerical examples
concerning Padé approximants show its effectiveness.
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7.6 Projections

The notion of projection has many important applications in numerical
analysis. Let us first give some general results.

Let Ey and Fj be the subspaces of R™ spanned by wuj,...,u; and
v1,. .., Uk, respectively. When it exists, the oblique projection Py on Ej
along F; kl, that is the projection on Ej orthogonal to Fy, is represented by
the matrix

Py = Up(ViTUi) "V

where Ug = [uq,...,u;] and Vi = [v1,..., ). Z — Px is the oblique pro-
jection on F,;L along Ej. These projections are orthogonal if u; = v;, for
i =1,...,k. Clearly, the matrices P; and I — P; are Schur complements.
Thus, if y € R”,

('Ulyul) (Ul,uk) (v1,¥)
det .
(vyur) -+ (vk,uk) (Vk,Y)
U1 <o Uk
Py =—
wY ('Ulaul) (Ul,uk)
det : :
(Vg 1) - (vk,uk)

On projections, see [76].
More generally, let E be a vector space on K and E* its dual. We
denote by < -,- > the bilinear form of the duality between E and E*. Let

Zo,x1,... € E and 21, 22,... € E*. We consider the scalar determinants
<21, Tp41 > < 21, Tptk >
D™ = det : :
< 2k, Tpy1 > 0 < 2k Tp4k >

and the vector determinants

Tn xn_*_k
<21,Tpn > -0 <21, Tptk >

N = det
< ZkyTp > o < 2k, Tptk >

By Schur formula, it can be proved that the ratio Ex = N}go) /D,(CO) can
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be recursively computed by the Recursive Projection Algorithm (RPA)

< 2k, Ex_1 >
Ey, = Ep.y— ———— gk—1k, k>0
< Zk> Gk—1,k >
< 2k, 9k—-1,i > .
G = Gholi— ———"" gr_ 1k, 1>k>0

< Zk, Gk—-1,k >

with Fy = z¢ and go,, = zp, for n > 1. The g ; are given by a ratio of
determinant similar to the ratio for Ey.

The Ej can be computed by a more compact algorithm with only one
rule. We consider the ratios e,(;) = N,gz) /D,(;). Obviously e,(co) =E.. It
holds

(2)
G) () < 2k €L11 2 (1)
€’ T Ck—1T TGy - Gkt
< Zpyep_1" >

with eéﬂ = z;. This algorithm is called the Compact Recursive Projection
Algorithm (CRPA). A formula similar to (7.4.7) allows to compute the e,(;)rm

)

directly from the eg without computing the intermediate vectors.

The RPA and the CRPA have applications in recursive interpolation
and extrapolation for vector and matrix sequences, and in the solution
of systems of linear equations. They also have connections with Fourier
series, the Gram-Schmidt orthonormalization process and Rosen’s method
for nonlinear programming. See [74, 239, 307, 308, 309, 310, 311].

Let us now turn to the solution of the system of linear equations Az = b.
Many projection methods for their solution use, explicitly or implicitly,
Schur complements.

Lanczos method for solving a system consists in constructing a sequence
of vectors (zy) defined by the two conditions

Tk — 2o € Ki(A, 0) = Span(ro, Arg, . .., A¥71rg),
e =b— Azy L Kp(A",y) = Span(y, A"y, ..., (AT)k”ly),

where xg is arbitrarily chosen, ro = b — Azg, and y # 0 is a given vec-
tor. A subspace of the form Ky is called a Krylov subspace and Lanczos
method belongs to the class of Krylov subspace methods, a particular case
of projection methods [76].

The vectors x; are completely determined by the two preceding condi-
tions. Indeed, the first condition writes

Tp— Lo = —Qk_1T0 — Gk—0Arg — - — a,oAk_l?"O.
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Multiplying both sides by A, adding and subtracting b, leads to
e =70 + ap_1Arg + - - - + ag AFro = Pi(A)ro
with Pp(€) = 14+ ag_1& + -+ -+ aof®. The second condition gives
(i, (AT)'y) = (Pe(A)ro, (AT)'y) = (A Pe(A)ro,y) =0, i=0,...,k—1,

that is

o
It
L
e
|
—

(Airo + a/c_1Ai+17“o + -t aoAHkT‘o, y) =0,

Let ¢ be the linear functional defined by
(&) = ¢; = (A'ro,y).

Thus, since ¢ is linear, ¢(p) = (y,p(A)rp) for any polynomial p, and the
preceding conditions are equivalent to

c(§'Pp(€)) =0, i=0,...,k—1,
that is
C;i+ agp—1Ciy1+ -+ apcirr =0, 1=0,...,k—1.

So, if it exists, P is the formal orthogonal polynomial of degree at most &k
with respect to ¢, normalized by the condition P(0) = 1 and it follows

7o ATQ v Ak’l‘o
cl e ck
CO Cl PRI ck
ri = det . ) . /det J
' ' Ck -t Cok—1
Ck-1 Ck -+ C2k—1

where the determinant in the numerator is the linear combination of the
vectors in its first row, obtained by the usual rules for expanding a deter-
minant.

By Schur’s formula (1.1.4), we see that 71 is also a Schur complement

-1
c1 PR Ck co

k—1
’I’k:To—A(T‘Q,ATo,...,A T‘0>

Cg -+ C2k—1 Ck—1

The vectors xj, can also be expressed as Schur complements.

From the practical point of view, the residuals r and the corresponding
iterates xr are not obtained from these determinantal formulae nor from
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the system satisfied by the coefficients of the polynomials Pg. Since these
polynomials are formal orthogonal polynomials, they can be recursively
computed (and then the r, = P, (A)re and the zx) by using the recurrence
relations given in Section 7.2 for adjacent families of formal orthogonal
polynomials. According to the relations used, several algorithms for the
implementation of Lanczos method are obtained. Among them is the con-
Jugate gradient algorithm when A is symmetric and positive definite, and
the biconjugate gradient algorithm in the general case. See [312, 388, 445).

Since the various recursive algorithms for the implementation of Lanc-
zos method are based on formal orthogonal polynomials, breakdowns and
near-breakdowns can occur as explained above. They can be treated by
jumping over these flaws and using more complicated recurrences which
can be derived from the block bordering method described in Section 7.5.
A similar look—-ahead strategy can be used for other Lanczos—based meth-
ods such as the CGS and the BiCGStab. On these topics, see [90, 91} where
additional references could be found.

Other projection methods fit into a similar framework.

Let us now discuss block projection methods for the solution of systems
of equations with several right hand sides. We first need an extension of the
notion of determinant, where the first row is formed by n X s rectangular
matrices and the other rows by s X s square matrices. Such determinants
are 1 X s matrices defined as follows. We consider the matrix

A By .- B
Ci Diy -+ Dig
M = ) . .
Ce Dri -+ Dipg
where A, By, ..., By are n x s matrices, and the C; and the D; ; are s x s

matrices. Let D be the submatrix which consists of all the blocks D; ;.
It is a ks x ks matrix and its determinant is the usual one. The Schur
complement M/D is an n X s matrix. Let us now give a meaning to the
determinant of the rectangular matrix M, denoted by Det M (notice the
capital D and Det # det). It is the n x s matrix whose entries are

Ai;  (Bi)i -+ (Be)i
(C1)) Dy -+ Dig

(Det M)” = det . . .
(Cx)?) Dry -+ Dig

where (B;); denotes the ith row of Bj, (C;)? the jth column of C;, and
A;; is the corresponding term of the matrix A. With this definition for



244 APPLICATIONS IN NUMERICAL ANALYSIS CHAP. 7

the determinant of a rectangular matrix, the Schur determinantal formula
justifies the extension formula

M/D = A~ BD™'C = Det M/ det D.

Finally, let us consider the matrix

K=

QA
oo W
o

We set

, (B E , ([ C D , (D F
#-(55) o=(Ga) »-(u1)

We assume that D and D’ are square and nonsingular. The following
quotient property holds [131]

K/D' = ((K/D)/(D'/D)) (7.6.8)
= (M/D) - (B'/D)(D'/D)~*(C'/D). -

If A, E, G and L are numbers, B and H row vectors, and C and F
column vectors, then the Schur complements involved in (7.6.8) are num-
bers (obviously equal to ratios of determinants), and the quotient property
reduces to Sylvester’s determinantal identity. Thus (7.6.8) appears as a
generalization of Sylvester’s identity.

We consider a system of n linear equations with s right hand sides
AX = B where A € R™*™ and B, X € R"*%. A block projection method
for solving this system consists of generating, from an arbitrary n x s matrix
Xo, a sequence (Xi) of n X s matrices defined by the two conditions

X — Xo € ]Ck, (769)
Ri.=DB— AXy L Lk (7.6.10)

where K and L are subspaces of dimension k of n X s matrices.

Let vo,...,vx—1 (wo,...,wk_1, resp.) be matrices of dimension n x s
forming a basis of K, (L resp.). Any matrix v € Kj can be written as

k-1
v=>Y vy
=0

where the ; are s x s matrices. The definition of a matrix in L is similar.
So, each column of a matrix in Ky (L resp.) is a linear combination of the
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columns of all the matrices vy, ..., vx_1 (wo, ..., wk_1, resp.). We consider
the n x ks matrices

Vk:[vg,...,vk_l], Wk:{’wo,...,wk_ﬂ.

So, the conditions (7.6.9) and (7.6.10) give
Ry =(I—P:)Ro (7.6.11)

with
P, = AV (Wi AVL) W, (7.6.12)

The matrix Pj represents the oblique projection on AKX} along E,J;, that
is orthogonal to L, and I — Py represents the projection on E;CL along AK.

Formula (7.6.11) shows that Ry is the Schur complement of W} AV, in

the matrix
i Ro AV,
T\ WrRy WrAV, )

Similarly, X} is the Schur complement of WAV} in

Xo -V
WiRy, WAV |-

From the definition of the determinant of a rectangular matrix given
above, we have

Xo Vi Re AV
Det( W:R, WyAV: ) n Det( WrR, WAV,
k — .

X =
k det (W} AVi,) ’ det (W] AV,)

Let us now express Pyi1 in term of Pg. For simplicity, we set Ay =
Wi AVi. We have

_ W,: _ Ak W,:Avk
Apgr = < w )A[V}c,vk] = ( WiAVe  widv, ) (7.6.13)

From the block bordering method, we have
Ris1= R — A(I — A7 Py Ayui Sy ' wji R

with Sy = wi(l — Pr)Avy = wiA(l — A"1PA)v,. Since Ry can be
expressed as the Schur complement Ry, = My /Ag, it can be recursively
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computed by the matrix recursive projection algorithm (MRPA) [307], an
extension of the RPA discussed above. We have

Ro AVk Awg
A/[k+1 = W]: Ro W,:AV/C W]: Avk
wiRo wjiAVy wiAvg

We set

A\ Avy, [ W{Ry WiAV:
FT\ WrAVE Widw )0 TF T\ wiRe wiAVe )

It follows from the expression (7.6.13) of Ag+1 and from the quotient prop-
erty (7.6.8) for the Schur complements

Rpr1 = Mi1/Ak+1 = (Mig1/Ar)/ (Ak+1/Ak))
= (Mi/Ax) — (Gi/Ar)(Aks1/Ar) " (Hi/Ar).

If we set

;o Av; AVy - wiRo wiAVy
ki =\ WpAv, WEAV ) k™ \ WiRy W}AV

and Gg; = G’;m-/Ak, then H} /Ar = w;Ry and Agy1/Ar = wjGyg i, and the
preceding expression for Ry,1 becomes

Riy1 = Ry, — G p(wiGh p)‘wi Ry

Since G; has the same form as Ry after replacing Ro by Awv;, a similar
recurrence relationship holds for the auxiliary n x s matrices G415, that
is

Gk+1,z‘ = Gk,i — Gk,k(wZGk,k)_lw;Gk,i, i=k+1,k+2,...

with GO,i = A’Ui.

According to the choice of the subspaces Ky and Ly several particular
block methods are recovered such as Lanczos, FOM and GMRES, see [87].

Block descent methods involving Schur complements can also be defined.
They are described in [78] and are all related to the Schur complement. In
such methods, the iterates are given by

Xiy1 =X+ ZekAg, k=0,1,...

where Z; € R™®*® and where the s x s matrix Ax is chosen to minimize
some expression.



SEC. 7.6 PROJECTIONS 247

In the block Richardson method, Ay is defined by the condition R =
B — AXyy1 = R — AZi A = 0 in the least squares sense, which gives

A = [(AZk)*AZk]_l(AZk)*Rk.

The matrix Ay also satisfies the orthogonality condition (AZ;)*Rig41 = 0.
It follows

Riy1 = (I — Pk)Rk with P, = AZk[(AZk)*AZk]_l(AZk)*.

We have P, = P,c2 and P, = P; which shows that P, and I — Py are
orthogonal projectors. Moreover

Riy1Re1 = Ri(I — Py)Re.

In the block Barzilai-Borwein method, Ay is taken so that AXk_lAgl +
AZ.1 =0 in the least squares sense, that is

Ak‘ - —(AXI:—IAZIC—I)-IAX;_lAXk_l.

We have
AXp 1 AT + AZg1 = (I — Py)AZyy,

with Py = AXp_1(AX}_AXk_1) ' AX}_,. Thus P, and I — Py represent
orthogonal projections and we have

(AXp 1AL + AZu )" (AXk AL + AZpy) = AZE_ (I — Po)AZy_y.

Moreover AX,:_l(AXkﬂlA,Zl +AZ;_1) =0. A second method of the same
kind can be obtained by choosing Ag so that AX;_; + AZx_1Ax =0 in
the least squares sense. We obtain

Ax = —(AZ}_ A Zp ) IAZE AKXy

We have
AXp 1+ AZk_1Ax = (I — P)A Xy 1,

with P, = AZy_1(AZ}_AZy_1)"'AZ;_,. Thus P, and I — P are or-
thogonal projectors. Moreover

(AXk_l + AZk_lAk)*(AXk—l + AZp 1Ag) = AX;,l(I — Pk)AX/C_l,

and AZ;_I(AXk_l + AZk_lAk) = 0.
Other block descent methods are described in [78].
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7.7 Preconditioners

Let us first discuss the block Gaussian elimination for solving a system of
linear equations. We consider the system

A A - Aim Ty by

Aml Am2 e Amm Tm bm

where A;; € R™*™i x, € R™ and b; € R™. The idea of block Gaus-
sian elimination is first to eliminate x1 from equations 2 to m. The first
block equation is multiplied on the right by Al_ll, then by A;1, and it is
subtracted from the i-th equation. The, z2 is eliminated in the same way

from equations 3 to m, and so on. We thus obtain a succession of systems
ARz =p®) k=1,... . m, with A = A and b(!) = b, where

1 1 1 1
AW Agzg) Agﬁ“) Agé’r)z piV
JL I ) 12
k) _ i (k k k) &
AR — I?k](c)k) é}%n{ . bR = b(](%))
Ak+1,k e Ak+1,m blc+1
Af:,)k Aﬁ,’f}m bR
The blocks Ag-c) are given by
AGHD = AR~ ARARNTAY, =k 1,m
b = b — APARITE, =kt m,

the other blocks remaining unchanged. The last system Az = (™) is
block upper triangular.

It is easy to see that Schur complements are involved in this elimination
procedure. It corresponds to a block factorization of A as A = LU, where
L is a block lower triangular matrix with identity matrices on its diagonal
and U is a block upper triangular matrix. Let us mention that the block
factorization and the Schur complement play a role in multifrontal meth-
ods for the solution of systems with sparse matrices on high—performance
machines [150] and in fast algorithms for the treatment of dense structured
matrices, such as Hankel and Toeplitz matrices which are involved in Padé
and other approximation problems [59, 347].
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The condition number of a matrix A is the number x(4) = || A}|-[|A7Y] >
1. If k(A) is large with respect to 1, a small perturbation in the coefficients
of A or in the components of b can induce a large perturbation in the exact
solution of the system Az = b. In that case, the system is ill-conditioned.
Moreover, the convergence rate of some iterative methods for its solution
(such as the conjugate gradient algorithm) is slower for large values of k(A)
and the propagation of rounding errors is more important. When a system
is ill-conditioned, it can be replaced by another one with a smaller condition
number. Since the condition number of the identity matrix is 1, one can
consider the system M~!Az = M~'b where M is an approximation of A
whose inverse is easy to compute (or, equivalently, a system with M as its
matrix is easy to solve). This is called left preconditioning and the matrix
M is called a preconditioner. We can also consider a right preconditioning
of the form AM'y = b with o = My, or a double one M~ tAM'y = M~
with £ = M’y. There is no universal preconditioner for all matrices and
each case is a particular one, but preconditioning a system is, at least,
as important as the numerical method used for the computation of its
solution. In practice, one can construct approximations of A easy to invert
or, directly, approximations of A~!. Preconditioners can be obtained by
incomplete block LU decomposition.

In many applications, mostly coming out from the discretization of par-
tial differential equations (see the next Section), one has to deal with block
tridiagonal matrices of the form

A1 By
Cy Ay By

Cn—l An—l Bn—l
Cp Ap

where all blocks are m x m. This matrix can be decomposed as

D, D, B;
Cs Dy . .
A= ] . D—l ‘. . ,
- E Dn—l Bn~1
C. D, D,
where D is the block diagonal matrix formed by the blocks Dy,..., D,
given by

D] = A1
Dz’ = AZ'—Cz'D,L-—_llBZ'_l, z':2,...,m.
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Thus the matrices D; can be interpreted as Schur complements. This de-
composition can be written as A = (L+D)D~!(L+U) where L and U are
the strictly lower and upper parts of A respectively. Once this factorization
has been obtained, the solution of the system Ax = b can be obtained by
two successive block triangular solves.

For finite difference approximations of elliptic or parabolic partial dif-
ferential equations, the matrices B; and C; are diagonal and the matrices
A; are tridiagonal. However, the matrices D; can be dense. The idea for
obtaining a preconditioner is to replace, in the preceding formulae, the ma-
trices D; by sparse approximations A;, thus leading to a matrix M which
approximates A and is easy to invert. The matrices A; are computed by

Al = Ay
A, = A —C; approz(A;_ll) Bi_1, i=2,...,m,

where approz (A;Y) is a sparse approximation of A;};. There are many
ways of defining these sparse approximations, one of the most efficient is
to consider tridiagonal approximations of the inverses. Then we take M =
(L + A)A=YU + A) where A is the block diagonal matrix with blocks
Ay, ...,A,,. On this topic, see [312].

7.8 Domain decomposition methods

The idea of domain decomposition methods comes out from the solution of
large systems of linear equations issued from the discretization of partial
differential equations. They consist in decomposing the domain of integra-
tion into smaller subdomains, thus replacing the system by smaller ones,
then to solve them separately (possibly in parallel), and finally to paste
the results together to obtain the global solution. Since these methods are
closely related to the geometry of the domain, it is not always possible to
present them on a purely algebraic basis. There are two types of methods
according whether the subdomains overlap or not.

We will only give the main ideas of domain decomposition methods in
the case of two subdomains which do not overlap without entering into the
details. For a general presentation of domain decomposition methods and
for more details, see {312, 365, 388).

We denote by x; and z5 the vectors of unknowns in each subdomain and
by x12 the vector of unknowns on the interface between them. Ordering
the unknowns in a certain quite technical way, the linear system Az = b
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can be written as

Ay 0 Fy x1 by
0 AQ E2 ) = b2 . (7814)
ET ET Ay Z12 b12

The matrices A; and As are block tridiagonal and they represent the cou-
pling of the unknowns in the first and the second subdomain respectively.
Ajs is tridiagonal and it is related to the unknowns on the interface. F;
and Fj are sparse matrices representing the coupling of the unknowns of
each subdomain with those of the interface.

The system (7.8.14) is solved by an iterative method which makes use
of the solution in each subdomain. The subsystems with the matrices A;
and As can either be solved exactly or approximately, thus leading to two
different procedures. We will discuss both of them.

If exact solvers for the subdomains are used, we obtain the reduced
system Szio = by for the unknowns on the interface where b3 = bjg —
ETA;lbl — EgA;le and

S = A1y — ETAT'Ey — ETAT'E,.

The matrix S is the Schur complement of Aj2 in A. In practice, since
the inverses of A; and As are dense matrices, it is too costly to construct
and to decompose S, and the reduced system with the matrix S on the
interface is solved by an iterative method. In order to choose the most
appropriate iterative method for this purpose, it is necessary to know the
properties of this Schur complement. In many iterative methods, such as
the conjugate gradient algorithm, it is not necessary to know explicitly the
matrix S but only to be able to compute the product of S by a vector.
However, a good preconditioner is usually needed and, thus, one has to
find an approximation of the Schur complement S.

Let us now consider the case where the systems corresponding to the
subdomains are not solved exactly. The system (7.8.14) is solved approxi-
mately by an iterative method. A preconditioner (that is an approximation
of the matrix A) is needed. It has the form

My 0 E
0 My E;
ET ET M,

where My, Ms, and Mo approximate A;, A, and Ajs respectively. Since
these matrices are block tridiagonal, the procedure described in the preced-
ing Section is appropriate.
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7.9 Triangular recursion schemes

In this Chapter, we saw several examples of a triangular recursion scheme.
In numerical analysis, such schemes are not uncommon. They arise, for
example, in interpolation (the Neville-Aitken scheme), divided differences,
Romberg method, best approximation, Bernstein polynomials, and splines.
We will now discuss them in their full generality, beginning by the theory
and, then, giving some examples. Let us mention that a theory of extrap-
olation functionals leading to some of the results given below was propose
by Schneider [400]. For more details, see (94, 450].

We first consider the sequence transformation

n+k
7™ = 3 a™S;, kn=0,1,... (7.9.15)

where the S; are given numbers, vectors or matrices and the afc ") are

numbers. On the other hand, we consider the triangular recursion scheme

7™ =XM1 4 Mt k=12, 5m=0,1,...  (7.9.16)

with T\™ = ..
A triangular recursion scheme (7.9.16) can always be interpreted as

a succession of sequence transformations of the form (7.9.15) where the

coefficients afc ") are given by

I N
(7”) = /\,(c (M)Jr (n) (n+“) i=n+1,...,n+k-1
(n n+k) (n) (n+1 n+k)

A = KT

with aé"’n) = 1. If, for all values of k and n, )\,(cn) + p,(c") = vk then

n+k
Za(nz) J ]_7]'7 kZl
k=0

i=n

Conversely, if the sum of the coefficients agcn’i) for i = n to n+ k is inde-

pendent of n, so is the sum )\( "y ,u(")

Now, let Z = {29, 21, ...} where the z; are distinct real points and let
> be the set of functions ¢ defined on a certain subset of Z. The linear

functional on ¥
n+k

T(n zanz) o(z;)
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is called the reference functional of the transformation (7.9.15) (or of the
recursion (7.9.16)). Setting S; = o(z;), we obtain 7, n)(cr) (n)
We will make use of the condensed notation

folzo) ~ folzk)
det(f’ f;l o f’“):det : : . (7.9.17)
C ’ felzo) oo fula)

Assume that there exists a (kK + 1) dimensional subspace Y, =
Span(cq,...,ox) of X such that

det( 70 o1 o )#o
Zn  Zn4+1 't Zn+k
and that -
MWgy=d @k §=0 7.9.1
e (93) {o, i=1,... .k (7.9.18)

where all numbers w,(c") are different from zero, then every linear functional

L of the form
n+k

L(o) = Z b,(cn’i)o(zi)

i=n

which satisfies (7.9.18) coincides with 7;6("). Moreover the transformation
(7.9.15) has the representation

det ( 7 o ottt %k >

Zn % S Z
(o) = n_fntl R 2™, (7.9.19)
det ( oo 01 - Ok >
Zn  Zn+l Tt Rndk
Dividing the numerator and the denominator by

det 0'1 PR U'k

Zn4l tt Znwk )

and assuming that these determinants are different from zero for all £ and n,
shows that 7;6(")(0) / w,(c") can be expressed as a ratio of Schur complements.
Moreover, using the quotient property (7.0.1) or, equivalently, Sylvester
identity (7.0.2), we obtain the recursive scheme, for £ = 1,2,... and n =
0,1,..,

18 00T - T T @)
ko

(n)
B = wi™ T”“*”( k) — oI (o)

(7.9.20)
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with %(n) = 0(2p). This scheme has the form (7.9.16) and (7.9.20) gives the
expressions of )\,(Cn) and ,ul(cn)‘ Moreover, a necessary and sufficient condition
that, for all n, T,g")/w,(cn) = S is that, for all n, S, = Soo(2,) + a101(zn) +
-+« + agog(zn). It can be shown that ’];c(”)(a) can also be represented as
a complex contour integral. The scheme (7.9.20) is a generalization of the
E-algorithm which is recovered by setting E\” = T, (¢)/T™ (c0) and
g,(;? = ’];c(n) (o) /Tk(")(ao). As in the E-algorithm ’]}c(ﬂn can be expressed

in terms of T("), ceey 7™ by a formula similar to (7.4.6). A formula of
k k

the Nuttall’s type as (7.4.7) also holds.

Of course, for a practical application, the main problem is to find the
functions ;. They are determined by the conditions

7;6(7!)(0'0) = wl(cn) and I]';c(n)((fz) = 0, 7= 1, . .,k}.

These conditions lead to a {(usually) nonlinear difference equations of order
k with nonconstant coefficients which is difficult to solve. However, since
the functions o; are independent of k, only one new function has to be
determined at each step of the algorithm.

Let us now discuss some applications of this theory. As seen above,
formal orthogonal polynomials enter into this framework and thus Padé
approximation, extrapolation methods, and Krylov subspace methods. In
particular, many extrapolation algorithms for accelerating scalar and vector
sequences have the form of (7.9.20); see [459, 458]. Some of these algorithms
are related to continued fractions.

In what follows, some usual notations have been changed to be consis-
tent with the preceding ones.

The first application concerns interpolation. Let g, g1, ... be a set of
functions such that, for any set of distinct points Z and any k, the de-
terminants (7.9.17) are different from zero. We consider the interpolation

problem which consists in constructing P,g")(z) = aogo(z) + - - - + argr(z)

satisfying P,E")(zi) = f(z) for i = n,...,n+ k. Obviously, such a func-
tion Pk(n) can be written as a ratio of determinants and as a ratio of Schur
complements. As in the case of the E-algorithm, applying the quotient
property (7.0.1), or Sylvester identity (7.0.2), to the numerators and the
denominators leads to the following recursive rule, due to Miihlbach [326)
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PI) - P ()

Pz = PI(2) -k Aol ) (2)
gl(c T;Z(Z) - gl(c )1 k(2)
(n+1)
(n) () Je—1,i (2) ~ gk 1, z(z> (n) )
9 z( ) = 4g z(z) g z(Z), >k
k k—1, (n+1)(z) ('n,) (Z k- 1,

with

() \ _ 9o(z) (n) (o 90
Py (Z)—f(zn)go(zn) and gy ()“‘gz(zn)go(xn) 9i(2)-

Polynomial interpolation corresponds to the choice g;(2) = 2*. In this

case, the second rule provides g,(:i)(z) = Zn - Zn+k—1 and the first one
reduces to the classical Neville-Aitken scheme. The general interpolation
problem, as described in [143], also fits into this framework. It is connected
to projection and biorthogonality [74].

Interpolation is related to divided differences. Let us only discuss such

a connection in the polynomial case. Divided differences are recursively
defined by the scheme

D(n+1)_D(n)
DM = Tkt TRl B 1,2,..50=0,1,...
Zn+k — 2n

with D(()") = f(2,) for n=0,1,.... This scheme has the form (7.9.16) and

it corresponds to the reference functional defined by 'Z;c(")(o) =1ifo=2*

and 0 if ¢ is a polynomial of degree at most £ — 1. So, the representation
(7.9.19) holds with o; = 2z*~! for i = 1,...,k and oo = z*. The general
interpolation problem can be treated similarly, see [74].

Our second application deals with B—splines. To simplify, we restrict
ourselves to the equidistant case and take, without any loss of generality,
Zp = n. B-splines are defined by the recursive scheme

B{"(z) = (z—n)B", (2)+ (n+k—2)BI (@), k=1,2,..5n=0,1,...
with
n _ 0, z<n,
B @ = -t ={ 0

(z—n)"", z>n.

We have 0;(z) = (z — z)~* and the corresponding reference functional

satisfies "
(n) N vy /i = 0,
7 (”z)‘{o, i=1,... k.
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Moreover, from the theory of triangular recursion schemes, we obtain
o o1 e Ok
det( n n+l - n+k ) Kl

B(n) —
k (z) et o o1 o
n n+l -+ n4+k

with o(z) = (z — 2)7".

Similar results hold for Chebyshevian B-splines [293].
Let us now consider the Bernstein polynomials defined by

E!

P(@) = nl(k — n)!

.’L‘n(l _ :L.)k:—n

on [0,1] and 0 elsewhere. We set P,g") =0forn < 0orn >k These
polynomials satisfy the recurrence

P () = (1 —2) B () + 2P T (2), k=1,2,..;n=0,1,...

with Péo)(z) =1 and Pé")(z) = 0 for n > 0. The coefficients a,in’i) of the
reference functional are given in [94] where the case of Bernstein polyno-
mials with noninteger exponents is also treated.

Other topics connected to splines enter into the framework of triangular
recursion schemes. Let us mention the algorithms of de Casteljau and de
Boor [163] and blossoming [303]. In particular, de Casteljau’s algorithm
can be interpreted as an extrapolation method [110]. See also [35].

Another application concerns the problem of best uniform approxima-
tion by functions from the Haar subspace Vi = Span(oy,...,0k-1) C
Cla,b]. We set Mg = {zn,...,2n+k} wWhere a < zp < 21 < -+ < b.
We consider the linear functional C,(cn) on Cla, b] defined by

n+k

LM (o) = Z ;o (z),

where the coefficients ¢;, which depend on n and k, are such that ¢, > 0,
ci#0fori=n,...,n+k,sgnc; = (—1)*"™ and satisfy the conditions

n+k
> el =1,
L=1
n+k

Zcicj(zi)=0, j=0,...,]€—-—1.

i=n
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The existence and uniqueness of such a functional is well known and it
holds
IL{M(0)| = inf max |o(z) — f(z)].

feV TEMy

By using Gaussian elimination for solving the system of linear equations
Zaiai(zj) + (=YX =0(z), 7=0,...,k,

Meinardus and Taylor {305] proved that the functionals E,(c") can be recur-
sively computed by the following scheme

£ o) £ (0) = L3 (00 L1750 (0)

(n)
fele)= L or) - £ (%)

with E(()")(or) = o(zn), n = 0,1,... This scheme is a particular case of
(7.9.20). It is related to generalized divided differences and, thus, to Schur
complements.

7.10 Linear control

Although it is not the main topic of this Chapter, we will say a few words
about linear control theory and related subjects since Schur complements
are often involved in its computational aspects. Consult [79].

A system is an interconnected set of devices which has to provide a de-
sired function. It has input and output variables. If its behavior changes
over time, we speak of a dynamical system. The input variables, called the
control, influence the output variables which can be measured. Indepen-
dently of the input and output variables, a system may have non—accessible
internal variables, called state variables. To control a system consists in
acting on the input variables so that the output variables possess a de-
sired property. A system is governed by a system of ordinary or partial
differential, functional, functional-differential or integral equations. In this
Section, we will only be interested by the case where these equations are
ordinary linear differential equations with constant coefficients

z'(t) = Az(t)+ Bu(t), z(to)=z0 (7.10.21)
y(t) = Cz(t) (7.10.22)
where z € R, u € R™,y € R? and A € R"™™, B € R**™ (C € RPX",

Usually, in practice, m < n and p < n. The integer n is called the dimension
of the system and the variable ¢ is the time.
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The state—space approach consists of studying the differential equations
(7.10.21-7.10.22) in the time domain. The control problem consists of act-
ing on the input vector u(t) so that the output vector y(t) has a desirable
time trajectory. Modifying the input w(t) according to the output y(t)
which is observed or to the state vector z(t) is called feedback.

The frequency domain approach consists of an equivalent representation
of the state-space system. Assuming that 2(0) = 0 (which does not restrict
the generality since the differential system is autonomous) and taking the
Laplace transform of (7.10.21) gives

sz(s) = AZ(s) + Bu(s)

that is
z(s) = (sI — A)_lBﬂ(s).

Taking the Laplace transform of (7.10.22) and using the preceding expres-
sion of ¥ yields

U(s) = C3(s) = C(sI— A)~'Bi(s)

= G(s)uls)
with
G(s)=C(sI — A7 'B.
It holds
-1 1SS -1 : % xXm
G(s)=C(sI-A)'B==3 Cis™, with C;=CA'BeR™™.
i=0

The matrix G, called the transfer function matriz of the system (7.10.21-
7.10.22), has dimension p x m and it relates the Laplace transform of the
output vector to that of the input vector in the frequency domain. Clearly,
G can be interpreted as a Schur complement.

In linear control theory, many problems are related to the properties
of the transfer function matrix and its approximation: realization, model
reduction, stability analysis, poles and zeros, decoupling, and state estima-
tion. Some of them involve the singular value decomposition (SVD) of a
matrix which can also be interpreted as a Schur complement and Krylov
subspace techniques as well.
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I,

1

A = (as)
rank(A)
tr A
det A
A—l
AT

A

A

|A]
A1/2
A-

At

adj A
Ale, £]
A(e, B)
Ala]

the real numbers

column vectors of n real components

the complex numbers

column vectors of n complex components

m X n real matrices

m X n complex matrices

n X n Hermitian matrices

totally positive matrices

dimension of vector space V'

inner product of vectors u and v

complement of index set a in N ={1,2,...,n},ie, N\«
cardinality of index set a

norm or length of vector z

I, norm of vector z, i.e., ||zl = (3, ]wllp)%
identity matrix of order n

identity matrix when the order is implicit in the context
matrix A with entries a;;

rank of matrix A

trace of matrix A

determinant of matrix A

inverse of matrix A

transpose of matrix A

conjugate of matrix A

conjugate transpose of matrix A, i.e., A" = A

or adjoint of operator A

absolute value of matrix A, that is, |A| = (A*A4)"/?
square root of positive semidefinite A

a generalized inverse of matrix A, i.e., AATA= A
Moore—-Penrose generalized inverse of matrix A
classical adjoint matrix of A

submatrix of matrix A determined by index sets «, 8
submatrix of matrix A determined by index sets «°, 3¢
principal submatrix of matrix A indexed by «
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A/Ale, Bl

A/ or A/Ala]
M/A

R(A)

C(A)

N(4)

Ker(A) or ker(A)
Im(A) or ran(A)
In(A)

Amax(A) or A1(A)
Omax(A) or o1(A)
Amin(4) or A, (A)
d(A)

A(4)

o(A)
s(A)
A>0
A>0
AX0
A>B

diag(A1, Az, .-, An)

diag A
A B
A:B
AoB
A®B
H
MJ_
P
AANB
A/M*+
MjAa

NOTATION

principal submatrix of matrix A indexed by o°
Schur complement of A, 5] in A

Schur complement of Ala] in A

Schur complement of submatrix A in partitioned matrix M
row space of matrix A

column space of matrix A

null of 4, i.e., N(4) = {z : Az = 0}

kernel of A, that is, {z : Az = 0}

image or range of A, that is, {Az}

inertia of matrix A4, i.e., In(A) = (p(4), q(A), z(4))
largest eigenvalue of matrix A

largest singular value of matrix A

smallest eigenvalue of n X n matrix A

vector of the main diagonal entries of matrix A
vector of the eigenvalues of matrix A

vector of the singular values of matrix A

spectrum of A, i.e., the set of all eigenvalues of A

A is positive semidefinite

A is positive definite

A is nonnegative entrywise; that is, a;; > 0

A — B is positive semidefinite

diagonal matrix with A1, Az, ..., A, on the main diagonal
diagonal matrix formed by the main diagonal entries of A
direct sum of vector spaces or matrices A and B
parallel sum of A and B

Hadamard product of matrices A and B

Kronecker product of matrices A and B

Hilbert space

orthocomplement of M

orthoprojection to the space M

ran(A) Nran(B) is the empty set

Schur complement

shorted operator, Schur complement
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